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A famous pre-Newtonian formula for 7 is obtained directly from the variational
approach to the spectrum of the hydrogen atom in spaces of arbitrary
dimensions greater than one, including the physical three dimensions.
© 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4930800]

The formula for 7 as the infinite product

T 2:24-46-6 |

2 133557 %
was derived by Wallis in 1655 (see also Ref. 2) by a method of successive interpolations. While
several mathematical proofs of this formula have been put forth in the past (many just in the last
decade) using probability,> combinatorics and probability,* geometric means,’ trigonometry,®” and
trigonometric integrals,® there has not been in the literature a derivation of Eq. (1) that originates in
physics, specifically in quantum mechanics.

It is the purpose of this paper to show that this formula can in fact be derived from a variational
computation of the spectrum of the hydrogen atom. The existence of such a derivation indicates
that there are striking connections between well-established physics and pure mathematics’ that are
remarkably beautiful yet still to be discovered.

The Schrodinger equation for the hydrogen atom is given by

2 2
Hu = (-39 SJu = .

2m r

with the corresponding radial equation obtained by separation of variables being

R (d> 2d L+1) e’
Hr)Rr)=|-——|-—+—-——F——-—-—]—-—| R(r) = ER(r).
(NR(r) [ 2m (dr2+rdr r2 ) r] ) )
Using the trial wave function
*(er m
Yaem = r'e™ 1" (0,9), )

where @ > 0 is a real parameter and the Y, (6, ¢) are the usual spherical harmonics, the expectation
value of the Hamiltonian is found to be given by

- <wa[m|H(r)|¢afm>
<H>(I€ B <t//a€m|‘//a€m>

2
h_(g+§)2a_ezw
2m 2 T(¢+3)

As a consequence of the ¥;"(6,¢) in Eq. (2), the function ¥4y, is orthogonal to any energy and
angular momentum eigenstate that has a value for angular momentum different from ¢. Therefore
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the minimization of (H), with respect to a, namely

2
me* 1 Ir'c+1)
< >mln - W 3 3 (3)
gives an upper bound for the lowest energy state with the given value of ¢.
The well-known exact result for the energy levels of hydrogen is
LA S
’ 202 (n, + € + 1)2
where n, =0,1,2,..., so that the lowest energy eigenstate for a given ¢ is the one with n, =0,
namely
me* 1
Eove=————F—7=.
OCT TR (€ + 1)2
The accuracy of approximation (3) is thus displayed in the ratio
2
(H)pin _ €+ 1P| T(+ 1)}
3 3
Eoe  (L+ 3 |T(€+3)

a quantity that approaches unity with increasing £.'° This follows from the fact that in the large ¢
limit the trial solution and the exact result correspond to strictly circular orbits. The circularity of
the trial solution orbits at large ¢ is a consequence of the fact that the uncertainty in 7%, measured in
units of mean square radius, is given by

1 _1
[<r4>(zf — (<r2>(zf)2] 2 =(¢ 3\ ?
= + =
(rac 2
which approaches 0 at large £. Both the trial solution orbits and the exact orbits are then identical to

those of the Bohr model in the large £ limit, as expected from Bohrt’s correspondence principle.
Therefore one obtains the limit

(HY! e+ 12T+ 1)]2 _

k)

“4)

lim = lim
(oo Eor o (64 3) |T(C+3)

This can be seen to lead to the Wallis formula for 7. To this end, one invokes the relations
zZl(z) =T(z + 1), (¢ + 1) = €!, and T'(3) = v/z, which bring Eq. (4) to the form

. €+ 1)
lim =1
|V
or alternatively,
£+1
ﬁ (2/)(2)) )
raoo (2j - 1DE2j+1)

i.e., the Wallis formula for 7, as given by Eq. (D).

The analogous computation in arbitrary dimensions also leads to the same formula, with
slightly different forms for even and odd dimensions. The radial equation for the hydrogen atom in
N dimensions is'!

2 (@2 -1 -2
HNR:[_h_(d N-1d ((+N=2)

dr? r dr r2

where h2€(€ +N-2),¢=0,1,2,... is the spectrum of the square of the angular momentum oper-
ator in N dimensions.'>'* The same trial wave function as in three dimensions with the Y;"(6, ¢) of
Eq. (2) replaced by its N-dimensional analog'""' gives

me* 1 I+ %) ’
Con? c+5)| re+5%)

) - 672] R() = ER()

(Hypow, =

(6)
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The exact result'!

4
N me 1

L= "5 T NG
a 202 (n, + € + MLy

in the limit £ — oo with n,. = 0 yields

N,¢ N-1 N-1)12
tim i _ g 57\ T T (7)
(oo BN, oo (C+5) | T+ E)

For N = 2k + 1, where k is a positive integer (i.e., the case of odd dimensions), this becomes

. (€ + k)? T+ k)
(oo (C+k+3)|TC+k+13)
which is identical to Eq. (4) once the substitution £ — ¢ + k — 1 is made there, leading again to the

Wallis formula. For N = 2k, where k is again a positive integer (i.e., the case of even dimensions),
Eq. (7) becomes

C (C+k=iR[re+k-H)
lim =1,
N (R k) F(f + k)
which is readily brought to the form
{+1 . .
2 2j—-1)(2j+1
2 im [ | @D ED ®)
modoel b (2)(2))

the reciprocal form of the Wallis formula.
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