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Preface 

Nowadays it is becoming clearer and clearer that, in the description of natural 
phenomena, the triadic scheme - microseopie, mesoscopic, macroscopic - is 
only a rough approximation and that there are many levels of description, 
probably an infinite hierarchy, in which the specific properties of a given level 
express some kind of cumulative or collective behaviour of properties or sys
tems corresponding to the lower levels. One of the most interesting challenges 
for contemporary natural sciences is the comprehension of the connections 
among these different levels of description of reality and the deduction of the 
laws of higher levels in this hierarchy from basic laws corresponding to lower 
levels. 

Since these cumulative or collective phenomena are, typically, nonlin
ear effects, the transition from this general program to concrete scientific 
achievements requires the developement of techniques which allow physical 
information to be extracted from nonlinear quantum systems. Explicitly in
tegrable examples of such systems are rare, and the most interesting physical 
phenomena are not captured by them. Even in the case of linear systems the 
fact that an explicit solution is formally available is often useless, since it is 
impossible to interpret interesting physical phenomena from it. 

In the absence of generally applicable methods one intro duces approxima
tions whose role is to capture those phenomena which become dominant at 
different orders of magnitude of some physical parameters (e.g., long times, 
low densities, weak couplings, low or high energies, low or high temperatures, 
large masses). The usual asymptotic methods of quantum theory (pertur
bation theory, scattering, semi-classical limit, etc.) provide useful tools to 
approximate the values of individual quantities of physical interest; however, 
in the past ten years a new idea has begun to emerge independently in 
several fields of physics and mathematics: instead of approximating individual 
quantities, let us look for an approximating theory from which the individ
ual approximations can be obtained by standard procedures. Such a theory 
should work simultaneously as a magnifying glass and as a filter, in the sense 
that all phenomena pertaining to the scales of magnitudes we are interested in 
should be magnified while those pertaining to all the remaining scales should 
be filtered away. One way to achieve this goal is through a new technique, the 
stochastic limit: the purpose of the present book is to explain this technique 
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in a simple and self-contained way and to describe how the new ideas and 
structures, which emerge from it, apply to concrete physical problems. 

The main result of the stochastic limit is that, combining the basic ideas 
of scattering (long times) and perturbation theory (small parameter), it au
tomatically selects from the dynamics the dominating terms (in this regime) 
and shows that they can be resummed, giving rise to a new evolution operator 
which is again unitary and such that, in many cases, the corresponding 
evolution equations are explicitly integrable. This unitary evolution is an 
approximation of the original one; however, although simpler, it preserves 
much nontrivial information on the original complex system. A first indi
cation of this complexity is the fact that these equations are singular: the 
limit Hamiltonian is a functional of some white noise whose explicit form is 
uniquely determined by the original system. So, in order to deal with them, 
one needs white noise ca1culus. This explains the name "stochastic limit". 
We develop a new technique to bring such singular equations to normal order 
(which differs from the usual normal order because it involves not the usual 
but the causal commutator); once this is done, most quantities of physical 
interest can be ca1culated simply by solving a linear equation. Aremarkable 
feature of this procedure is that a normally ordered white noise Hamiltonian 
equation is a stochastic Schrödinger equation, Le. a stochastic differential 
equation. In the past ten years this type of equation has been widely used 
to build a multiplicity of phenomenological models in quantum optics, solid
state physics, quantum field theory, quantum measurement theory, etc. Thus 
the stochastic limit allows these phenomenological models to be deduced 
from the basic laws of physics. In fact it should be emphasized that, in the 
stochastic limit, randomness is not postulated apriori but it is derived from 
the microscopic quantum equations. In this sense we can say that the stochas
tic limit describes the microscopic structure of quantum noise by identifying 
it with the fast degrees of freedom of the original system. The intuitions that 
the fast degrees of freedom of a system can act as driving random forces 
on the slow ones (a generalization of Haken' s "slaving princi pIe" ), that chaos 
can be an infinite reservoir creating ordered structures and forms by means of 
a stochastic resonance principle, etc., not only become exact in the stochastic 
limit, but also find in it a precise quantititative formulation in the sense that 
the distinction between fast and slow degrees of freedom is not determined 
from the outside but realized by the dynamics itself; the fast degrees of free
dom are those which in the limit become quantum white noises (also called 
"master fields"). Another advantage of the transition from phenomenological 
models to models deduced from the basic laws is that the wealth, beauty and 
variety of the new mathematical structures, hidden in these basic laws and 
made explicit by the stochastic limit, by far exceed those used in the phe
nomenological models. The stochastic limit also provides a general approach 
to the phenomenon of quantum decoherence which is important, in particular 
for quantum computers. 
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The stochastic limit takes inspiration from the pioneering studies of quan
tum dynamical systems by Fermi, Bogoliubov, van Hove and Prigogine, and 
its main goal is a detailed qualitative study of quantum dynamics, in analogy 
to Poincare's qualitative study of classical dynamics. 

Summing up: the basic philosophy of the stochastic limit can be for
mulated in a single sentence: if we look at the fast degrees of freedom of 
a nonlinear system with a clock, adapted to the slow ones, then the for
mer look like an independent increment process, typically a white noise (the 
highest degree in the chaos hierarchy!). The universality of this technique is 
proved by the fact that it can be applied to a great variety of Hamiltonians. 
Since in the simplest situations a quantum white noise is given by a pair 
of noncommuting classical white noises, it follows that the stochastic limit 
also provides a link between classical prob ability and quantum theory in 
real time, without the need for imaginary times or analytical continuations. 
In particular the quantum process obtained in the stochastic limit, when 
restricted to some special sets of compatible observables (abelian algebras) 
gives rise to interesting classical stochastic processes (e.g. birth and death 
processes describing the population dynamics of atomic levels), thus explain
ing the efficiency of classical probabilistic techniques in the description of 
several quantum phenomena such as stimulated emission in lasers, cosmic 
ray cascades, branching in neutron diffusions, etc. Another example of this 
phenomenon is Glauber's dynamics of the open Ising model which emerges 
here as the restriction of a more interesting quantum Hamiltonian flow. The 
symmetry of the resulting quantum Markov semigroup (which takes place if 
the initial state of the field is an equilibium state, but not in the Fock case) 
is related to the symmetry expressed by the Onsager relations. 

Once the stochastic Schrödinger equation has been obtained, it is rela
tively easy to obtain the Langevin equation (stochastic limit ofthe Heisenberg 
evolution). All the known types of master equations (and several new ones) 
are obtained just by taking the partial expectation of Langevin equations with 
respect to the reference state of the master fleld. This procedure corresponds 
to the adiabatic elimination of the fastly relaxing variables, a technique also 
called "coarse graining" , and establishes a connection between the stochastic 
limit and the traditional "projection techniques" used to provide a micro
scopic Hamiltonian foundation to these equations and to derive the Kubo
Mori theory. This connection evidences how strongly irreversible and dissi
pative behaviours can be perfectly described by Hamiltonian dynamics, thus 
providing a unified approach for reversible (Hamiltonian) and irreversible 
(master equation) description of quantum systems in the spirit of Prigogine's 
paradigm about the fundamental (as opposed to phenomenic) nature of ir
reversibility: if we think of decay phenomena as basic observable features 
of irreversibility, we see that they are perfectly compatible with a reversible 
dynamical evolution. 
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It should be underlined, however, that the stochastic limit goes far beyond 
the master equation because it does not eliminates the fast degrees of freedom. 
This allows one to estimate the probabilities of some collective states, or more 
generally the behaviour of a complex (nonlinear) system with many degrees of 
freedom, in terms of relatively few functions of the microscopic characteristics 
of the quickly relaxing degrees of freedom (according to the interpretation 
these functions are called "order parameters", "kinetic" or "susceptibility" 
or "transport coefficients", etc.). 

The method is of very simple applicability in the sense that, for a large 
dass of physically meaningful models, in addition to the energy shifts, broad
ening and lifetimes, which can also be obtained with other methods, it allows 
one to guess the limit equations directly by inspection of the initial Hamil
tonian system and, from them, to deduce easily much information about 
multipartide transitions, correlations, partide statistics, etc. We have tried to 
condense the main results of the stochastic limit into the so-called stochastic 
golden rules, which are a generalization of the Fermi golden rule and which 
allow one to solve, just by inspection of the interaction Hamiltonian, the 
following problem: given a quantum Hamiltonian system, write down im
mediately the associated stochastic Schrödinger equation (this, as explained 
above, automatically gives also the Langevin and the master equation). 

This rule is formulated in Chap. 4, and the reader already familiar with 
the basic formalism of quantum field theory can begin reading this book 
directly from this chapter. The examples covered there and in the following 
chapter are variations of the spin-boson Hamiltonian. They are sufficient to 
illustrate two of the basic principles (Le. general statements independent of 
the specific model) which emerge from the stochastic limit, namely: 

- the stochastic resonance principle (see Sect. 6.2); 
- the time consecutive principle (see Sects. 8.3 and 8.4). 

In Chap. 11, which condudes Part I, four other basic principles ofthe stochas
tic limit are formulated without proofs (these will be given in Part III): 

- the stochastic universality dass principle; 
- the block principle; 
- the orthogonalization principle; 
- the stochastic bosonization principle. 

These principles are used to extend the stochastic golden rule to polynomial 
interactions and to fermions. The block principle is particularly interesting 
because it states that if the interaction is a monomial of degree n then some 
special configurations in the n-particle space 01 the original field coalesce and 
behave like a single pseudo-particle whose second quantization gives the mas
ter field. Stochastic bosonization (in dimensions strictly higher than two) is 
a particular case of the block principle for fermions. Super-symmetric struc
tures arise when one starts from a fermi Hamiltonian induding polynomials 
of both even and odd degree. 
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The fact that the stochastic golden rule allows one to obtain quite nontriv
ial results with practically no mathematical effort supports our expectation 
that the stochastic limit could become an everyday tool for a multiplicity of 
physicists. In view of this, one could even forgive the fact that the results are 
also mathematically rigorous. In any case, to separate the new physical ideas 
and effects deduced from this method from their mathematical proof, which 
in some cases can be heavy, we have relegated the proofs of the main estimates 
and principles of the stochastic limit to Part IH. In Parts I and H we empha
size the main ideas which allow one to obtain the correct answer quickly, at 
a physicallevel of rigor. Since the Planck constant is one of the parameters 
which can be involved in the time rescaling, the present method also provides 
a natural second step after semiclassical approximation (for this reason it is 
sometimes called semiquantum approximation) in the sense that, just as in the 
semiclassicallimit one obtains a deterministic classical system (analogy with 
the law of large numbers), one could say that the stochastic limit captures 
a new typically quantum leading term in a different regime: analogy with the 
central limit theorem. In the usual semiclassical approximation one obtains, 
in the limit, classical trajectories. In the semiquantum approximation one 
obtains Brownian motion trajectories in the simplest examples and new types 
of classical or quantum white noises in the more sophisticated ones. Another 
difference with the semiclassical approximation (as well as with relativity 
theory) is that, while in these cases the old theory is recovered from the new 
for a limiting value of a parameter (Planck constant, velo city of light), in 
the stochastic limit it is the new theory which is recovered from the old for 
a limiting value of some parameters (coupling constant, time, density, energy, 
etc.). 

In Part II we deal with strongly nonlinear interactions and illustrate the 
qualitatively new phenomena which arise in connection with them. The main 
new feature here is the breaking oi the standard commutation relations and 
consequently oi the usual statistics. This is a consequence of the domination of 
the contribution of the noncrossing diagrams to the dynamics of these more 
complex systems (the crossing diagrams are shown to tend to zero in the 
stochastic limit). This leads to the emergence of a multiplicity of nonstandard 
(Le. neither classical nor boson nor fermion) master fields (white noises) as 
approximations of usual Hamiltonian systems: for example, in several cases 
the master field, even if coming from a usual Boson field, exhibits a kind 
of superlocalization phenomenon and becomes a bounded random variable 
(such as a fermion). Among the prototype models in which these phenomena 
appear we mention quantum electrodynamics without dipole approximation, 
the polaron model (Chap. 12), the Anderson model (Chap. 13), and many 
other models could be added. In fact, in Chap. 14 we prove that this type of 
behaviour is universal among the field-field interactions with conservation of 
moment um. 
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The not ion of quantum entanglement acquires with the stochastic limit 
a meaning which goes beyond the familiar not ion of superposition and leads 
to the conclusion, supported by a large number of examples, that under 
appropriate physical situations nonlinearly interacting quantum systems can
not be separated even at a kinematical level and behave as a single new 
quantum object satisfying new types of commutation relations and therefore 
new statistics. (Historically the first example of this phenomenon appeared 
in nonrelativistic quantum electrodynamics without dipole approximation, 
where the atomic degrees of freedom commute with the field operators be
fore the limit, but after they develop nontrivial commutation relations which 
account for the nonlinearity of the interaction. ) This qualitative statement 
has a mathematical counterpart in the two notions of the "Hilbert module" 
and the interacting Fock space which have emerged, from the stochastic limit, 
as natural candidates for the description of the state space of interacting 
systems. 

From the mathematical point of view, the stochastic limit has brought 
a unification as weIl as a deep innovation in the theories of classical, quantum 
stochastic and white noise calculus as developed respectively by Ito, Hudson
Parthasaraty and Hida, and also in the theory of generalized functions (the 
developement of the theory of distributions on the standard simplex). More 
precisely, it has motivated the developement of a white noise approach to 
stochastic calculus which is completely new even at a classical level. The 
introduction of the Ito formula in a white noise, i.e. generalized functions, 
context leads to nontrivial generalizations of both classical and quantum 
stochastic calculus which turn out to correspond to first-order (for the Wiener 
process) or normally ordered second-order (for jump pro ces ses) powers of the 
Fock white noise. Higher powers of white noise cannot be dealt with usual 
(classical or quantum) probabilistic techniques and require renormalization. 
Thus we can say that the present approach also reveals some unsuspected 
probabilistic aspects of renormalization theory. 

The stochastic limit is a generally applicable approximating theory which 
captures the dominant phenomena in the weak coupling-Iong time regime. 
Recently a general method for studying quantum dynamics has been devel
oped and corrections to the stochastic limit have been computed. Moreover 
an exact general expression for matrix elements of the evolution operator 
("ABC-formula") was obtained [ArVoOO]. 

The present book is addressed to researchers and students, physicists, 
mathematicians, experts in quantum communication and information engi
neering and all those interested in nonlinear problems of quantum theory. 
Much of the material presented here has been published in several articles in 
the past ten years, but the general presentation and most of the proofs have 
been simplified and appear for the first time in book form. Many of the re
sults obtained as applications of the stochastic limit technique have not been 
included in this book: the most interesting applications of stochastic bosoniza-
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tion in higher dimensions and of quantum interacting particle systems (barely 
mentioned in Sect. 5.19), many concrete applications of Belavkin's theory of 
quantum filtering, the whole body of results pertaining to the nonequilibrium 
and transport phenomena, in particular the temperature dependence of the 
conductivity tensor, the fractional quantum Hall efIect, the low-density limit 
and the deduction of the kinetic equations (Boltzmann, Vlasov, etc.) from 
the stochastic limit. The basic idea of the low-density limit is illustrated, in 
the simplest (Le. Fock) case, in Chap. 10. The really interesting case (finite 
temperature ) is much richer in structure and more difficult. 

Some of the heaviest mathematical parts have been omitted. In particular 
the proofs of the possibility of exchanging the summation of the iterated series 
and the stochastic limit and taking the term-by-term limit of the series (in 
those models where this is possible). The details of such proofs are strongly 
model dependent and do not give much insight. We have preferred to give, in 
Chaps. 15 and 16, detailed proofs of the general, model-independent estimates 
from which the estimates needed in each single model can be deduced by 
rat her standard arguments. The same can be said for the estimate of the 
error, which, beyond its mathematical interest, is crucial for defining the 
range of applicability of the whole theory. 

Since a discussion of all these topics would have exceeded the limitations 
of this book, we have decided to publish these results in aseparate book. The 
present book synthesizes several results obtained by the authors in collabo
ration with several other coauthors. In particular we mention Irina Arefeva 
(Chap. 14), Vieri Mastropietro (Chap. 13) and Sergei Kozyrev (Chaps. 4, 5 
and 12). 

Finally it is our pleasure to thank several people who read parts of the 
numerous versions of the present book and encouraged us with comments and 
suggestions. They are Irina Arefeva, Fabio Bagarello, Luigi Galgani, Kentaro 
Imafuku, Sergei Kozyrev, Vieri Mastropietro, K.R. Parthasarathy, Alexander 
Pechen, Guido llizzi, Michael Skeide, Tadashi Toyoda and Wilhelm von 
Waldenfels. Special thanks are due to Maria Minotti, who carefully typed 
the manuscript. 

Rome, March 2002 Luigi Accardi, Yun Gang Lu, Igor Volovich 
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Part I 

Statement of the Problem 
and Simplest Models 



1. Notations and Statement of the Problem 

In this chapter we first introduce some general notations that shall be used 
throughout the book and then explain the main ideas of the stochastic limit 
in a general framework (i.e. independent of any specific model). Additional 
notations shall be introduced when needed. 

1.1 The Schrödinger Equation 

The pure states of a quantum mechanical system are described by rays in 
a Hilbert space(1) H, i.e. unit vectors modulo an arbitrary phase, identified 
as rank-one projections acting on this space. Convex combinations of such 
projections or limits thereof (in the norm topology) are called density opera
tors (or density matrices). If p is a density operator and Tr denotes the trace 
on the algebra of all bounded operators on H (always denoted B(H) in the 
following), then the map 

A r-+ Tr(pA) =: (A) 

is weIl defined for any A E B(H) and is called an expectation value or astate, 
a pure state if p has rank 1 and a mixture otherwise. 

Self-adjoint operators on H are also called observables and (A) is called 
the expectation value of the observable A in the state p. If p has rank 1, then 
there exists a unit vector 'I/J in H such that 

(A) = ('I/J,A'I/J), 

where the right-hand side denotes the scalar product in H. By a Hamiltonian 
we mean a positive (or bounded below) observable, i.e. a self-adjoint operator 
on the Hilbert space H for which 

H~O. (1.1.1) 

(1) In the following, reference marks like this in the text refer to the comments 
listed in the section "Notes" at the end of the chapter. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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The associated Schrödinger equation is 

(1.1.2) 

and, unless stated otherwise, we set 

11,=1. (1.1.3) 

The solution of (1.1.2) with initial condition 'l/Jo at time to is formally given 
by 

./. -i(t-to)H ./. V; ./. 
'f/t = e 'f/O = t-to'f/O, (1.1.4) 

where the quantum evolution 

(1.1.5) 

is a one-parameter unitary group on the Hilbert space 1l in the sense that it 
satisfies the equation 

(1.1.6) 

whose infinitesimal generator is H, i.e. vt satisfies the (operator)Schrödinger 
equation 

8t Vt = -iHVt Vo = 1. (1.1.7) 

If 1l is the space L2 (JRd ) of square integrable functions with respect to 
the Lebesgue measure, then the position q = (ql ... qd) and momentum p = 
(PI .. ·Pd) operators are defined, for f E 1l = L 2 (JRd) differentiable, x = 
(Xl" .Xd) E JRd, by 

1 8 
pjf(x) = -;- -8 f(x), 

Z Xj 

and satisfy the H eisenberg (or canonica~ commutation relations: 

(1.1.8) 

If the Hamiltonian H is a function of the momentum operator p = 

(PI" ·Pd), then it is called a free Hamiltonian. The Fourier transform im
plements a representation of the canonical commutation relations in which 
p, and therefore any function of it, acts as multiplication. 
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1.2 White Noise Approximation for a Free Particle: 
The Basic Formula 

The basic idea of the stochastic limit is the following: the fast degrees of 
freedom of a quantum system, depending on a (smalI) parameter >., in time 
scales of order t/ >.2, behave like white noise. In this section we illustrate 
the simplest occurrence of such a situation, which takes place when the 
small parameter is Ti and the system is free. The following relation, and its 
generalizations given in Lemma 1.9.1, play an important role in the stochastic 
limit (see [V183] where similar relations are proved). In the following S(~d) 
will denote the space of infinitely differentiable functions whose derivatives 
of any order decrease to zero faster than any polynomial (Schwartz space). 

Proposition 1.2.1. The following limit holds in the sense of Schwartz dis
tributions in S'(~2): 

1 . j 
lim - ettx c = 27l"8(t)8(x). 
c-+o c 

(1.2.1) 

Proof 1.2.1. Let us fix two test functions t.p, 'ljJ E S(~I) and consider the 
integral 

I = ~ J dt'ljJ(t) J dxt.p(x)eitxjc. 

By the change of variables t = cT we obtain 

where rp denotes the Fourier transform of t.p. Now using the fact that rp(T) E 

S(~I) and using the Lebesgue dominated convergence theorem, we obtain: 

which proves the statement. 

The following example shows how white noise correlations can arise from 
ordinary quantum mechanics as an application of Proposition 1.2.1 above. 
Consider a quantum system, with n degrees of freedom, whose Hamiltonian 
is a function of the momentum operator P = (PI ... Pn): 

The associated Schrödinger equation in the moment um representation is 

(1.2.2) 
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where k = (k1 ..• kn ) and kj , t are real numbers. Therefore, if the initial 
condition is chosen to be 

'l/Jr,(0, k) = n-1/ 2'l/Jo(k), II'l/Jo11 2 = J l'l/Jo(kWdk = 1, 

the solution of (1.2.2) is 

Consider now the time correlations 

J e-i(t-t')Ek/r, 
('l/Jr,(t', ·),'l/Jr,(t,·)) = n l'l/Jo(kWdk. 

Then, because of Proposition 1.2.1 

e -i( t-t')Ek /r, 
~~ n = 27r8(t - t')8(Ek), 

(1.2.3) 

(1.2.4) 

the limit being meant in the sense of distributions (in the variables t, t', k). 
It follows that 

lim ('l/Jr, (t', .), 'l/Jr, (t, .)) = 27r8(t - t') J dk8(Ek ) I'l/Jo (k W, r,--+o 
(1.2.5a) 

the limit being meant in the sense of distributions (in the variables t, t'). 
Notice that in this argument n enters only as a parameter, and the 

interpretation of the above approximation as a new kind of semiclassical 
approximation is quite natural (see Sect. 3.8 for further discussion). Another 
interpretation is the following: if the energy function Ek is replaced with AEk 
(A > 0), this is equivalent to replacing n with n/ A in the above discussion. 
In this sense one could say that the limit n ---+ 0 is astrang coupling limit. 

The normalization condition (1.2.3) simply amounts to a time rescal
ing. To convince oneself of this fact, it is sufficient to notice that the so
lution 'l/Jr,(t, k) is equal to n-1/ 2'l/Jo(t, k), where 'l/Jo(t, k) is the solution of 
the Schrödinger equation (1.2.2) with initial condition 'l/Jo(k), and to use the 
identity 

(1.2.5b) 

Then, recalling that for convergence in the distribution sense we have to 
multiply by smooth test functions 'P(t), 'l/J(t') and integrate, we obtain 

J dt J dt' 'P( t )'l/J( t') ('l/Jr, (t', .), 'l/Jr, (t, .)) 

= ~ J dt J dt' 'P(t)'l/J(t')('l/Jo, e-i(t-t')Ep/r,'l/Jo), 
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and with the change of variables (t - t') In = T and t' = t', we find 

(1.2.6) 

So the limit n ~ 0 means that we consider time intervals for which h( = 
t - t') is small. Under this assumption, and supposing in addition that the 
Hamiltonian H has integrable time correlations in the state 'l/Jo, i.e. 

and the test functions have compact support, we can replace <p(nT + t') with 
<p(t') in (1.2.6) (dominated convergence). Then, performing the integration 
over dT, we find 

1+00 

('l/Jo, b(Ep)'l/Jo) -00 dt' <p(t')'l/J(t') , (1.2.7) 

which is equivalent to (1.2.5a) (the Dirac b-function) of an operator is defined 
at the end of the present section). Note that, under our assumptions, the error 
in replacing (1.2.6) by (1.2.7) is of order n. Therefore, using (1.2.5b) we see 
that (1.2.6), multiplied by n, is the dominating contribution to the correlation 
('l/Jo,e-i(t-t')Ep/li'l/Jo) and that the error is oforder (n)2. 

In summary, just as the semiclassical limit finds classical mechanics as 
a first-order approximation to quantum mechanics, the white noise approx
imation captures the second-order approximation. In this sense we can say 
that it describes the fiuctuations around the classical solution. 

The limit (1.2.5a) has two interesting implieations: 

(i) In time intervals which are small with respect to the dimensions of n, the 
quantum meehanical time eorrelations tend to beeome white noise (i.e. 
J) eorrelations (see Seet. 2.15 for the definition). 

(ii) In the same regime, as far as moment um is coneerned, the whole inter
action is eoneentrated on the resonance surJace: 

{k: Ek = O}. (1.2.8) 

The surface (1.2.8) is ealled a resonance surJace beeause it illustrates in 
the simplest situation the stochastic resonance principle, which will dealt 
with in Chap. 5. 

The above considerations suggest that, over appropriate time seales, one 
ean obtain a good approximation of standard quantum meehanics by eon
sidering a quantum field in the variables (t, k), which is white noise (Le. 
b eorrelated) in the time variable and, with respect to the momentum variable, 
is concentrated on the energy surface (1.2.8). 
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We shall see that a suitable generalization of such a picture is not only 
correct, but also universal in the sense of being applicable to almost all 
quantum systems with a continuous spectrum and that it leads to the conclu
sion that the dominating contributions to the usual Hamiltonian theory are 
given by a singular Hamiltonian which is a functional of some white noise. 
The advantage of the new Hamiltonian theory is that the new dynamical 
equation defines the physical parameters, relevant in the time scale under 
consideration, in a simple and intuitive way that gives much more insight 
than the original Hamiltonian. 

The associated white noise Hamiltonian calculus is a generalization of 
both classical and quantum stochastic calculus. Its most remarkable feature 
is that it shows how it is concretely possible to combine the unitarity of 
the quantum mechanical evolution with an elegant and easy-to-apply general 
theory oJ quantum dissipative and irreversible phenomena. 

Let us conclude this section with a general definition of the J-function of 
an operator, which has already appeared in formula (1.2.7) above and which 
will often be used in the following. 

Definition 1.2.1. For a self-adjoint operator H, we dejine 

J(H) = ~ r dteitH = ~ r dt r EH (d>.)eitA = r EH (d>')J(>') 
2n J~ 2n J~ J~ J~ 

weakly in terms oJ the spectral theorem. IJ ~,'TI are in the absolutely continuous 
spectrum oJ H, and the associated spectral measure oJ H has a smooth density 
(say, in the Schwartz space) denoted by Jtt;,'Y/' then by dejinition 

(~,J(H)'TI) = 2~ f f eitA(~,EH(d>')'TI)dt 

= f Jtt;,'Y/(>.)J(>')d>' = Jtt;,'Y/(O) = (J,Jtt;,'Y/). 

From this formula it easily follows that, for any hermitean operator H, J(H) 
is a positive, possibly degenerate, sesquilinear form. For example, let 111 = 
L2(~d) be interpreted, to fix our ideas, as amomenturn representation and 
let 

d 

H=p= f k·E(dk) = f"L.kjEj(dk) 
}=l 

be the moment um operator on 1l1 . If w(·) is a Schwartz distribution, then 
for any J, 9 E S(lRd ), the sesquilinear form 

(1, w(H)g) = (w, Jg) 

makes sense, since S(~d) is an algebra and we take it as the definition of 

w(H) = f w(k)E(dk). 
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1.3 The Interaction Representation: Propagators 

If the Hamiltonian H has the form 

H=Ho+HI (1.3.1) 

(see Sect. 1.23 for comments on this decomposition) the wave function '!f;I(t) 
in the interaction representation is defined by 

'!f;I(t) = eitH°'!f;(t) = eitHoe-it(Ho+Hr)'!f;o, (1.3.2) 

and it satisfies the Schrödinger equation in the interaction representation 

Ot'!f;I(t) = -iH1(t)'!f;I(t), (1.3.3) 

where H1(t) is defined by 

H1(t) := eitHo Hle-itHo. (1.3.4) 

The solution of (1.3.3) with initial condition '!f;I(tO) at time to is given by 

'!f;I(t) = U(t, tO)'!f;I(tO), 

where the evolution operator U(t, to), 

U(t, to) = eitHoe-i(t-to)(Ho+Hr) e-itoHo, 

also called a propagator, satisfies 

U(t,to) = U(t,s)U(s,to), U(t,to)* = U(to,t), U(t,t) = 1. 

One has 

U(t, to) = eitoHOU(t - to, O)e-itoHo. 

The evolution operator U(t, to) is the solution of 

Ot U(t, to) = -iH1(t)U(t, to), U(to, to) = I, 

(1.3.5) 

(1.3.6) 

(1.3.7) 

(1.3.8) 

(1.3.9) 

with Hr given by (1.3.4). The S matrix is formally defined as the limit 

S = lim U(t, -t). (1.3.10) 
t--++= 

Remark 1.3.1. For the applications of the stochastic limit the converse of 
the above construction will be of crucial importance. Namely: let U(t, to) be 
a 2-parameter family of unitary operators satisfying conditions (1.3.6) and 
(1.3.9) above and let Ho be a Hamiltonian, then the one-parameter unitary 
family 

e-itHOU(t, O) =: Vi 

is a quantum evolution (i.e. Vi+s = Vi Vs and ~* = V-t ) if, and only if, 
(1.3.9) holds with Ho replaced by Ho. This is equivalent to the so-called 
cocycle condition with respect to exp( -itHo): 

U(t - to, 0) = e-i(to-s)HOU(t - s, O)ei(to-s)HOU(s - to, 0). (1.3.11) 
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1.4 The Heisenberg Equation 

The Heisenberg evolution of an observable (more generally, any non-neces
sarily self-adjoint operator) A, associated with the Schrödinger evolution 
(1.1.4) with to = 0, is defined by 

(1.4.1) 

Therefore, 

(1.4.2) 

The dual evolution, for a density matrix p, is defined by the identity 

Therefore, 

(1.4.3) 

The map A f--7 At =: ut(A) satisfies the identities 

UtUs = UHs, ut(AB) = ut(A)ut(B), ut(A*) = ut(A)*, Ut(1) = 1. 
(1.4.4) 

Any family Ut, satisfying (1.4.4) is called a Heisenberg evolution or a one
parameter automorphism group of the algebra of the observables, and the one
parameter family At, defined by (1.4.2), satisfies the generalized Heisenberg 
equation (or quantum Liouville equation): 

(1.4.5) 

whose generator L (also called the Liouvillian) is a *-derivation, i.e. 

L(AB) = L(A)B + AL(B), L(A*) = L(A)*. 

When Ut has the form (1.4.2), its generator has the form L 
corresponding to the Heisenberg equation of motion: 

The dual equation, for the density matrix, is 

atpt = -i[H, Pt]. 

i[H, . ], 

(1.4.6) 

(1.4.7) 

Similarly, if U(t, to) is the evolution operator in interaction representation 
[see (1.3.7)] the associated Heisenberg evolution is 

At := j(t,to)(A) = U(t, to)* AU(t, to) 
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and satisfies the fiow equation 

(1.4.8) 

whose differential form is the Heisenberg equation in the interaction repre
sentation 

OtAt = -i[Hr(t), At], 

where Hr(t) given by (1.3.4). 

1.5 Dynamical Systems and Their Perturbations 

(1.4.9) 

In this section we introduce the notion of a dynamical system that will be used 
in the present book. More generally, purely algebraic definitions are possible, 
but in most cases of physical interest one fixes apriori a representation, i.e. 
a concrete Hilbert space where the algebraic objects are realized, and one 
works in that context. Bya dynamical system we mean a pair 

{1l,H} (1.5.1 ) 

consisting of an Hilbert space 1l (state space) and an Hamiltonian H which 
defines the dynamical evolution through the operator Schrödinger equation 
(1.1.7). A dynamical system is said to be integrable if the associated dynam
ical evolution can be solved explicitly. We start from an integrable system 

{1l, Ho}, 

called the free system. Then, given another self-adjoint operator Hr, called 
the interaction Hamiltonian, we can always define the time-evolved operator 
Hr(t) using (1.3.4), i.e. 

(1.5.2) 

Therefore, the Schrödinger equation in the interaction representation 

OtU(t, to) = -iHr(t)U(t, to), U(to, to) = 1, (1.5.3) 

is weIl defined, as described in Sect. 1.3, and its solution, when it exists, gives 
the propagator U(t, to), which contains all the physically relevant informa
tion on the dynamics of the system. As explained in Sect. 1.3, knowledge 
of this propagator is formally equivalent to knowledge of the solution of the 
Schrödinger equation with a total Hamiltonian, Ho+Hr, but this formulation 
of the problem is sometimes more convenient. In almost all models of physical 
interest, one starts from a free system {1l, Ho} and perturbs it by means of 
an interaction Hamiltonian H r. Therefore we slightly generalize the notion of 
a dynamical system by defining it as a tripie system 
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{1lo,llo, [J(t, s)}, 

where {1l, llo} is an integrable dynamical system and [J(t, s) is a propagator 
satisfying the cocycle equations (1.3.6) and (1.3.9). If [J(t, s) is differentiable 
(in t), then the new definition is equivalent to the One given at the beginning 
of this section. However, the generalized definition also allows the possibility 
for [J( t, s) to satisfy a stochastic differential or white noise llamiltonian 
equation, and in the following we shall show how these equations arise in 
physics. 

Usually, the total Hamiltonian llo + llr, even when it is weIl defined, is 
not integrable, and One looks for some reasonably good approximation to the 
physically measurable quantities which typically are expressions of the form 

(1.5.4) 

or of the slightly more general form 

(1.5.5) 

where <Pout, <Pin are state vectors and X is an operator. 

Remark 1.5.1. We have not introduced explicitly any privileged state of 
the dynamical system. However, for infinite systems the introduction of 
an Hilbert space 1l, where the Hamiltonian llo acts, requires the choice of 
a specific representation, and in all concrete cases this is done by fixing astate. 
Thus, at least for infinite systems, the choice of a privileged state is implicit 
in our definition. 

1.6 Asymptotic Behaviour of Dynamical Systems: 
The Stochastic Limit 

Two basic asymptotic techniques of quantum physics are: (i) scattering the
ory, which is concerned with the long-term behaviour of physical systems, for 
which 

t --+ 00 (scattering theory), 

and (ii) perturbation theory, which is concerned with weak effects (for ex
ample, weak coupling or low density), for which 

A --+ 0 (perturbation theory), 

where A is a parameter upon which the interaction Hamiltonian (and in some 
cases, e.g. low density, even the free system) depends. 

The stochastic limit puts together the scattering and perturbation theo
ries by studying the lang-term cumulative effects of weak actions. The lang 
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term (t / >..2 --+ +00) compensates for the small parameter (>' --+ 0), and 
new rich structures with nontrivial interactions emerge. This picture will 
be confirmed in the following by a detailed study of several models. (1) The 
stochastic limit 0/ quantum theory starts from the usual quantum Hamilto
nian dynamics depending on a parameter A, rescales some parameters in the 
associated evolution (typically time) (2) , and obtains in the limit A --+ 0 a new 
dynamical system driven by a singular Hamiltonian which represents the 
decay and shift contributions to the dynamics. In the usual approximations 
used in quantum theory (perturbation theory, semiclassical approximation, 
etc.), one approximates the expectation values (1.5.4) and (1.5.5) for different 
observables. In the stochastic limit approach the fundamentallaws themselves 
are approximated in the following sense: one starts with a family of quantum 
dynamical systems depending on a parameter A, 

(1.6.1) 

(in many examples considered in this book A is just the coupling constant 

and neither the state space 11.>. nor the free Hamiltonian Hf) depend on A). 
With these notations the basic content of the stochastic limit is described by 
the following symbolic relation: 

. { (>') (>.)} - { - } l~ 11.>., Ho ,Utj>.2 - 11., Ho, Ut , (1.6.2) 

where {11., Ho, Ud is a new quantum dynamical system in the sense of the 
preceeding section. In Sect. 1.15 and Sect. 3.1 we describe in what sense the 
limit (1.6.2) has to be understood. The basic physical idea of the stochastic 
limit is expressed by the approximate equality(3) 

equivalently (1.6.3) 

which is valid for large times t and for small, but finite, values of the parame
ter A. The precise meaning ofthe approximation (1.6.3) is that a large class of 
measurable and physically interesting quantities of the A-dependent system 
are approximated by the corresponding quantities of the limit system with 
an error which vanishes as A --+ 0 and which can be explicitly estimated (see 
Sects. 1.10 and 1.11 for examples of such quantities and Chaps. 15 and 16 
for the estimates). 

We emphasize that the limit system is aquanturn dynamical system in 
the sense of Sect 1.1. In particular the unitarity of the evolution operator is 
preserved under the stochastic limit.c4) 

1.7 Slow and Fast Degrees of Freedom 

One of the basic physical ideas behind the stochastic limit program is the 
separation 0/ the natural time scales 0/ a complex system. In order to explain 
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this idea let us consider an Hamiltonian of the form 

H = Ho + Hr(A) . (1.7.1) 

For every fixed reference state (e.g. a vacuum) one can associate with this 
Hamiltonian a natural characteristic time scale, (1) namely: 

(i) The fast relaxation time tR. This is a characteristic time such that the 
time correlation 

(1. 7.2) 

practically vanishes after a few multiples oftR. Here Hr(t) is the Heisen
berg evolution of Hr under the Ho evolution and ( . ) denotes the 
expectation with respect to this state. 
One can define the fast degrees of freedom by those observables X whose 
correlations 

(X(O)X(t)) - (X(O))(X(t)) (1. 7.3) 

have a decay rate of the same order of tR or faster. Here too X(t) is the 
Heisenberg evolution of an observable quantity under the Ho evolution. 

(ii) The slow degrees of freedom are defined by those observables whose 
correlations have a decay rate ts (slow relaxation time) of an order much 
larger than tR. 

(iii) There exist other natural characteristic time scales, for example, tint' 
the interaction time between the slow and the fast degrees of freedom. 
This is a characteristic time for appreciable effects of the interaction, 
in the sense that it describes the decay rate of correlations (1.7.3) but 
where X(t) is the Heisenberg evolution of X under H evolution and not 
Ho evolution. 

(iv) Finally there is tEq, the equilibrium time. 

Typically one has 

(1. 7.4) 

For example, for relaxation of spin systems (slow degrees of freedom) in 
a dilute atomic vapor (fast degrees of freedom), tR may be taken to be the 
mean time between collisions and is typically of the order of 10-8 s at ordinary 
temperatures, whereas ts may be as long as a few seconds. 

Moreover, since ts » tR, the fast degrees of freedom, looked at with 
respect to the time scale of the slow degrees of freedom, will appear to be 
almost completely uncorrelated, i.e. totally uncorrelated noise. 

It is plausible that different interactions give rise to different kinds of 
noise. Thus a natural question to be answered is how to describe these kinds 
of noises. 

One may think of at least two physical situations in which the condition 
ts » tR is satisfied: 
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(i) Weak coupling, characterized by 

This means that the interaction is feeble, so that each individual collision 
has a very small effect. On the other hand, there are very many collisions 
(infinitely many in the long-term limit) and this situation is the physical 
counterpart of the Lindberg condition in the central limit theorem of 
classical probability, where one has a sum of weakly dependent terms, 
each of which becomes infinitesimal. In our case the weak dependence 
corresponds to the fast decrease of the correlations of the fast degrees of 
freedom. 
This analogy suggests that the situation should be weH approximated by 
some kind of centrallimit effect, leading to some diffusion process. 

(ii) Low density. Collisions only happen at infrequent time instants. However, 
in contrast to the weak coupling limit situation, each individual collision 
does not have a very smaH effect (Le. the interaction is not supposed to 
be weak). 
When speaking of rare events it is natural to think of a form of Poisson 
process, so in this case we expect Poisson-like behaviour. 

In both cases an appreciable infiuence of the fast degrees of freedom on 
the slow degrees of freedom can only be observed as a long-term cumulative 
effect of many collisions; this means that we will have to consider the time 
evolution of observables up to very large microscopic times in order to see an 
appreciable macroscopic effect. 

1.8 The Quantum Transport Coefficient: 
Why J ust the t / A 2 Scaling? 

It remains to be explained why one chooses the rescaling t -+ t / >.. 2 as the new 
time scale and what the physical meaning of this rescaling iso The reason why 
(in many important cases) the appropriate time rescaling is t/>..2 (and not, 
say, t / r.p( >..) for some other function r.p of >..) is best understood by considering 
second-order perturbation theory. Let us consider the equation 

(1.8.1) 

Lemma 1.8.1. Denote by (-) the expectation value with respect to a fixed 
vector P. Suppose that the Hamiltonian has mean zero, is time-translation 
invariant and such that the function s I-t (Hr(O)Hr(s)) is integrable (inte
grable time correlations), i.e. 
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(1.8.2) 

(1.8.3) 

(1.8.4) 

Then the expectation value of the second-order term of the iterated series for 
U(A) . 

t ,2.e. 

(1.8.5) 

has a finite nonzero limit, as ,\ --7 0 and t --7 +00, if and only if 

lim ,\ 2t = 7 = const. -=I- 0 « +00). 
A-+O,t-++oo 

(1.8.6) 

In this case the limit of (1.8.5), as ,\ --7 0, is equal to 

-7 [~ ds(Hr(O)Hr(s)). (1.8.7) 

Proof 1.8.1. By time-translation invariance, the second-order term (1.8.5) 
has the form 

By the change of variable t2 - h =: 82, this becomes 

and with the change of variable ,\2t1 =: 81, we find 

(1.8.8) 

Since for all 81 > 0, as ,\ --7 0, 

- JO d82(Hr(0)Hr(S2)) --7 - JO d8(Hr(0)Hr(8)) = const., 
-Sl!A2 -00 

it follows that, as ,\ --7 0, (1.8.8) tends to zero by dominated convergence if 
,\2t --7 0, while if (1.8.6) holds, it tends to (1.8.7). 

Remark 1.8.1. The integral in (1.8.7) can be interpreted as a quantum 
transport coefficient. It plays an important role in the stochastic limit (see 
Seet. 4.14) and it provides a natural bridge between this theory and both 
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the Green-Kubo-Mori theory of nonequilibrium phenomena, which is a first
order efIect, and the Fermi golden rule, which is a second-order efIect. More 
precisely, we shall see (see Sect. 5.8) that in several cases (e.g. in the weak 
coupling but not in the low-density case) the transport coefficient allows us to 
compute the lifetimes and energy shifts in agreement with the Fermi golden 
rule. In this sense we may say that the stochastic golden rule is a rigorous 
formulation of the Fermi golden rule. However, even in these simple cases, 
the amount of information contained in the stochastic limit is much greater 
than that obtained by these standard perturbation techniques. 

Note, moreover, that the assumptions of Lemma 1.8.1 do not require 
that the expectation value (.) is scalar valued, i.e. it can also be a partial 
expectation involving only some of the degrees of freedom of the system. In 
this case the transport coefficient is an operator and one speaks of the operator 
valued transport coejJicient. These coefficients shall play an important role in 
the following. 

Remark 1.8.2. Lemma 1.8.1 shows that, under (1.8.2), (1.8.3) and (1.8.4), 
(1.8.6) is essentially the only one which guarantees the existence and nontriv
iality of the limit of the vacuum expectation of the second-order of the series 
term. The limit (1. 8.6) means that in times of order t / >.. 2 the interaction 
produces efIects of order T. Thus >.. provides a natural time scale for the 
observable efIects of the interaction. But >.. 2t -+ T {:} t rv T / >..2 ; therefore, 
(1.8.6) is equivalent to 

(1.8.9) 

Note that the rescaling (1.8.9) has been obtained 

(i) taking expectations for an expectation value satisfying the time station
arity and the analytical condition (1.8.6); and 

(ii) only for the second-order term. 

It is therefore natural to ask oneself the following questions: 

(i) Is (1.8.9) (or more generally the rescaling suggested by second-order 
perturbation theory) sufficient to guarantee the convergence, at least 
term by term and in a topology to be specified, of the whole time
rescaled perturbative series?(l) 

(ii) If the answer to (i) is affirmative, can we conclude that the term-by
term limit of the time-rescaled perturbative series can be re-summed 
into a new evolution operator, Ut ? Is Ut unitary? 

(iii) Which evolution equation is satisfied by Ut ? 
(iv) What physical information about the original system can one extract 

from Ut ? 

The stocha.'3tic limit of quantum theory has been developed to answer 
these questions. 
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Answer to (i): Yes, the limit exists for a great multiplicity of models and 
the convergence is the quantum analogue of convergence in probability 
theory law. In many models the convergence is not only term by term, 
but it holds for the whole perturbation series. 

Answer to (ii): In a11 cases in which the limit was proved to exist it turned 
out to be unitary. 

Answer to (iii): In a11 cases in which the limit exists, the evolution equation 
has been found and proved to be a singular Hamiltonian equation driven 
by some form of quantum white noise or, equivalently, in the linear case, 
by a quantum stochastic differential equation. 

Answer to (iv): The advantage of the new equation versus the original one 
is that we obtain a simplification of the model in the sense that many 
physical effects are more easily read in this new type of quantum stochas
tic equation, which is a natural generalization of the usual Schrödinger 
equation. For example, in most models the vacuum expectation value of 
the evolution operator (vacuum transition amplitude) satisfies a simple 
ordinary differential equation which can be solved explicitly - a thing 
that one cannot do for the original evolution operator. 

1.9 Emergence of White Noise Hamiltonian Equations 
from the Stochastic Limit 

In this section we describe a very simple heuristic procedure which a110ws us 
to quickly guess the form of the white noise equation satisfied by the limit 
evolution operator associated, a given interaction Hamiltonian. The equation 
satisfied by the dynamical evolution Up·) is 

(1.9.1) 

with the initial condition 

u.(>') - 1 o - , (1.9.2) 

which can be interpreted either as the usual Schrödinger equation with time
dependent Hamiltonian H?)(t) or as a Schrödinger equation in the inter
action picture. In this book we shall be mainly concerned with the latter 
interpretation. One starts from a model with a time-independent Hamiltonian 

(1.9.3) 

where H~>') describes the dynamics of a free system and H?) an interaction. 

Then one defines Ut( >') and H} >') ( t), respectively, by 

U (>') itH().) -itH().) 
t =e 0 e , 

H1(>') (t) = eitH~).) H?) e-itH~).) . 

(1.9.4) 

(1.9.5) 
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Note, for future use, that uFo) is the adjoint of the backward wave operator 
at time t, i.e. 

(1.9.6) 

where n~>') is the backward wave operator. In these notations uf) satisfies 

(1.9.1) and (1.9.2) with H1(>')(t) given by (1.9.5). With the change ofvariables 
tl f-+ >h1 (1.9.1) takes the form 

(>') _ . 1 (>') / 2) (>') 
OtUt />.2 - -z ).2 H1 (t). Ut/>.2, (1.9.7) 

which is similar to (1.9.1) but with the interaction Hamiltonian HI(t) replaced 
by the rescaled interaction Hamiltonian, ~ Hf>') (tl).2). The first step of the 
stochastic limit approach is to prove that the rescaled interaction Hamiltonian 
converges, in an appropriate sense, to a new Hamiltonian H t , i.e. 

(1.9.8) 

If the convergence is strong enough then the relationship (1.9.8) should imply 
that 

(1.9.9) 

where the convergence is meant in the sense explained in Beet. 1.6 and Ut is 
the solution of 

(1.9.10) 

The limit relation (1.9.8) suggests that the limit Hamiltonian H t is 

a rather singular object. For example, if Hf) (t) were independent of ). and 
equal to an integrable function of t, then (1.9.8) would simply be a multiple 
of the 8-function in t characterizing the white noise correlations. (1) This is 
due to the following lemma that we shall constantly use. 

Lemma 1.9.1. For any integrable junction F on~, one has 

1 (7 -t) j+oo 
l~ ).2 F ~ = 8(7 - t) -00 F(a)da, (1.9.11) 

in the sense that, for any bounded continuous function tp on~, one has 

j +OO 1 (7 _ t) j+oo 
l~ -00 ).2 F ~ tp(7)d7 = tp(t) -00 F(a)da. (1.9.12) 
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Prao! 1.9.1. With the change of variable (7 - t)I>.,2 = (1, the left-hand side 
of (1.9.12) becomes equal to 

and the last equality follows from dominated convergence. 

We shall see that the intuition described before Lemma 1.9.1 is essentially 
correct. More precisely, the rescaled Hamiltonian (li )..2)HjA) (tl )..2) will be 
expressed as a functional of new operators, 

(1.9.13) 

called the rescaled fields, and the limit Hamiltonian (1.9.8) will be a functional 
of some quantum white noise whose specific form (covariance and commuta

tion relations) depends on the form of the initial Hamiltonian H?)(t). This 
gives the basic idea of the emergence of white noise in the stochastic limit. 
A precise formulation in the simplest case is given in Theorem 3.7.1, and 
furt her discussion of the rescaled fields is given in Sect. 3.5. 



Complementary Material 

1.10 From Interaction to Heisenberg Evolutions: 
Conditions on the State 

The evolution operator Ut is the limit of evolution operators Ut(;12 in the 

interaction representation, but the physical predictions of the dynamics of 
the original Hamiltonian model are expressed in terms of the Heisenberg evo
lution, which is given by (1.4.2). More precisely, we consider an observable X 
and its rescaled time evolution 

(1.10.1) 

and we are interested in expectation values of the form 

(f., X(>.) (t/ A 2)f.) = (f., ei(t/ >.2)H<).) X e-i(t/ >.2)H<).) f. ) . (1.10.2) 

But the right-hand side of (1.10.2) is equal to 

\ e, ei(t/>")H~A) e-i (t/>.')H6A) ei(t/>.')H(A) Xe-i(t/>")H(A) ei (t/>")H6A) e-i (t/>.')H6A) e) 
= / c ei(t/>")H~A) U(>') XU(>')* e-i(t/>")H~A) c) 

\ <" -t/),' -t/>.' <, , 

(1.10.3) 

and the problem is that, while one can usually control the limit of the inter

action term U~~~>.2' the rescaled free evolution exp [-i(t/A2)H~>')] in general 

will have no limit as A ---+ O. If one restricts one's attention to expectation 
values of the form (1.10.2), where f. is an eigenvector of the free Hamiltonian, 
then there is no problem because the right-hand side of (1.10.3) becomes equal 
to 

(1.10.4) 

So, apart from a change in the sign of time (see (1.4.2)), we are reduced to 
an expectation value in the interaction picture. 

There are any many important examples where the limit (1.10.4) exists. 
The typical situation is when one is in the open system framework, described 
in Chap. 4, and 
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(1.10.5) 

where eo is an eigenvector of the system Hamiltonian and q; is a reservoir 
vector state invariant by the reservoir Hamiltonian (e.g. the Fock vacuum, 
an equilibrium state, etc.). This is the typical case of a discrete eigenvalue 
embedded in the continuous spectrum. 

For several problems (for example, all problems in which only information 
on the master equation is required), vectors such as (1.10.5) give sufficient 
information, but in general the condition that e in (1.10.5) is an eigenvector 
of the free Hamiltonian is too restrictive and one has to face the following 
problem: for which observables X does the limit (1.10.1), of their rescaled 
Heisenberg evolutions exist? In the following section this question is answered 
for a large dass of observables of physical interest. 

1.11 From Interaction to Heisenberg Evolutions: 
Conditions on the Observable 

Another case in which the Heisenberg evolution can be reduced to the inter
action picture evolution is when the observable X in (1.10.1) commutes with 
the free Hamiltonian H6).,). In this case in fact, in the notation of (1.10.1), 

X ().,)(t) - itH()..)X -itH()..) _ itH()..) -itH()..)X itH()..) -itH()..) - U().,)*XU().,) -e e -e e 0 e 0 e - t t, 

(1.11.1) 

and we see that this case is, in some sense, the dual of the preceeding one. If 
X does not commute with the free Hamiltonian, but satisfies the condition 

tH()..) "tH()..) "t e- 0 Xet 0 = e t w X (1.11.2) 

for all times t and for some real number w, then one can use the stochastic 
limit to estimate the behaviour of Utj~;XUtj~2' and from the identity 

and knowledge of the asymptotic behaviour of the left-hand side, practically 
all the quantities of physical interest can be estimated. 

In fact we shall see in Sect. 1.22 that, in order to obtain the largest dass 
of observables for which the limit 

exists, we have to take into consideration operators X = X().,) which depend 
on >. in a very special way. 
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1.12 Forward and Backward Langevin Equations 

From the previous two sections we have seen that there are two important 
eases in whieh information on the interacting evolution ean be translated 
immediately into information on the Heisenberg evolution: 

(i) when one has information on invariant states of the free evolution 
(Seet. 1.10) 

(ii) when one has information on eigen operators of the free evolution [see 
(1.11.2)]. 

It is clear that these pieces of information are dual to eaeh other. More 
preeisely, the eonsiderations in Seet. 1.11 lead one to eonsider the Heisenberg 
evolution equation 

(1.12.1a) 

which is the time-refiected form of the equation eonsidered in Seet. 1.2, Le. 

X (+) .- U(A)*XU(A) 
t .- t t· (1.12.1b) 

The map t f-7 xi+) is ealled the forward evolution of the operator Xj 

the map t f-7 xi -) is the backward evolution. Note that the time-refleeted 

evolution (1.12.1b) is X~~). In what follows we shall analyze the asymptotic 
behaviour under the resealing t f-7 t / A 2 of both types of evolutions. 

The existenee of the limit (1.9.9) and the fact that it satisfies equation 
(1.9.10) suggests that, for appropriately chosen families of observables X(A), 

also the evolution (1.12.1b) is such that, for some observable X in the limit 
space and in the sense of eonvergenee of the matrix elements (see Beet. 1.15), 

1· U(A)*XU(A) - U*XU _ .. (X) (112 2) A~ tjA2 tjA 2 - t t -·}t, . . 

where Ut is the unitary operator defined by the limit (1.9.9). Moreover the 
family jt, defined by (1.12.2), is a flow (in the sense of Seet. 1.26), and jt(X) 
satisfies the forward or inner white noise Langevin equation 

(1.12.3) 

The flow dual to (1.12.1a,b) deseribes the evolution of states. So, if we rep
resent astate by a density matrix p(A), its evolution will be 

(1.12.4) 

(The reason why it is essential to eonsider A-dependent initial states is ex
plained in Seet. 1.15.) 

For many ehoices of p(A) one ean show that as A -+ 0 the limit p(t) 
of (1.12.4) exists and satisfies the backward or outer white noise Langevin 
equation 

Otp(t) = i[Ht , p(t)]. (1.12.5) 
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Remark 1.12.1. Apparently there is a perfect symmetry between the inner 
equation (1.12.3) (because the commutator is inside the flow) and the out er 
equation (1.12.5). However from the analytical point of view there can be 
a big difference. For example, in the system-reservoir scheme of Sect. 1.13, if 
the system operators do not depend on time and X is a system observable, 
then the commutator in (1.12.3) does not depend on time and is a system 
operator. But if we consider the dual (backward or outer) equation (1.12.5), 
this is never the case. 

As a consequence, to prove the convergence (1.12.2) one can use the 
iterated series expansion of (1.12.3), but to prove the convergence of (1.12.4), 

as >. -t 0, one has to expand separately in series Up·) and Up·) * , and this 
multiple expansion causes the emergence of multiple-simplex integrals and 
the necessity to develop a technique to control them (the multiple-simplex 
theorem of Sect. 15.9). 

1.13 The Open System Approach to Dissipation 
and Irreversibility: Master Equation 

A standard scheme to describe dissipation passes through the so-called open 
system (or system-reservoir) approach, the basic physical idea of which is that 
dissipation and irreversible behaviour arise when two systems, traditionally 
denoted S (system) and R (reservoir), interact and one ofthem exhibits some 
macroscopic or chaotic features. 

Typically, in the open system approach, S is a spatially confined system 
located in a fixed region of space (in particular, its free Hamiltonian has 
a discrete spectrum). One usually takes R to be infinitely extended (in par
ticular, its time evolution has a continuous spectrum with rapidly decaying, 
e.g. integrable, correlations) in order to eliminate Poincare recurrences and 
to obtain a well-defined asymptotic behaviour in the limit as t -t 00. In 
other words, the reservoir is physically distinguished from the system not 
only because it is infinitely extended (in contrast to the spatial confinement 
of S), but also because it is more chaotic in the sense described abovej one 
expects that, by the effect of the interaction, and in some limiting situations, 
energy will flow from the system to the reservoir and never come back. 

The system R can model several different physical systems and, according 
to the interpretation, is called reservoir, gas, heat bath, field, background 
radiation, environment, measurement apparatus, noise, etc., and is usually 
modelIed either by a classical stochastic process or by a second quantized 
quantum system. Typical examples of system-reservoir pairs are the follow
ing: atom-EM field, electron-phonon field, signal-receiver, particle-gas and 
Fermi field (in a finite volume)-Bose field. 

In some sense the open system scheme can be considered not as a partic
ular case of the general scheme of the quantum dynamical system described 
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in Sect. 1.6, but as a generalization 0/ it which represents the specific form 
of the interaction. In fact it is sufficient to take the system S to be trivial 
(i.e. its state space is the complex numbers) to recover the generic quantum 
system. 

The system-reservoir models can be described as random systems in 
a random environment. At the moment there are two main approaches to 
model a random environment: 

(i) Try and guess a plausible phenomenological description of the environ
ment, usually in terms of a classical or quantum stochastic process. 

(ii) Write an exact Hamiltonian model, based on the fundamental laws of 
quantum mechanics and deduce the equations for the random environ
ment as a suitable limit of the basic Hamiltonian equations. 

The models of quantum measurement recently discussed by several authors 
belong to category (i). The stochastic limit approach belongs to category (ii). 
The advantage of the latter approach over the former lies in the fact that the 
phenomenological parameters, describing the environment after the limit, are 
explicitly expressed in terms of the original Hamiltonian model and therefore 
they can be measured or controlled. 

For system-reservoir models, between the Hamiltonian and the stochastic 
limit description there is an intermediate level called the master equation 
which can be described as follows: At time 0 the two systems are uncoupledj 
hence their initial state is a product state 

(1.13.1) 

where <Ps = ( . )s is an arbitrary state of the system(l) and <PR = ( . )R is 
a fixed reference state of the reservoir. In all the examples considered up to 
now, <PR is a Gaussian (quasi-free) boson or fermion state. 

The composite system evolves according to the usual Hamiltonian dynam
ics in the interaction representation, and due to the interaction, if X is an 
observable of the system S, then its time evolved in the Heisenberg picture, 
X (.A) ( t), will depend also on the degrees offreedom of the reservoir according 
to 

(1.13.2) 

where 

(1.13.3) 

is the wave operator at time t. If the reservoir degrees offreedom are averaged 
out, one obtains a new observable of the system S defined by 

(1.13.4) 
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where (j5 R denotes the partial expectation with respect to the reservoir degrees 
of freedom, Le. it is the map from the observables of the composite (8, R) 
system to the observables of the 8 system, uniquely defined by continuous 
linear extension of the map 

(1.13.5) 

(Xs: an 8-observable, X R : an R-observable). 

The map X -t X(A) (t) is called the reduced dynamies. The observables 

of the form X(A)(t) no longer obey a reversible evolution, and in fact their 
evolution is described by complicated (integro-differential) equations which 
give little insight, because the details of the evolution of the reservoir are 
hardly controllable. 

One is therefore led to study the evolution X(A) (t) in some limiting situa
tion, in the hope that the limiting procedure will sweep away the inessential 
details and produce more controllable equations in which the information on 
the reservoir is reduced to a few macroscopic parameters (such as temper
ature, relaxation times, leading frequencies and coupling constants between 
system and reservoir). 

Many such limiting procedures have been considered in the physical lit
erature, especially in quantum optics and in the theory of damped quantum 
systems (weak coupling, singular coupling, low density, hydrodynamicallimit, 
etc.), and they describe different physical situations. In this section we shall 
discuss the weak coupling limit approach to the master equation (in the low
density case, also the reservoir depends on >'). 

More concretely one considers the limit 

(1.13.6) 

for arbitrary states <ps, while the reservoir state <PR is kept fixedj(2) then one 
shows that, under suitable assumptions on the free and interaction Hamilto
nians, there exists a quantum Markovian (or dynamical) semigroup such that 
as >. -t 0 the limit (1.13.6) exists and is equal to 

Moreover, the infinitesimal generator G, of pt, is given by 

n 

G(X) = K+X +XK + LDtXDj, 
j=l 

with Dj , K being system operators satisfying 

n 

K+ +K + LDtDj = Oj 
j=l 

(1.13.7) 

(1.13.8) 

(1.13.9) 
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therefore the reduced evolution of the observable 

X(t) := pt(X) 

is described by 

:tX(t) = G (X(t)) = K+ X(t) + X(t)K + tDj X(t)D j 

j=l 

(1.13.10) 

The differential equation (1.13.10), satisfied by the reduced evolution, is called 
a master equation (see Seet. 4.14). 

1.14 Classical Processes Driving Quantum Phenomena 

Several quantum phenomena, from neutron fusion, to multi photon pro duc
tion in cascades originated by cosmic rays, to photon statistics of the electro
magnetic field, have been historically described first by classical stochastic 
processes, and only much later a fully quantum treatment has been developed. 
That these classical stochastic descriptions of quantum phenomena are good 
approximations is shown by the faet that these classical (or semiclassical) 
approximations are still now in use in several applications of quantum theory 
to technology. 

One of the basic advantages of the stochastic limit approach with respeet 
to the previous derivations of master equations (Markovian approximation) 
is that it provides a dynamical explanation of the mechanism through which 
these classical pro ces ses can drive quantum phenomena. This too is a univer
sal phenomenon (see Seets. 4.27 and 5.18). 

1.15 The Basic Steps of the Stochastic Limit 

In this section we summarize the basic qualitative steps of the stochastic 
limit, the nature of which is common to almost all the models considered 
up to now and which can be described by the following scheme, where the 
arrow --+ means convergence: 
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Field -t Master field (quantum noise) 
Effective free field evolution -t Time shift in the noise space 
Field Hilbert space -t Noise (master) space 

Evolution operator uF') -t Limit evolution operator Ut 
Schrödinger eq. in interaction representation -t White noise Schrödinger eq. 
8tViA = -iHI(t)ViA -t 8tUt = -iH(t)Ut 
or equivalently or Quantum stochastic diff. eq. 
8tViA = -iHI(t)Vl -t dUt = F",(t)dMf 
Heisenberg evolution 

U?) . u~(a) . Ut(A)* =: u;(a) 
Heisenberg equation 

-t Stochastic flow: ut(a) = jt(Tt(a)) 
-t Quantum Langevin equation 

Reduced Heisenberg equation -t Master equation 

After having determined the structure of the master field and its algebra 
(for strongly nonlinear interactions new commutation relations appear) the 
main steps to be done are the following: 

(i) To establish the convergence of the rescaled evolution operator as >.. --+ 0, 

U(A) U 
t/A2 --+ t· (1.15.1) 

The limit (1.15.1) does not exist in any of the usual operator topologies; 
alternatively if it exists, it is trivial. In the stochastic limit one considers 
the limit of matrix elements of Ut / A2 with respect to vectors (collective 
vectors, see Chap. 16) obtained by applying to the cyclic vector PA some 
functionals (typically polynomials or exponentials) of the rescaled fields 
(1.15.1). Denoting P~, P~ two such vectors, one proves that as >.. --+ 0 
the matrix elements of the time-rescaled evolution operator 

/ "" U(,X) "''') \ ~A' t/A2~'x 

converge to the corresponding matrix elements 

(1.15.2) 

(1.15.3) 

where Ut is a unitary operator in the master Hilbert space and the 
two vectors ljf', ljf" are uniquely determined by the vectors P~, P~. The 
convergence of a family of operators X,X, in the sense specified above, 
will be called convergence in the sense 0/ matrix elements. 

(ii) The last step is to establish the limit 

U ('x)*X U(,X) U·XU 
t/A2 A t/A2 --+ t t, (1.15.4) 

Le. one shows that if a family of observables X,X converges in the sense 
of matrix elements in the collective vectors as >.. --+ 0 to an observable X 
on the master Hilbert space then the limit 
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/;r;.' U().)*X U().) ;r;." \ 
\ ~)., tj).2 ). tj).2~)./ (1.15.5) 

(1.15.6) 

wherep~,p~, y;', y;" are as in (ii). The limit (1.15.6) is more fundamental 
than the limit (1.15.3), and it can be shown to exist in cases in which 
(1.15.3) does not: a typical example is the stochastic Ising model in 
infinite volume (see Sect. 5.19). 

(iii) The basic goal of the theory is to prove that as ). ~ 0 the one parameter 
families of operators 

(1.15.7) 

satisfy white noise (or equivalently quantum stochastic differential) 
equations whose explicit form is uniquely determined in terms of the 
initial model. 

The advantage of this procedure is that the main physical properties 
are more easily readable from these equations rather than from the orig
inal ones. The equation satisfied by Ut is the stochastic generalization 
of the Schrödinger equation in interaction representation (1.10.1) and 
the equation satisfied by X(t) = Ut XUt is the generalization of the 
Heisenberg equation in interaction representation (1.4.9) and is called 
the quantum Langevin equation. 

(iv) The connection with the original van Hove approach leading to the 
quantum master equation is easily obtained. It corresponds to (1.15.5) 
in the case of a discrete system interacting with a continuous field (or 
reservoir), and X is an observable of the system alone. Moreover the 
limit is taken with respect to a single vector of the field, 

(1.15.8) 

namely the vacuum vector P. In this case the limit expectation value 
(1.15.6) is not a scalar, because one is averaging only on the field degrees 
of freedom and not on the system ones; instead, it is an operator of the 
system 

(1.15.9) 

where y; is the vacuum vector of the master field. The quantum master 
equation is simply the equation satisfied by X(t), Le. 

!X(t) = L (X(t)), (1.15.10) 

where L is the generator of the semigroup pt. The fact that pt is 
a semigroup and the explicit form of the master equation follow from the 
Langevin equation by a standard technique, the quantum Feynman-Kac 
formula of [Ac78]. 
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(v) With few exceptions (cf. the functional integral approach to the stochas

tic limit, discussed in Chap. 9) the limit, as A --+ 0, of Utj12 is investi
gated term by term, and one gives adefinite meaning to these terms by 
introducing some cut-offs (form factors). 

(vi) The main analytical difficulties to be overcome are: 
- to determine the explicit form of the limit of the single terms; 
- to prove a uniform estimate in order to exchange the limit lim,x-+o 

and the sum 2::'=0 of the iterated series (such an estimate is not 
always available, and in these cases our results should be interpreted 
as term-by-term results); 

- to re-sum aH the contributions of the limit series, and to prove that 
this sum satisfies the desired stochastic equation; and 

- to remove the cutoff. 
These analytical questions are dealt with in Part IU. 

In the foHowing sections the main results are formulated, and the main 
ideas of their proofs as weH as of some applications of the final formulae are 
outlined. 

1.16 Connection with the Central Limit Theorems 

The mechanism through which the quantum white noise arises in the stochas
tic limit is a quantum generalization of the central limit theorem of classical 
probability theory (see, for example, [PrRo67]). According to this theorem, if 
(Aj ) is a sequence of classical, independent, identically distributed real-valued 
random variables, with finite variance, then the sequence 

(1.16.1) 

converges in the sense of correlators (in fact, in a stronger sense, in the 
classical case) to a Gaussian random variable B with the same variance. The 
junctional centrallimit theorem (sometimes also called invariance principle) 
generalizes the centrallimit theorem by considering the sums, depending on 
the real parameter t, 

(1.16.2) 

where [Nt] denotes the integer part of Nt. For each fixed N, BN(t) is 
a stochastic process with index t E lR, and one studies the convergence of this 
sequence of processes in the sense of correlators (or in stronger topologies). 
The result is that the limiting family (Bt ) is a classical Brownian motion. 
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The assumptions of independence and of stationarity can also be weakened. 
The same result remains true if the sums in (1.16.2) are replaced by integrals 
according to the rule 

(1.16.3a) 

(1.16.3b) 

In addition, in the continuous case, even if At are not independent, the 
functional central limit theorem still holds (both in the classieal and the 
quantum case) if they are Gaussian with rapidly decaying (e.g. integrable) 
correlations. In fact the centrallimit theorem for Gaussian random variables 
is very simple, because the only thing one has to prove is the convergence of 
the two-point function. 

Now consider the iterated series for the evolution operator UD'~2 of the 

rescaled Schrödinger equation (1.9.7), i.e. 

in the case (weak coupling) in whieh HF'\t) has the form 

(1.16.5) 

its first-order term is precisely the integral term in (1.16.3a) (multiplied by 
-i) after the replacement At = H1(t). Note, moreover, that if H1(t) were 
a classieal process, i.e. if the variables H1(t) would commute for different t 
(this is unrealistie in quantum theory, but it includes the whole of classieal 
prob ability) , then the integrand in (1.16.5) would be asymmetrie function 
of t 1 ... t n , and therefore (1.16.5) would become 

(1.16.6) 
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its expectation is not hing but the characteristic TImction of the process 

t/>.2 

W>.(t) := A 10 dhHI(tl)' (1.16.7) 

This process also has a quantum mechanical meaning (i.e. even when HI(t) 
do not commute for different t); in fact in this case the identity (1.16.6) still 
holds, provided the exponential is interpreted as a time-ordered exponential. 
In this case the quantity (1.16.7) it is just the first-order (in A) term of the 
series (1.16.5). 

Note, moreover, that in classical probability the convergence as A -+ 
o of the characteristic function is a much stronger property than the conver
gence of correlators, since it uniquely determines the probability distribution 
of the process. 

Comparing (1.16.7) with (1.16.3a) we conclude that: the problem with 
finding the limit as A -+ 0 0/ the rescaled evolution operator (1.16.4), is 
the quantum generalization 0/ the classical fu,nctional central limit theorem. 
Since, even in the simplest quantum models, the random variables HI(t) do 
not commute, the methods of classical probability are not sufficient to solve 
this problem, and one has to develop new tools. 

1.17 Classical Systems 

The use ofthe Heisenberg equation (1.4.6) is convenient because it allows one 
to deal, within a unified formalism, with classical and quantum Hamiltonian 
systems. 

The observables of a classical Hamiltonian system are identified to (mea
surable) functions on its phase space. If the phase space is the usual Euclidean 
space 1R2n (but for a general smooth manifold all what follows remains true 
if formulated in a slightly more elaborated language), and if h denotes the 
Hamiltonian of the system, the flow 

Tt : x = (q,p) E 1R2n I-t Ttx = (qt,Pt) E 1R2n , 

which, to the generic point (q,p) in the phase space 1R2n , associates the 
solution at time t of the Hamilton equations of motion 

q=oph, p=-oqh 

with initial condition equal to (q, p), preserves the Lebesgue measure and 
therefore induces a unitary operator Vi on L2 (1R2n ), defined by 

(1.17.1) 

The identity 
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shows that the generator L of this unitary evolution, the Liouvillian, is given 
by the Poisson brackets with the Hamiltonian: 

(1.17.3) 

On the other hand the unitarity of Vi, defined by (1.17.1), implies that L has 
the form L = iH for some self-adjoint operator H. Therefore 

L = iH = i (8ph~8q - 8qh~8p) . (1.17.4) 

For example, for free Hamiltonians of the form ho = p2/2m , one has 8p ho = 
p/m, 8qho = 0, and therefore 

While for Hamiltonians of the form ho + V, where V = V(q) is a function of 
position, one has 

Using the above remark, all the techniques developed for quantum theory 
can be automatically applied to classical Hamiltonian systems. (1) 

1.18 The Backward Transport Coefficient 
and the Arrow of Time 

Given an operator Ut which satisfies (1.3.10), its inverse operator, Ut, satisfies 

(1.18.1) 

and the solution is considered to be in the interval [t,O] (meaning that t 
is negative and that the initial condition is at time 0). After the rescaling 

t -+ t/ >..2, the equation satisfied by utjl; becomes, in integral form, 

U(,x)* _ 'iod (,x)* 1 H ( /\2) 
t/,x2 - 1 - Z t t1 Ut ll,x2 ~ I t1 /\ . 

Therefore the second-order term of the series is 

Taking the expectation value with respect to a time-stationary state, we now 
find 
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which converges (making t = 1) to 

(1.18.2) 

Comparing (1.18.1) with (1.8.7), we conclude that the quantum transport 
coefficient backward in time is the adjoint 0/ the quantum transport coefficient 
forward in time. 

From the quantum mechanical fluctuation-dissipation relation (see Sect. 
4.16), we know that the real part of the transport coefficient, which is related 
to damping, is negative. This is not affected by the direction of time. How
ever, the imaginary part, which is related to energy shijt, is sensitive to the 
direction. 

1.19 The Master and Fokker-Planck Equations: 
Projection Techniques 

In the following few sections we discuss how from the stochastic limit one 
can easily deduce the standard derivat ions of the master and Fokker-Planck 
equations. 

In the notations of Sect. 1.9, both uF·) and Ut (j?') and jt) are solutions 
of Schrödinger equations (flow equations) in interaction representation either 
before or after the stochastic limit. 

Suppose that in our quantum system one can distinguish two interacting 
parts, Sand R corresponding respectively to the slow and fast degrees of 
freedom and that, correspondingly, the state space factorizes as the tensor 
product of two spaces: 1l = 1ls ® 1lR. In the terminology of the quantum 
theory of open systems we can caII system the slow degrees of freedom and 
reservoir the fast ones. Let the fuII Hamiltonian H).. be given by 

One is interested in the long-term (t -+ 00) weak coupling (A -+ 0) behaviour 
of the Heisenberg evolution of an arbitrary system observable bs E !3(1ls), 
Le. 

bs(t) := eiH>.t(bs ® l)e- iH.>.t. 

In the notations of Sect. 1.13 let ~s E 1ls be an arbitrary vector state of the 
system and consider the expectation value of 
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utbsut =: jt(bs) 

with respect to the state f.s 0 P, i.e. 

(1.19.1) 

Denoting Ps the density matrix If.s) (f.s 1 and using the identity Tr( ab) = 
Tr(ba), we can write the expectation value (1.19.1) as a trace over the S + R 
system: 

(1.19.2) 

where 

(1.19.3) 

By taking the partial trace over the reservoir space on the left-hand side of 
(1.19.2), we obtain 

Trs{psPt(bs)}, (1.19.4) 

where pt(bs ) =: b(t) is the partial expectation value 

pt(X) = (p,jt(X)p) = (p, ut(X 01)Utp). (1.19.5) 

Similarly, by taking the partial trace over the reservoir space on the right
hand side of (1.19.2), we obtain 

Trs{P;(ps)X}, (1.19.6) 

where P;(ps) denotes the effective density matrix on the atomic system, i.e. 
P; is the dual action of pt on the density operators of S. More explicitly 

ps(t) = P;(ps) = (p,jt(ps 0Ip)(pl)p) = (p,Ut(ps 0Ip)(pl)utp)· 
(1.19.7) 

As specified at the beginning, these manipulations can be done either before 
or after the stochastic limit. The basic difference between the two cases is 
that belore the stochastic limit the reduced evolution pt is not a semigroup. 
After the stochastic limit it is a semigroup, i.e. pt ps = pt+s. If the re
duced evolution is given by (1.19.5), by differentiating we obtain the master 
equations: 

(1.19.8) 

where L is the infinitesimal generator whose typical form is given by (1.13.8) 
(a more general form is discussed in Sect. 4.14). By differentiating the dual 
reduced evolution given by (1.19.7), we obtain the Fokker-Planck equation: 

(1.19.9) 

which is the dual (with respect to the trace) of the master equation. 
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1.20 The Master Equation in Open Systems: 
an Heuristic Derivation 

In order to illustrate the difIerence between the master and the Fokker-Planck 
equations obtained before the stochastic limit and those obtained after, in 
this section we give a quick heuristic derivation of the master equation based 
on the ansatz that the self-averaging property (given by (1.20.8) below) is 
satisfied. The stochastic limit proves that this argument leads to the correct 
result. As a matter of fact the stochastic limit goes far beyond the master 
equation, because it describes the dynamics of the full composite system, not 
those only of the subsystem S. 

Starting from the same Hamiltonian as in the previous section, we consider 
the Heisenberg equation: 

i 
Otb(t) = h [HI(t), b(t)] (1.20.1) 

under the initial condition 

b(O) = bs Q9 1, (1.20.2) 

where bs is a system observable. In integral form and after one iteration 
(1.20.1) becomes 

b(t) = b(O) + ~ Alt dh [HI(h), b(O)] 

- ~ A2 [t dtl t 1 dt2 [HI(tl)' [HI(t2)' b(t2)J]. 
Ti Jo Jo (1.20.3) 

Introducing the time rescaling t I--t t / A 2 and the change of variables h I--t 

A2tl, t2 I--t A2t2, we obtain 

b(t/A2) = b(O) + ~ l t 
dt1 [~HI(tdA2),b(0)] 

- ~21t dh l t1 dt2 [~HI(tdA2), [~HI(t2/A2),b(t2/A2)]]. 
(1.20.4) 

We assume that the system and the reservoir are initially independent, i.e. 
the initial density matrix of the composite system has the form 

p(O) = Ps Q9 PR, (1.20.5) 

where Ps Q9 PR is invariant for the free evolution. Denoting (-) R the partial 
averaging with respect to the reservoir degrees of freedom, we suppose that 
the interaction Hamiltonian satisfies the mean zero condition: 

(1.20.6) 
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Taking ( . )wexpectation of both sides of (1.20.4), we find 

(b(tj>.2))R 

= bs - ;2!ot dh !ot l dt2 ([~HI(td>.2), [~HI(t2j>.2),b(t2j>.2)]]) R' 

(1.20.7) 

Now suppose that the foIlowing self-averaging property holds: 

( [~HI(td >.2), nHI(t2j >.2), b(t2j >.2)]]) R 

= ([~HI(td>.2), [~HI(t2/>.2), (b(t2j>.2))R]]) R' (1.20.8) 

where we identify (b(t2j>.2))R with (b(t2j>.2))R 01R. Then, because of the 
invariance of the expectation (-) Runder the free evolution, (1.20.7) becomes 

We see that, even assuming the self-averaging property, (1.20.9) is a com
plicated integro-differential equation. Let us show that as >. -+ 0 this con
verges to a simple differential equation. Supposing that as >. -+ 0 one has it 
that (b(tj>.2))R converges to some operator bs(t) on the system space, then 
(1.20.9) will be weIl approximated by 

bs(t) = bs - ;2 fo
t 
dh fotl 

dt2 ( [HI(O)' [>.~ HI (t2 ; tl ) ,bs (t2)]]) R 

and, with the same change of variables as in Lemma 1.9.1, this becomes 

which as >. -+ 0 converges to (with h = 1) 

bs(t) = bs -fot dtl [°00 dr ([HI(O), [HI(r),bs(td]]) R 

or, in differential form, 

Otbs(t) = - [°00 dr ([HI(O), [HI(r),bs(t)]])R = L(bs(t)) , bs(O) = bs· 

(1.20.10) 
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It can be proved (see Seet. 1.21 for an heuristic argument and Sect. 4.14 for 
a precise statement) that the operator L, on the right-hand side of (1.20.10) 
is the generator of a Markov semigroup. The solution of equation (1.20.10) 
depends linearlyon bs , so we can write 

(1.20.11) 

Therefore the I-parameter family pt defined by (1.20.11) is aquanturn 
Markov semigroup whose generator L is given by 

(1.20.12) 

The dual evolution is defined by 

where Trs denotes the trace over the system and satisfies the master equation, 
i.e. the equation generated by the dual of L, denoted L * and defined by 

Trs(psL(bs)) = Trs(L*(ps)bs). 

The explicit form of L * is easy calculated using the identity 

and this leads to the master equation: 

Thus, given PR and the interaction Hamiltonian, the explicit form of the 
master equation can be calculated. More on the master equation can be 
found in Seets. 1.15 and 4.14. 

1.21 The Semiclassical Approximation 
for the Master Equation 

By developing the double commutator in (1.20.9) and using the same change 
of variables, we find 

([H1(0), [H1(t2),b(,\2 t2 +tl)]DR 

= (H1(0)H1(t2)b(,\2 t2 + tt))R - (H1(t2)b(,\2 t2 + tdH1(0))R 

- (HI(0)b(,\2 t2 + tl)HI(h))R + (b(,\2 t2 + tdH1(t2)H1(0))R. 

Thus the self-averaging property is equivalent to the ansatz that, asymptot
ically as ,\ --7 0, is given by 
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(Hr(0)Hr(t2)b(),2t2 + h))R = (Hr(0)Hr(t2))R(b()·.2t2 + h))R 

(Hr(0)b(),2t2 + tl)Hr(t2))R = (Hr(O) (b(>h2 + h))RHr(t2))R 

(and the same relations for the adjoint). 
In the ease when ( . ) R is replaced by a full average (and not only a partial 

average over the R degrees of freedom) this ansatz is ealled, in quantum 
optics, a semiclassical approximation. As >. ~ 0, as explained in the previous 
seetion, (b(>.2t2+tl)) R eonverges to (b(h)) R = bs(t), and therefore the double 
eommutator in (1.20.9) beeomes 

(Hr(O)Hr(T))RbS(t) + bs(t)(Hr(T)Hr(O))R 

- {(Hr(T)bs(t)Hr(O))R + (Hr(O)bs(t)Hr(T))R}, 

where now bs(t) ean be brought outside the ( . )R average beeause bs(t) is 
a system operator and therefore it satisfies (XbS(t))R = (X)RbS(t). 

Taking the T-integral as in (1.20.10) and eomparing this with the result 
of Seet. 1.8, we are led to introduee the operator-valued transport coefficient 

1°00 (Hr(O)Hr(T))RdT =: Y*, [°00 (Hr(T)Hr(O))RdT = Y, (1.21.1) 

and the map 

",(bs ) := - 1°00 dT{(Hr(T)bsHr(O))R + (Hr(O)bsHr(T))R}. 

Thus we find, for the generator L, the expression 

L(bs) = -bsY - Y*bs + ",(bs). 

(1.21.2) 

(1.21.3) 

This suggests the following semiclassical approximation for the master equa
tion: Given the time-dependent interaction Hamiltonian, Hr(t), calculate the 
operator-valued transport coefficients by means of (1.21.1-2). This gives the 
master equation by means of the rule (1.21.3). 

The above heuristic rule works weIl only in very special eases (the Foek 
ease with a rotating wave approximation). The stochastic golden rule, to be 
diseussed in Seet. 4.14 will give a fully rigorous rule which is applieable to 
a mueh more general eontext, explained as follows: (i) it applies not only 
to the master, but also to the stoehastic Sehrödinger equation; (ii) it allows 
general Gaussian states for the reservoir (in particular equilibrium states); 
and (iii) it does not require the rotating wave approximation. 

The dual L * of the operator L, with respeet to the system traee duality, 
is defined by 

Trs(pL(X)) := Trs(L*(p)X) 

and acts on the spaee of density operators p on 1ls as follows: 

L*(p) = -Yp - pY+ + K,*(p). (1.21.4) 

It gives the Fokker-Planek equation: 

8t p(t) = -Yp(t) - p(t)Y+ + K,*(p(t)). (1.21.5) 



40 1. Notations and Statement of the Problem 

1.22 Beyond the Master Equation 

The vacuum transition amplitudes 

lim(Ut(/"12) = (Ut), 
"--70 

(1.22.1) 

where we use the same symbol ( . ) for the vacuum expectation of both the 
original field and the master field, are the simplest quantities that one can 
compute with the stochastic limit; however they already go beyond what 
one can do with the usual techniques, for example, of the master equation 
which only considers vacuum expectation values of observables of the system 
S evolved with the Heisenberg equation: 

(1.22.2) 

where X is an observable of the system. To compare this with (1.22.1), we 
consider, instead of the amplitude (1.22.1), the associated probability, i.e. 

1('ljJ0P,Ut CP0P)1 2 = ('ljJ0 P,Ut (Icp)(cpl 0Ip)(pI) Ut 'ljJ0P), (1.22.3) 

which cannot be reduced to the form of (1.22.2) because the former is the 
vacuum expectation of the identity preserving flow, 

jt(X) := ut(X 0 1)Ut , 

and the latter is the vacuum expectation of the flow, 

jt(X) := ut(X 0 Ip)(pl)Ut , 

which is a paradigmatic example of a flow with explosion, Le. 

jt(1) -I- 1. 

The considerations above show that these flows arise naturally in physics. 

The vacuum transition amplitudes (1.22.1) are only the simplest example 
of quantities of physical interest which can be computed by the stochastic 
limit, but not with the usual approximation techniques such as the master 
equation. More generally one can prove the existence of the limit, as >. -+ 0, 
of any expression of the form 

where 

• Z" is a (finite) linear combination of operators of the form 

X 0 F", 
X being a system operator and 

F" = F (~a,,(t/>.2,k), ~a+(t/>.2,k)) 
is a functional (e.g. a polynomial) of the rescaled field; 

(1.22.4) 

(1.22.5) 

(1.22.6) 
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• 'PI, 'Pi are arbitrary states of the system; 
• P>., P~ are reservoir states obtained by applying an arbitrary polynomial 

in the rescaled field to the reference vector P of the reservoir (e.g. the 
vacuum). 

Moreover the limit of the matrix element (1.22.4) is equal to 

(1.22.7) 

where 

• Z is a finite linear combination of operators of the form 

X®Fo, 

X being as above and Fo = F(b(t,k),b+(t,k)) is the same function F as 
above evaluated in the master field b±(t, k) (collective reservoir operators); 

• 'PI, 'Pi are as above; 
• Po, P~ are obtained by applying the some polynomials used to form P>., 
P~ to the reference vector !P of the master field (collective vectors). 

The physical idea behind the consideration of observables of the form 
(1.22.5-6) is that, since the stochastic limit extracts the long-term cumu
lative behaviour of the interacting dynamics, we expect its effects to be best 
revealed on those reservoir observables or states which depend on this long
term cumulative dynamical behaviour. 

The most general dass of observables Z>. for which the limit of (1.22.4) 
exists is not known at the moment, and its precise determination involves the 
problem of the estimate of the error in the stochastic limit. If the interaction 
Hamiltonian is linear in the reservoir fields, then this dass can be considerably 
enlarged by induding observables F>. of the form 

T/>.2 
{ A+(Sd)A(Sd)dt, 

} S/ >.2 
W(fS,T,>.) , N(lfs,T,>.) (9S',T',>.I), 

where 

• W(h) is the Weyl operator with test function h (defined for boson fields), 
N is the number operator and f, 9 are test functions in the 1-partide 
reservoir space; 

• St is an effective l-particle, free reservoir evolution of the form (4.11.3); 
• S, T, S', T' are real numbers and, if f is a test function, then fS,T,>. is 

defined by 

T/>.2 
fS,T,>.:= { Sddt. 

} S/>.2 
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1.23 On the Meaning of the Decomposition 
H = Ho + HI: Discrete Spectrum 

The decomposition H = Ho + HI of an Hamiltonian into free and interacting 
parts does not have an absolute meaning because one could always add to 
H1 a function of Ho and subtract from Ho the same function. Intuitively 
what one would like to do is to subtract from the interaction Hamiltonian its 
projection on the diagonal algebra of the free Hamiltonian. The idea is that 
the diagonal part is responsible for the energy shifts and the off-diagonal 
part for the decays. This projection onto the diagonal algebra can be easily 
described in the case where the free Hamiltonian Ho has a discrete spectrum, 
i.e. 

(1.23.1) 

where lön are the eigenvalues and Pn the spectral projections. Then the de
composition between free and interacting part can be chosen in a canonical 
wayas follows: since L:n Pn = 1, we can write 

(1.23.2) 
m,n 

where 

(1.23.3) 
n n 

Hf = L PmHrPn· (1.23.4) 
m#n 

The term L:n PnHIPn corresponds to the projection of the interaction in 
the diagonal algebra of the free Hamiltonian and its contribution to the 
interaction is just a shift in the free energy. 

The off-diagonal part (1.23.4) is orthogonal to the new free Hamilto
nian Hb for the scalar product defined by the trace in the following very 
strong sense: for any (Borei) function f : IR -+ IR, one has 

Tr(f(H~) . Hf) = o. 

This is because Hb commutes with Ho; so for any function f one has 

n 

and consequently 

Tr(f(H~)Hf) = L Tr(Pnf(H~)PnHIPm) = 0, 
n#m 
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because TrPnX = TrX Pn. 
It is clear that the decomposition (1.23.2) in the diagonal (PnHÖPm = 0 

if m -I- n) and off-diagonal (PmHfPn = 0 if m = n) parts is unique. In fact, 
if 

H=H~ + Hf' 

is another decomposition of Ho + HI into diagonal and off-diagonal parts, 
then 

Hb - H~ = Hf' - Hf· 

The left-hand side is diagonal and the right-hand side is off-diagonal only 
when HÖ = H~ and Hf = Hf'. The unique decomposition (1.23.2) of the 
Hamiltonian Ho + HI into diagonal and off-diagonal parts is called the canon
ical decomposition of Ho + HI. Writing 

we can always suppose that HI is purely off-diagonal (up to a change in Ho), 
i.e. 

Under this assumption 

HI = L Dmn + h.c., 
m<n 

and, under free evolution, the operators Dmn evolve according to 

This simple remark will be the starting point to put in canonical form Hamil
tonians of a much more general type. 

Remark 1.23.1. If we define the projection onto the diagonal algebra of Ho 

n 

(mathematically this is the conditional expectation onto the commutant of 
the algebra generated by Ho), then the off-diagonal part of HI is defined by 

Hf = H I - E(HI ). 

So the problem of extending the canonical decomposition of Ho + HI to the 
case in which Ho has a continuous spectrum is equivalent to the problem of 
finding a good analogue, in this case, of the conditional expectation E(1) . 
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1.24 Other Rescalings 
when the Time Correlations Are not Integrable 

This seetion is added just as aremark pointing out possible developments in 
direetions not pursued in the present book. The vaeuum expectation of the 
seeond-order term of the iterated series is [see (1.8.8)] 

(1.24.1) 

Now, suppose that for some nonzero function p>..(s) the limit 

1 jO 
lim -(-) G(s2)ds2 =: F(s) 
>"-+0 P>.. s -s/>..2 

(1.24.2) 

exists and write (1.24.1) in the form 

(1.24.3) 

where we have made 

G>..(s) := ~( ) jO G(s2)ds2, 
P>.. s _s/>..2 

(1.24.4) 

R>..(s) = 1s 
p>..(sl)ds1 • (1.24.5) 

Supposing that, for each ,x, R>..(sd is an invertible funetion, in (1.24.3) one 
ean make 

R>..(sd = T, SI = 0 {:} T = 0, SI = ,X2t {:} T = R>..(,X2 t )j 

thus, (1.24.3) beeomes 

Suppose now that we ean reseale time 

t I--t t>.. 

so that 

R>..(,X2t >..) = t, V,x. 

This fixes i>.. to be 

(1.24.6) 

(1.24.7) 

(1.24.8) 

(1.24.9) 
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So, after the rescaling (1.24.7), (1.24.1) becomes 

t G>. 0 R-;,1(T)dT = t =-1 JO G(s2)ds2dT. Jo Jo p>.(R>. (T)) _R>.1(r)I>.2 
(1.24.10) 

Now, because of (1.24.2), if Fis very regular, we would expect that (1.24.10) 
behaves like 

(1.24.11) 

and, in some favourable case, this might have a limit. 

Example 1.24.1. Suppose that for large s, G(s) is proportional l/s, for ex
ample, 

So we can choose 

Now 

R(s) = jlogSdS=Slogs-s. 

So 

R>.(s) = 1
8 p(Sd>.2)ds1 = ,X21

8 p(sd,X2)d(sd,X2) 

rl >.2 ( s s s ) 
= ,X2 Jo p(T)dT = ,X2. ,X2 log ,X2 - ,X2 

S 
= slog ,X2 - s. 

The derivative of R>.(s), Le. log(s/,X2) - 2, is zero only for s = e2,X2. So, for 
s > e2,X2, R>.(s) is invertible. We are interested in'x -+ O. So, Vt > 0, there 
exists 'xt such that, for ,X < 'xt, R>.(s) is invertible for any s ~ t. In this case 
the function F is a constant c and therefore (1.24.11) would be of the form 
ct independent of 'x. 

1.25 Connections 
with the Classical Homogeneization Problem 

The stochastic limit has a deep connection with the so-called classical homo
geneization p1'Oblem(1) which consists in the following: it is given a solution 
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y(t) of a differential equation (ordinary or stochastic), and one wants to show 
that the rescaled process 

(1.25.1) 

converges to an independent increment process. (Most results up to now have 
been obtained when the limiting independent increment process is a classical 
Brownian motion.) 

Typically one starts from a stochastic differential equation of the form 

dy(t, x) = -\1U(y(x, t))dt + dWt, y(x,O) = x. 

The associated diffusion has generator 

1 
L = 2.1- \1U(y) . \1. 

(1.25.2) 

Under general regularity conditions on the potential U(y), the semigroup 
generated by L, 

exists, and the (non-normalized) Gibbs measure with potential U, Le. 

n(dy) = e-2U(Y)dy, 

is an invariant measure of it. If the semigroup pt has a mass gap, Le. 

AQ := inf{A > 0 : -A E spec(L)} > 0, 

then it exhibits an exponential tendence to equilibrium, i.e. 

Ilptf - (n,j) ·11100 $ ce-tAollflli2, 

and (dy) is called the equilibrium measure of it. Rescaling the solution of 
(1.25.2) as in (1.25.1), one has 

t/A2 

yA(t) = AY(A-2 t) = -A 10 \1U(y(s))ds + AWt/A2; (1.25.3) 

one expects that, as A ---+ 0, the term AWt/A2 becomes negligible. Moreover, 
because of the strong mixing properties of the semigroup pt, the random 
variables \1U(ys) are weakly dependent; thus one expects that the integral 
term in (1.25.3) converges to a Brownian motion by the effect of a functional 
central limit theorem. 

1.26 Aigebraic Formulation of the Stochastic Limit 

The present section is not necessary for the understanding of the rest of the 
book. In it we formulate in an abstract algebraic setting the stochastic limit 
problem. 
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Let A~ be a C*-algebra (algebra of observables). We assume that A>. ~ 
B(1l>.) where 1l>. is a Hilbert space (always complex separable) and A E R 
is a parameter (in some cases A E R 2 , R 3 , ••• ). Let there be given two 
I-parameter automorphism groups of A>. 

(1.26.1) 

called respectively the free evolution (or free effective evolution) and the 
interacting evolution. 

In the simplest cases 1l>. = 1l is independent of A, and 

UD,>, - UD, 
t - t, (1.26.2) 

but there are cases in which everything depends on A (e.g. the low-density 
limit). We shall use the notation of (2.7.2) even in the general case. 

The wave automorphism at time t is: 

J.>. '- u>' UO t .- t' -t (1.26.3) 

is a u~rflow (also called an u~rl-cocycle) in the sense that its time shift 

.>. 0,>' ° 
J[s,t] := U s . J[s,t] . u_ s (1.26.4) 

satisfies the flow equation 

.>. .>. .>. 
J[s,t] . J[r,s] = J[r,t]· (1.26.5) 

The time-scaling limit is introduced as follows: fix a A-dependent time 
change 

t H r(t,A) ER, r(t,A) -+ 00 as A -+ 0, (1.26.6) 

and consider the rescaled flow j;Ct,>.)' The basic example is 

(1.26.7) 

Suppose that j[' is a deterministic flow, i.e. it satisfies an ordinary differential 
equation of the form 

dj['(ao) _ '>'(6 ( )) 
dt -lt taO, ao E~, (1.26.8) 

where A6 is a subspace (usually a subalgebra) of A>. contained in the domain 
of the operators 6t (usually unbounded derivations from A6 to A>.). 

Thebasic idea of the stochastic limit is that, in several interesting cases, 
one can prove that there exists a C* -algebra A, and, for a subalgebra Ao ~ A, 
for each A, a map 

. Ao' () ), A>' z>. : ao E H z>. ao =: ao E "'{) 
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such that the limit 

(1.26.9) 

masts in a sense to be specified and satisfies a stochastic differential equation 
of the form 

jt(ao) = 1 + l t 
js(Oa(ao))dMa(s) + l t 

js(Oo(ao))ds, Vao E Ao, 
(1.26.10) 

where the Ma are A-valued finitely additive measures on R, Oa are linear 
maps from Ao to A and (1.26.10) means that both sides are weIl defined and 
the identity holds. 

One is interested in the following problems: given u~ and u~, determine 

(i) the structure of A, Ao and of the A-valued measures M a ; 

(ii) the form ofthe stochastic equation (1.26.10) and its mathematical mean
ing; 

(iii) the meaning of the limit (1.26.9). 

In general the limit (1.26.9) does not exist in the usual operator topologies. 
The precise meaning of the limit is defined as follows: 

(i) Fix a family v'x <;;; 1l of vectors called collective vectors and depending 
on u~, u{ 

(ii) Prove that there exists aspace 1inoise, a total family V <;;; 1inoise, and V>.. 
a one-to-one map 

~ E V ---+ ~).. E V).., (1.26.11) 

such that if~,~1 are vectors in V whose images by (1.26.11) are respec
tively (~)..) and (~~) then 

(1.26.12) 

Definition 1.26.1. Let Ao be a subset 01 A (not necessarily an algebra). 
j;(t,)..) is said to converge to jt on Ao in the sense 01 the V).. -matrix elements 
i/Vao E Ao. 

(1.26.13) 

Note that, since V is total in 1inoise, the right-hand side of (1.26.13) defines 
a unique bounded operator jt(ao) E B(1inoise), Le. the notation (1.26.13) is 
consistent. In the most frequently considered examples, j; can be realized as 
inner automorphisms. In other words, if they are of the form 

.)..( ) - U()..)* U()..) Jta- t a t , (1.26.14) 



1.27 Notes 49 

with uF') satisfying 

(1.26.15) 

then one expects that the same shall be true of its limit; similarly, for ao E Ao 

lim {PA' j;/A2 (ao)P~) = lim (PA' Ut(/Al; . ao . Ut(/A~2<P~) = (p, ut· ao . Utp') 
A~O A~O A 

(1.26.16) 

for some unitary operator Ut . In this case, as a preliminary problem to 
(1.27.18), one studies the limit 

(1.26.17) 

1.27 Notes 

Seetion (1.1) 

(1) By a Hilbert space we mean a complex separable Hilbert space and by 
a pre-Hilbert space we mean a complex vector space endowed with a (pos
sibly degenerate) sesquilinear form whose induced topology is separable. 

Section (1.6) 

(1) Perhaps the first rigorous result, ab out the interaction of a system with 
areservoir, where the role of a scaling limit involving )..2t begun to 
emerge, is due to Bogoliubov [Bo45] who considered a classical system 
with Hamiltonian 

(1) 

where 

(2) 

He assumed that as N -+ CXl 

a
2 100 L w; -+ J(v)dv 

U<Wn n u 

(3) 

where J(v) is a non-negative continuous function such that 

100 
J(v)dv < CXl. (4) 
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Supposing that, at t = 0, the system is in the state q = qo,p = Po and 
the state of the reservoir is a random variable with the distribution 

(5) 

he proved that: 
1) As N -+ 00 the limit distribution Ps = Ps (t, p, q) of the random 

variables p = Pt, q = qt, of the system, exists at any time t > O. 
2) If Hs is given by (2), define the funetion p~ = Po(t, Hs) = Po(t,p, q), 

by: 

o (t H ) _ w r27r dA.. 
Ps , s - 47T2T(1 _ e-2a>.2 t ) io 'f' 

2 2 
Hs + Eoe-2a>. t - 2V H sEoe-2a>. t cos cP 

. exp{ - T(l _ e-2a>.2 t ) } , 

where a = ~J(w), and Eo is 

1 22 
2" (Po + qo), 

where (Po,qo) is the initial state. (Notice that p~(t) depends only on 
>..2t.) Then for small A the funetion Ps can be approximated by the 
funetion p~, in the sense that, for any positive (x, ß as A -+ 0, one has, 
uniformly in the interval ~ < t < ~ 

1 l.t +tl. t >. 
"A"" (ps - p~)dt -+ 0 
ut>, t 

for any subsequence {ßt >.} such that 

Bogoliubov gave a rigorous proof of this result using a Volterra integro
differential equation. 
His condition A 2 ßt>, -+ 0 is, however, different from the one used in the 
stochastic limit (A2 t -+ constant). 
Friedrichs, in the context ofthe now well-known Friedrichs model [Fri48], 
considered the scaling limit 

A -+ 0 , t -+ 00 (6) 

using second-order perturbation theory. 
In the mid-1950s van Hove [vH055] used this scaling as a device to 
extract the effects of a small perturbation of the global Hamiltonian 
of a composite system, on the reduced evolution of a subsystem, and 
to derive a Pauli-type master equation describing the irreversible time 
evolution of the observables of the subsystem (see Seet. (1.13) and the 
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Notes therein). Therefore, in the quantum theory of open systems, the 
limit (6) is known as the van Hove or the >h limit. 
Using the perturbative development of the dynamics in powers of A, 
van Hove argued that the terms of order 2n should behave as A2nt n (in 
contrast with the rough estimate A 2nt2n). Furthermore, he thought it 
plausible that almost aH the terms of order 2n should behave as A2nt n -c:, 

for some c > 0, and therefore vanish in the limit (6), while the remaining 
terms should sum to give a transport equation. 
Notice that the A2n t n -behaviour of the terms of order 2n of the iterated 
series is exactly of the same order of magnitude as the behaviour of the 
moments of order 2n of a Brownian motion with the time parameter 
rescaled as A2t. Therefore aposteriori we can interpret van Hove's per
turbative result as a first indication that the rescaling (6) should show 
a kind of quantum Brownian motion underlying the dynamics of the 
quantum system. 

(2) Intuitively, the weak coupling-long time limit means that we are look
ing at times during which the electron has already weakly interacted 
many times with many impurities (long time cumulative effects). The 
net average effect of these interactions amounts to a loss of memory 
(Markovian approximation). Therefore in this limit we can expect to 
be able to approximate the microscopic time evolution, which contains 
complicated memory effects, with a simpler Markovian evolution. 
Prigogine and Henin [PrHe57] and Prigogine and Balescu [PrBa59a], 
[PrBa59b] extended van Hove's results and, using the Liouvillian formu
lation of classical mechanics, first introduced the methods of perturbative 
quantum field theory and Feynman graphs in classical mechanics. 

(3) The formulation of the stochastic limit program in the quantum Brown
ian motion formalism, the proof of the basic analytical estimates (see 
Part III), as weH as the first proof that this program can be effectively 
realized are due to Accardi, Frigerio and Lu [AcFrLu87]. 

( 4) The formulation of the stochastic limit approach in the formalism of 
distribution theory and quantum white noise on which this book was 
based is proposed by Accardi, Lu and Volovich [AcLuVo93]. 

Section (1.1) 

(1) The relevance of the existence of two time scales for the possibility of 
a Markovian reduced description was first recognized by Bogoliubov 
[Bo45]. The derivation of kinetic equation is considered in [Bo48], [Bo84], 
[Sp80], [Zu71]. We refer to the phenomenological literature [WaBl53], 
[Abr61], [At73], [Ha72], [A1St75] for a variety of examples of physical 
phenomena where the existence of two weH-separated timescales can be 
easily recognized. 
Nonrigorous derivat ions of a Markovian Master Equation from a Gen
eralized Master Equation, based on the existence of two timescales, can 
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be found, in addition to the already mentioned papers of van Hove and 
Prigogine, throughout the literat ure (see, for example, [Zw60], [Zw61], 
[Sew61], [ArKe64], [FaMa68], [Hak70], [Ag73]). Most derivations ineor
porate the Born approximation explieitly. 

Section (1.8) 

(1) As shown in Seet. 1.6 the first step of the method is to rescale some 
basic parameter of the model. This book shall be mainly devoted to the 
study of the time sealing t H t / ), 2 eorresponding to the replacement 

(7) 

in the evolution operator. However it is important to keep in mind that 
(7) is only one of the possible resealings and different resealings naturally 
enter in several physical models. 
The model itself should suggest which is the natural parameter to be 
resealed. The basic heuristie principle to guess the natural resealing is 
that some measurable physical parameter should remain finite in the 
limit. There are models in which the resealed quantity is energy (see 
[Ar94], [ArV094]); others in which it is the density 0/ particles (see 
Chap. 10) or space-time (see Seet. 3.13); in others, such as in the 
large N limit of QCD, it is the number of inner degrees of freedom 
(see [AeArV095], [ArV096]) .... All these types of resealing give rise to 
different stoehastic limits. Thus, in the stoehastic limit, the smallness 
of the parameter ), is not given an absolute meaning, but only relative 
to some other parameter. In the resealing (7), the parameter is time 
and the smallness of ), is relative to long periods 0/ time, so long as the 
produet ),2T = t remains eonstant as ), ---+ O. Here T denotes the physical 
time and t the rescaled time. Physically T gives the timeseale of the fast 
degrees of freedom and t that of the slow ones. 

Section (1.9) 

(1) To deseribe the situation properly, it is eonvenient to speak of the square 
root of the b-funetion rather than the 8-funetion itself. In order to sub
stantiate this last statement, let us eonsider a widely studied dass of 
Hamiltonians eorresponding to the situation in which 

with both Ho and Hr independent of ),. In these eases ), is ealled the 
coupling constant (examples in whieh both Ho and H r depend on )', 
which is not a eoupling eonstant, are diseussed in Chap. 10, and in a book 
now in preparation whieh indudes all the applieations of the stoehastic 
limit that were not induded in this volume). In this notation the resealed 
Hamiltonian beeomes Hr(t/),2)/),. If Hr(s) is a square integrable sealar 
funetion, then not Hr (t / ), 2 ) /), but its square would eonverge to a multiple 
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of the o-function. In this sense we say that asymptotically HI(>') (tl )..2)1 >.,2 
behaves like the square root of the o-function. This intuitive picture shall 
be substantiated in a precise mathematieal phenomenon: the white noise 
approach to the Ito table (see [AcLuVo99]). 

The equivalence between linear singular Hamiltonian equations driven 
by some form of the quantum white noise case and quantum stochastie 
differential equations was discovered by Accardi, Lu and Volovieh (see 
[AcLuVo99] for history and references). It has led to a new approach to 
stochastic calculus: both the classieal Ito calculus and all the existing 
quantum stochastie calculi are unified within this new approach and the 
possibility of a calculus with nonlinear white noise functionals emerges. 

Even if apparently unrelated to the usual perturbation theory, the 
stochastic method has a deep connection with it. In typieal perturbation 
theory one considers matrix elements (1.26.13) of the first few terms of 
the series (1.16.4) in increasing powers of ).. and neglects the remaining 
ones. In the stochastie limit one distinguishes inside each term of 
the expansion (1.16.4) a relevant contribution and a negligible one. The 
remarkable new feature of this theory is that, for many models, the 
relevant contributions not only can be resummed but they also give rise 
to a unitary evolution operator Ut . 

Section (1.13) 

(1) In the first stage of development one only considered partial averages 
over the reservoir degrees of freedom, with respect to the Fock vacuum 
or to a thermal state of the reservoir fixed once and for all. 
This limitation has the effect of sweeping away, in the limit, all the 
terms of the iterated series except those which, in the Wiek ordering 
procedure, correspond to the scalar terms. Consequently, the structure 
of the underlying quantum noise cannot emerge from this very partieular 
limit procedure. 
On the other hand the quantum Feynman-Kac technique of [Ac78] shows 
that every quantum Markovian semigroup pt can be obtained from 
a unitary evolution operator (Markovian cocycle) U(t) by the formula 

pt(X) = Eo[U+(t)(X @ l)U(t)] , (9) 

where Eo is the partial (conditional) expectation onto the system space, 
obtained by taking the partial average ( . ) which only involves the reser
voir degrees of freedom. 
With the work of Hudson and Parthasarathy the notion of quantum 
Brownian motion was brought to its full power with the construction 
of the corresponding stochastie calculus [HuPa84] whose main result is 
a technique to construct, as solutions of quite general quantum stochastie 
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differential equations, unitary evolution operators (Markovian cocycles) 
U(t) which satisfy all the properties required for application of the quan
tum Feynman-Kac formula. 
This result suggested a more ambitious plan, with respect to the master 
equation approach to open systems, namely: to deduce a limiting equation 
not only for the reduced evolution of the system (i. e. for the semigroup 
pt), but for the whole coupled system including the reservoir ( i. e. for the 
whole evolution operator U(t)). 
In other words, one wants to obtain the master equation as a corollary 
of the more general limit 

(10) 

and, for all system observables X, 

limUD';;(X @ 1)uD'l2 = l~ XA(t) = U+(t)(X @ 1R)U(t) =: X(t) 

(11) 

where U(t) is the solution of the quantum stochastic differential equation 
of the form 

dUr t) ~ {t,ID;dAj (t) - Dj dA; (t)1 + K d1 } U(t) U(O) = 1, 

(12) 

and the Aj(t), Aj(t) are mutually independent quantum Brownian mo
tions (see Chap. 5). In aseries of papers starting from [AcFrLu87, 
AcFrLu90, AcFrLu91, AcLu91a, AcLu91b, AcLu91c, AcLu91d, AcLu91e] 
it has been shown that, under the scaling t ---+ tj>..2: 
(i) the quantum fields converge to quantum Brownian motions; 
(ii) the limit (10) applies; 
(iii) the limit propagator U(t) satisfies an equation of the form (12) in 

particular it is unitary; 
(iv) the limit (11) exists and X(t) satisfies a quantum Langevin equa

tion; 
(v) the old results on the master equation are then recovered simply by 

applying the quantum Feynman-Kac formula (9). 
Moreover, as shown in a multiplicity of quantum systems, involving the 
basic physical interactions, this is a rat her universal phenomenon. 

(2) That (1.13.8) is the most general form of the generator of a quantum 
Markovian semigroup was first proved by Gorini, Kossakowski and Su
darshan (1976) in the finite dimensional case and by Lindblad (1976) in 
the infinite dimensional case for bounded generators. This result has been 
extended to various classes of unbounded generators by several authors. 
We refer to [CheFa96], for the latest results in this direction. The theory 
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of open systems and information dynamics are considered in [OhyPet93], 
[Ohy91]. For the bosonic and fermionic stochastic calculi see [Part92]. 

Section (1.17) 

(1) A fact which was systematically applied by Prigogine in his quantum 
field theoretical approach to classical mechanics [Pr62]. 

Section (1.23) 

(1) See also Antoniou and Suchanecki [AnSu98] and Accardi-Smolyanov 
[AcSmo93] for recent developments and for a discussion of the math
ematical aspects of the problem. In Sect. 3.6 it is shown that, if Ho 
is not discrete, but it has some discrete eigenvalues embedded into the 
continuous spectrum, then an extension of the canonical form is still 
possible. 

Section (1.25) 

(1) The homogenization problem in the classical case was studied by several 
authors. One of the first systematic expositions was the monograph by 
Bensoussan, Lions and Papanicolau [BeLiPa78], while a more recent 
survey is in [0194]. 



2. Quantum Fields 

In this chapter we fix some notations which shall be used throughout the 
book. In particular some connections between probabilistic and quantum field 
theoretical notions are established. Since, in the stochastic limit, strongly 
nonlinear interactions break the validity of the standard commutation rela
tions, leading to some deformations (even operator deformations) of them, 
in the following we shall need a notion of a free quantum field more general 
than the usual one [BoLoOkT087], in the sense that it does not postulate 
apriori any commutation relation. For this reason we will introduce the 
not ion of a Gaussian quantum field independently of the choice of specific 
commutation relations. On the other hand, it is known that the standard 
(Bose or Fermi) commutation relations follow fram the Gaussian statistics, 
while the converse is true only in the Fock case. This suggests the general 
idea that statistics (i.e. the correlations) is a more basic physical not ion than 
algebra (i.e. the commutation relations); in fact the former can be, at least 
in principle, compared with experiments, while the latter corresponds to an 
assumption directly on the mathematical model. Since the notion of a quan
tum field is a particular case of (generalized) quantum stochastic process, one 
can apply the reconstruction theorem of [AFL82] to conclude that the limit, 
in the sense of correlators, of a family of quantum fields is still a quantum 
field. 

2.1 Creation and Annihilation Operators 

Let the following be given: a set M (index set), a *-algebra A with identity 1 
(we want a *-algebra so that the notions of unitarity, positivity, state, etc., are 
defined) and an expectation value or state ( . ) on this algebra (i.e. a linear 
functional on A which is positive on positive elements and such that cp(l) = 1, 
see [Sak71] for these notions). 

A random field on M is a map k E M -+ ak E A. In the following we 
shall use indifferently the notation ak or a(k). The quantities ak are called 
the random variables of the field. If the algebra A is commutative, the field is 
called classical. If M = ~, we speak of a stochastic process. The set M may 
have a complicated structure, i.e. a manifold, a loop space, etc. In this book 
we shall take M = ~d for some d ~ 1, and the variable k will be interpreted 
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as momentum. Actually we will deal with generalized randorn fields on lR.d . 

In this case M will be aspace of test functions on lR.d . We will often consider 
fields of the form a(t, k), and in this case the variable t will be interpreted 
as time. The algebra A has an adjoint operation denoted +, and throughout 
this book we shall use the notation 

Xe = {X for c = 0, 
X+ for c = 1. 

(2.1.1) 

The quantity of basic physical interest are the correlators (or correlation, or 
n-point junctions) , defined by 

(afl ... a<n) 
Pi Pn' 

(2.1.2) 

where n is any natural integer and, in the notation of (2.1.1), EI,'" ,En 

are either 0 or 1. In the classical case the correlators are also called mixed 
moments. Giving an expectation value is equivalent to giving a representation 
of the field algebra in an Hilbert space and a unit vector iP in 1l such that 
the correlators are given by 

The pair: (lk, at is said to satisfy the q-cornrnutation relations if 

akat - qatak = o(k - k'). 

In this case ak are called annihilators and at creators. 

(2.1.3) 

(2.1.4) 

We speak of a boson field if q = +1, of a Fermi field if q = -1, and 
of aBoltzmann field if q = O. In many important examples (including the 
Bose and the Fermi case) the commutation relations can be deduced frorn the 
correlators. In this sense the algebra of the field is included in its statistics. 

The commutation relations (2.1.4) show that, in general, the correlators 
(2.1.3) are distributions. Therefore, in order to produce numbers comparable 
with experiments, one has to integrate the correlators (2.1.3) against suitable 
test functions <.p(pl ... Pn). 

A field a(t, k) is called stationary with respect to a given expectation value 
( . ) if its n-point correlation functions are time-translation invariant, i.e., for 
any h, ... , t n , SE 1R., PI, ... ,Pn E lR.d , one has 

(2.1.5) 

The Fourier transform of the 2-point correlation functions of a real-valued 
stationary process is called its spectral function. For a field we speak of its 
spectral matrix to mean the Fourier transform (with respect to the t variable) 
of its 2-point correlation matrix: 
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Let n be a set. A family of mean zero fields aw(t, k) with wEn is called 
independent with respect to a given expectation value ( . ) if their correla
tion functions, corresponding to different indiees w, vanish whenever there 
is a single ton, i.e. for any finite subset F ~ n, and W1, ... ,Wn E F (the 
possibility that Wi = Wj for i #- j not being excluded. 

One has 

(2.1.6) 

whenever there is an index a E F such that Wo: #- wß if a #- ß. 
Although ak are not bona fide operators but only operator-valued distri

butions, in all the situations discussed in the present book, it happens that 
for a large class of test functions there exist well-defined operators, defined 
on a common invariant domain D and satisfying the formal identity 

A(g) = r g(k)akdk . 
Jffi.d 

(2.1. 7) 

So the rigorous meaning of the multiplication of distributions ak is simply the 
multiplication of the corresponding operators Ac (g) on the common invariant 
domain D. Formula (2.1.7) gives an automatie translation code from the 
distribution to the operator language and vice versa. 

2.2 Gaussianity 

The essence of Gaussianity consists in the fact that the expectation val
ues of products of Gaussian random variables (correlators) are expressed as 
weighted sums, over a certain subset of pair partitions (all pair partitions, 
in the classical, boson and fermion cases), of the products of pair correlation 
functions over all the pairs of a single partition. By varying the weights and 
the subset of pair partitions, one obtains the various notions of Gaussianity. 
The main combinatorial formulae which allow one to work with (boson and 
fermion) Gaussian processes are discussed in Sect. 15.12. 

Definition 2.2.1. In the above notations, the field ak, at, together with the 
expectation value ( . ) is called a mean zero Gaussian field if for each n E N, 
for each sequence of indices k1 , ... ,kn and each sequence E1, ... ,En in {O, I} 
one has: 

(a~~ ... a~:) = 0 ,if n is odd , (2.2.1) 

(2.2.2) 
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where 

• Po(2p) is a subset of the ordered partitions (i1,jl; i 2 ,j2; ... ; ip,jp) of the 
set (1, ... ,2p) into pairs and (2.2.2) is extended to all pair partitions in 
Po (2p); 

• the term ordered above means that 

i a <ja, Va= 1, ... ,p; (2.2.3) 

• for each natural integer n, f(i1,JI; i2,h; ... ;ip,jp) is a complex number 
depending on the pair partition (i1,jl, ... , ip,j2p), 

Remark 2.2.1. A mean zero Gaussian field a(t,k),a+(t,k') is stationary if 
and only if its covariance is time-translation invariant: 

(a f1 (t,k)a€2(t',k')) = (a€1(O,k)a€2(t' -t,k')). (2.2.4) 

Example 2.2.1: Generalized Wiek theorem. Let P be the vector determin
ing the expectation value, as in (2.1.3). If the field ak, at, satisfies the 
q-commutation relations and if for each k E IRd 

ak P = 0, (2.2.5) 

then the field is the unique mean zero Gaussian with the following properties: 

(i) The set Po(2p) is the set of all the pair partitions of (1, ... ,2p). 
(ii) The factor f(i1,jl; i2,h; ... ; ip,jp) is equal to q8<7, where a is the per-

mutation which brings (1 ... 2p) into (il,jl; i 2,h; ... ;ip,jp) and Ga is 
the minimum number of exchanges of a. 

In this case, Le. if (2.2.5) holds, the representation of the field algebra is 
called the Fock representation. 

Remark 2.2.2. The expectation value of a Gaussian field is called a Gaussian 
state. An immediate corollary of (2.2.1-2) is that linear combinations and 
limits of Gaussian fields are still Gaussian fields. 

2.3 Types of Gaussian States: 
Gauge-Invariant, Squeezed, Fock and Anti-Fock 

Definition 2.3.1. Let ak, at be a field in the sense of Definition 2.2.1. 
A mean zero Gaussian state ( . ) on the field algebra is uniquely determined 
by its covariance: 

(2.3.1) 
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If the off-diagonal elements of the covariance are zero, the state ( . ) is called 
a gauge-invariant state because it is invariant under the so-called gauge trans
formations of the first kind, i.e. those transformations of the field operators 
of the form 

where a is an arbitrary number. If the off-diagonal elements of the covariance 
are nontrivial (nonzero), the state is called squeezed. A Fock state is a mean 
zero gauge-invariant Gaussian state with covariance 

(2.3.2) 

meaning that only the correlation (akat,) is not zero. This is equivalent to 
the condition 

(2.3.3) 

if P is the vector implementing the state ( . ). With the same notation, if the 
covariance has the form 

(2.3.4) 

then we speak of an anti-Fock state. 

A necessary condition for the right-hand side of (2.3.1) to be the covariance 
matrix of a Gaussian functional is that it is a matrix-valued distribution of 
positive type. For a general field the condition is not sufficient because the 
relations among at and ak' impose some restrictions on the covariance. For 
example, the boson commutation relations imply 

So no anti-Fock state can exist for bosons (such states exist for fermions). 

2.4 Free Evolutions of Quantum Fields 

Definition 2.4.1. An evolution on any algebra is a 1-parameter automor
phism group Ut of this algebra. This means that for any real numbers s, t and 
any elements x, y of the algebra, one has 

The typical example is 

(2.4.2) 
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where Vi is aI-parameter group of unitaries in the algebra; in this case the 
automorphism Ut is called the inner, and Ho is called the Hamiltonian of the 
field. 

Because of (2.4.1), and in the notations of Sect. 2.1, an evolution on the 
polynomial algebra of the fields ak, at is completely determined once one 
knows Ut(ak). 

Definition 2.4.2. 1f an evolution u~ is such that there exists a real-valued 
function w ( k) such that, for all k, 

(2.4.3) 

then u~ (the Hamiltonian Ho, if (2.4.2) holds) is called a free evolution (a free 
Hamiltonian). The function w(k) is called the free I-particle Hamiltonian, 
and Ho is said to be the second quantization of w( k); often (especially in the 
boson case) one uses the notation 

Ho = dr(w(p)) . 

If the fields satisfy a q-commutation relation, then one can prove that for any 
choice oft he real-valued function w(k) there exists a free evolution satisfying 
(2.4.3). Usually one wants w(k) to be positive (if it is not then dr(w(p)) is 
unbounded from below even if w(k) is bounded below) and, unless explicitly 
stated otherwise, we shall also assurne that it vanishes nowhere (with the 
possible exception of sets of measure zero). Typical examples are 

k2 

w(k) = 2m' 

w(k)=Vk2+m2 , 

w(k) =1 k I, 

(2.4.4) 

(2.4.5) 

(2.4.6) 

m being a positive constant. In position representation, the momentum op
erator becomes 

p = -iox , (2.4.7) 

and the I-particle Hamiltonians H 1 corresponding to the choices (2.4.4-6) 
are respectively 

1 2 
H1 = --..1 =p 12m 

2m ' 
(2.4.8) 

(2.4.9) 

(2.4.10) 
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2.5 States Invariant Under Free Evolutions 

In this section we want to discuss the following problem: given a I-particle free 
evolution, determined by a positive function of moment um W (see Sect. 2.4) 
under which conditions a Gaussian state is invariant under the second quan
tized evolution associated with w, i.e. 

(2.5.1) 

The invariance under the evolution (2.5.1) is equivalent, for a Fock state, to 
the equality in the sense of distributions: 

(a(t, k)a+(t', k')) = (a(O, k)a+(t' - t, k')), 

which, given (2.5.1) is the same as 

Writing, for simplicity 

(2.5.3) becomes 
e-itWk F(k, k') = e-itwk' F(k, k') , 

or equivalently 

(2.5.2) 

(2.5.3) 

(2.5.4) 

eit(Wk,-Wk) F(k, k') = F(k, k'). (2.5.5) 

Now it is clear (see Lemma 2.5.1) that the identity (2.5.5) can hold if and only 
if the distribution support of F is in the set of all (k, k') such that Wk = Wk'. 

In particular, if we want the stationarity condition (2.5.3) to hold for all 
choices of w, then the support of F must be on the diagonal of ]Rd x ]Rd, 

and therefore, given the positivity of (akat), it must be a multiple of the 
8-function. 

Lemma 2.5.1. Let W be a smooth function, then {2.5.5} can hold if and only 
if 

supp F ~ {( k, k') E ]Rd X ]Rd : Wk = Wk' } , 

where the support is meant in the sense of distributions. 

(2.5.6) 

Proof 2.5.1. The identity (2.5.5) is equivalent to the following fact for any 
smooth function 'ljJ(k, k') with compact support: 

(2.5.7) 

Choosing'ljJ = 1 in the ball BR , of ]R2d with center 0 and radius R, (2.5.7) 
implies that 

B R n supp F ~ B R n {eit(Wk'-Wk) =·1}. 

Letting R -+ +00, we obtain (2.5.6). 
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Corollary 2.5.1. A Fock state is invariant under arbitrary free evolutions, 
i.e. {2.5.3} holds for any choice of the function W in {2.5.2}, if and only if 
there exists a function n(k) on Rd such that 

(akat,) = n(k)J(k - k'). (2.5.8) 

Proof 2.5.2. By Lemma 2.5.1, under our assumption, the support of (akat,) 
must be contained in the intersection of all the sets {(k, k') E R d X R d : Wk = 
Wk/} when W varies among all possible smooth functions on R d • It is clear 
that this intersection contains only the diagonal subset of Rd x Rd • Thus the 
support of F(k, k') is contained in the diagonal, and this implies that it is 
a multiple of the J-function. 

Another corollary of our discussion is the following: if the (mean zero 
Gaussian) state instead of being a Fock state is gauge-invariant in the sense 
of Definition 2.3.1, Le. has diagonal covariance 

( (atakl) 0 ) 
o (akat,) , 

then both distributions (atakl), and (akat,) must have support in the set 
(2.5.6). In particular, if the state is invariant for any choice of the dispersion 
function w, then one must have 

(atakl) =n(k)J(k - k') 

(akat,) =m(k)J(k - k') 

(2.5.9) 

(2.5.10) 

for some positive functions m(k), n(k). Finally, given the definition of free 
evolution (2.3.3), the time stationarity of the off-diagonal correlations, 

(a+(t, k)a+(t', k')) = (a+(O, k)a+(t' - t, k')) , (2.5.11) 

leads to the identity 

(2.5.12) 

which, if Wk is positive, can only be satisfied in the set of k such that Wk = 0, 
corresponding to a trivial evolution. Summing up the above discussion: 

Theorem 2.5.1. A Gaussian state ( . ) is invariant under all free evolutions 
{2.3.3} if and only if it has a diagonal correlation matrix {i.e. it is gauge 
invariant} and the diagonal correlations are supported in the diagonal [i.e. 
{2.5.9} and {2.5.10} hold]. 

Definition 2.5.1. A Gaussian state ( . ) invariant under all free evolutions 
{2.3.3} is called a free state. General Gaussian states are also called quasi 
free states. 

Remark 2.5.1. The condition of being invariant under all free evolutions 
(2.3.3) is very restrictive, and it is easy, given a positive smooth function w, 
to construct examples of states ( . )w whose diagonal correlations are not 
supported in the diagonal, but identity (2.5.5) and positivity are satisfied. 
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2.6 Existence of Squeezed Stationary Fields 

Starting from a Gaussian state on a field algebra, invariant under a given 
free evolution, and taking linear combinations of the field operators, one can 
define a new field algebra and look at the statistics of the new fielet with 
respect to the old state. In this section we will study some properties "f these 
states. 

Let ak, at be a field and let ( . ) be a mean zero gauge-invariant Gaussian 
state on the ak, at-algebra with covariance 

( (atakl) 0 ) = (n(k) 0 )J(k-k') o (akat) 0 m(k) , (2.6.1) 

where n(k), m(k) are functions satisfying m(k) = m( -k), n(k) ,,"ce n( ~-k). 
Then, defining 

(2.6.2) 

where Ck and Sk are smooth functions, the state ( . ) also giV('s a lw'an zero 
gauge-invariant Gaussian state on the bk , bt-algebra with covariancc matrix 

(2.6.3) 

_ ( [ickI2n(k) + ISkI2m(k)]J(k - k') [Cks-kn(k) + Skckm(k)]J(k + k')) 
- [CkLkn(k) + SkLkm(k)]<5(k + k') [lckI2m(k) + ISkI2n(k)]<5(k - k') 

Note the J(k + k') in the off-diagonal elements. This means that in this 
state one can have simultaneous creation (or annihilation) of pairs, but mo
mentum has to be conserved. The positivity of the state is guaranteed by 
construction. For example, 

(btbt/) = ((Ckat + Ska-k)(ck,at, + Sk1a-kl )) 

= CkSk' (ata-kl ) +cklsk(a~kakl) 

= Cksk1n(k)<5(k + k') + Skck1m(k)J( -k - k') 

= (Cks-kn(k) + Skckm(k))J(k + k'), 

(bkbt) = ((Ckak + ska~k)(cklat + Sk1a-kl )) 

= CkCk' (akat) + SkSk' (a~ka-kl) 

= ICkI2m(k)J(k - k') + ISkI2n(k)<5(k - k') 

= (lckI2m(k) + ISkI2n(k))J(k - k'). (2.6.4) 

Now let us consider a free evolution associated with a positive function of the 
ak field with dispersion function Wk, i.e. 
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(2.6.5) 

Because of gauge invariance, the process a{ t, k) with the expectation value 
( . ) is a stationary (i.e. time-translation-invariant) process. But then also the 
process 

b{t, k) := Cke-itwkak + Skeitw-ka~k' b+(t, k) := Ckeitwkat + Ske-itw-ka_k 
(2.6.6) 

referred to the same expectation value is mean zero, Gaussian and stationary, 
because it is a linear combination of processes with these properties. The 
time-dependent field b{t, k), b+{t, k) is called a squeezed stationary field. In 
particular 

( (b+{t, k)b{t', k')) (b{t, k)b{t', k')) ) 
(b+{t, k)b+{t', k')) (b{t, k)b+{t', k')) 

_ ( (b+(O, k)b(t' - t, k')) (b(O, k)b(t' - t, k')) ) 
- (b+(O,k)b+(t' -t,k')) (b(O,k)b+(t' -t,k')) . 

Explicitly the diagonal part of the covariance is equal to 

( (b+(O, k)b(t, k')) ° ) _ 8(k _ k') ° (b(O, k)b+(t, k')) -

while the off-diagonal part of the covariance is equal to 

( ° (b(O, k)b(t, k'))) , 
(b+(O, k)b+(t, k')) ° =8(k+k) 

(2.6.7) 

(2.6.8) 

Remark 2.6.1. Instead of the b fields (2.6.2), one could also define the fields 

dk := Ckak + Skat 

leading to the covariance 

( (dt dk,) (dkdk')) 
(dtdt) (dkdt) 

(2.6.9) 

= ((ICkI 2n{k) + ISkI 2m(k)) (CkSkn(k) + SkCkm(k))) 8(k _ k') (2610) 
(Ckskn(k) + Skckm(k)) (lckI2m(k) + ISkI 2n(k)) , .. 
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and also in this case, by the same argument as above, one would obtain a mean 
zero, Gaussian, time-translation-invariant field. However it is not clear ifthese 
states can be physically realized since for them simultaneous pair creation (or 
annihilation) would take place without conservation of momentum. 

Remark 2.6.2. A field b(t, k), b+(t, k) which satisfies (2.6.6), or the analogous 
formula deduced from (2.6.7), can be said to have a quasi-free evolution. From 
a mathematical point of view the discussion of free and quasi-free evolutions 
can be unified using the formalism of second quantization and test functions 
(it is easy to verify that a quasi-free evolution is essentially a free evolution 
in a different 1-particle space). However we shall see that from the physical 
point of view their behaviour is quite different therefore we prefer to keep 
these two not ions distinguished. 

Remark 2.6.3. Since a gauge-invariant state is invariant under all free evo
lutions, it follows that nothing changes in the above discussion if, instead of 
(2.6.6), the time-dependent field b(t, k) is defined by 

(2.6.11) 

where Wk and w~ are arbitrary real functions. In particular the state induced 
on the algebra of the b field will still be mean zero, Gaussian and time
translation invariant. This remark will have imporlant consequences in what 
follows (see Chap. 3). 

2.7 Positivity of the Covariance 

It remains to be proved that the covariance, given by (2.6.7-8) is positive 
definite. This follows from the following lemma. 

Lemma 2.7.1. Let (ajk(k, k')) be a positive definite matrix-valued smooth 
junction. Then the matrix-valued distribution 

(
all (k, k')I5(k - k') al2(k, k')I5(k + k')) 
a21 (k, k')8(k + k') a22(k, k')I5(k - k') 

is positive definite. 

(2.7.1) 

Prooj 2.7.1. By Schur's lemma it is sufficient to prove the theorem in the 
case in which aij = 1 for i,j = 1,2. In this case, using Fourier transform, 
(2.7.1) becomes 

(2.7.2) 

and the thesis follows because the right-hand side of (2.7.2) is an integral of 
positive definite matrices. 
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2.8 Dynamical Systems in Equilibrium: 
the KMS Condition 

By extending to the quantum case Boltzmann's variational argument, von 
Neumann [vonN33] proved that, for a finite system with astate space that 
is an Hilbert space 1i, the equilibrium states at inverse temperature ß = 
1jkT> 0 (T is interpreted as temperature and k is the Boltzmann constant) 
have the form 

(2.8.1 ) 

where H = H* is a self-adjoint operator on 1-l such that 

(2.8.2) 

The state ( . ) is called the Gibbs state at inverse temperature ß > 0, and its 
density matrix is 

(2.8.3) 

Now let 

x -+ x(t) := eitH xe-itH , (2.8.4) 

x being an observable, be the Heisenberg dynamics associated with H. 

Theorem 2.8.1. In the above notations the following are equivalent: 

(i) The state ( . ) has the form (2.8.1). 
(ii) For any pair of observables x, y the map t 1-7 (xy( t)) can be analytically 

continued and the state ( . ) satisfies the following condition, called the 
KMS condition at inverse temperature ß > 0: 

(xy(iß)) = (yx). (2.8.5) 

Proof 2.8.1. (i) implies (ii). If the state ( . ) has the form (2.8.1) then, de
noting N = 1j1f(e-ßH ), one has 

(xy(iß)) = N1f(e-ßHxe-ßHyeßH) = N1f(xe- ßHy) = (yx). 

(ii) implies (i). If (2.8.5) holds then, denoting W the density matrix of ( . ), 
we can write it in the form 

(2.8.6) 

Making x = 1, we deduce eßHWe-ßH = W, i.e. eßH and W commute and 
(2.8.6) becomes 

Since y is arbitrary, this is equivalent to 
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or 
WeßHx = xWeßH . 

Since also x is arbitrary, this implies that WeßH is a constant. The normal
ization condition Th(W) = 1 fixes this constant to be l/Th(e-ßH ). 

Thus for a finite system the Gibbs formula for the equilibrium state is 
equivalent to the KMS property. For an infinite system there are no density 
matrices so one usually takes the KMS condition as the definition of the 
equilibrium states. There are several indications that this is a reasonable 
definition in the sense that it describes the physics of equilibrium systems. 

2.9 Equilibrium States: the KMS Condition 

For an Heisenberg evolution Ut, the KMS condition is 

(2.9.1) 

Taking the Fourier transform of both sides, this becomes 

+00 +oo+iß +00 

J (XUt+iß(y))eitwdt = 1 . (xur(y))ei(r-ißlwdr = J (Ut(y)x)eitwdt. 
-oo+tß 

-00 -00 

(2.9.2) 

Equivalently 

+00 +00 

eßw J (xut(y))eitwdt = J (Ut(y)x)eitwdt. (2.9.3) 
-00 -00 

So the KMS condition is equivalent to a symmetry property of the right and 
the left spectral functions associated with the dynamical system. 

Remark 2.9.1. Since the state r.p is Ut invariant, it follows that the map 
((x, s), (y, t)) I---T r.p(us(x*)Ut(Y)) = r.p(x*Ut-s(Y)) is of positive type, and 
therefore its Fourier transform 

1+00 

(x I y)(w):= -00 eiwtr.p(x*ut(y))dt 

must be a pre-scalar product for any w. The KMS condition then is 

(x I y)(w) = e-ßwt(y* I x*)(-w). 

To understand the relation between the two scalar products, one has to 
perform the stochastic limit backward in time. 
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2.10 q-Gaussian Equilibrium States 

In this section we shall consider a field ak, at satisfying the q-commutation 
relations 

(2.10.1) 

and we want to know when a Gaussian state ( . ) is an equilibrium state, Le. 
it satisfies the KMS condition, for a given free dynamics, determined by the 
1-particle evolution eitwk . Such astate must be necessarily invariant for the 
dynamics. In this section we shall assume that the correlation matrix of the 
state ( . ) is diagonal and has the form (2.5.9-10). 

Theorem 2.10.1. In the notations and assumptions stated above, the Gaus
sian state ( . ) is an equilibrium state, for the free dynamies, determined by 
eitwk at inverse temperature ß, if and only if its covariance has the form 

( (atak') 0 ) = (n{k) 0 ) 8{k _ k') = (eßw~_q 0 ) 8{k _ k') 
o (aka+k,) 0 m{k) 0 ~ . 

ePWk_q 

(2.1O.2) 

Proof 2.10.1. If ( . ) is a Gaussian state, then it is sufficient to check the KMS 
condition for the two-point function. This gives in particular 

(a{O, k)a+{t + iß, k')) = (a+{t, k')a{O, k)). (2.10.3) 

If the evolution is free, this means 

ei(t+iß)wk' (akat) = eitwk' (atak) , 

or equivalently 

e-ßWk' (akat,) = (at,ak) . (2.10.4) 

Therefore (2.1O.4) becomes 

e-ßwk'm{k)8{k - k') = n{k)8{k - k'), 

or equivalently 
e-ßwkm{k) = n{k). 

Any pair m{k), n{k) with this property can be written in the form 

(Xk 
n{k) = ß 1 ' e Wk_ 

where (Xk is a numerical function which includes additional physical informa
tion on the state (q-deformed Gaussian, equilibrium states, etc.). 

If the Gaussian field satisfies q-commutation relations (2.10.1), then the 
expectation value of (2.1O.1) gives 
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(akat,) - q(at,ak) = (m(k) - qn(k))8(k - k') = 8(k - k'), 

or equivalently 
m(k) - qn(k) = l. 

So, if the equilibrium condition (2.10.4) also holds, this gives 

so that 

1 
n(k) - --;;---

- eßWk - q 
eßWk 1 

m(k) = ß = n(k) + -. e Wk - q q 
(2.10.5) 

Conversely, if ( . ) is a Gaussian state with covariance (2.10.2), then the KMS 
condition is easily verified. 

Remark 2.10.1. Note that if q;::: 0 the positivity ofn(k),m(k) imposes some 
restrictions on the existence of these states (e.g. if the minimum of Wk is zero, 
then q must be ~ 1). 

Remark 2.10.2. Note that in the limit ß --+ +00 if Wk is a strictly positive 
funetion then a finite temperature state reduces to the Fock state. 

Remark 2.10.3. In some imporlant cases (e.g. Bose condensation, see Seet. 
2.17) n(k) is a distribution and (2.10.2) is understood in the sense of convo
lution of distributions. 

2.11 Boson Gaussianity 

Here we use the notations of Definition 2.2.1, and we consider the boson case. 
We write E(b) = (b) for the expeetation value. The following considerations 
hold whenever the range of E is commutative (in the present book this range 
is the complex numbers). Then the identity (2.2.2) becomes 

E(b1 •.. b2p )= L E(bilbll)···E(bipbjp)' 

If in (2.11.1) we choose 

then we obtain 

il<oo-<ip 
i",<j", 

VpEN, 

(2.11.1) 

(2.11.2) 

(2.11.3) 
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where the combinatorial factor (2p)!j(2Pp!) counts the number of terms in 
(2.11.1). 

An element bEB satisfying (2.11.3) and 

E(b2P+1) = 0 VpEN, (2.11.4) 

will be called the mean zero (or centercd) E-Gaussian element. Note that if 
Eis a *-map [i.e. E(b)* = E(b*)], then b is E-Gaussian if and only if b* iso 

Corollary 2.11.1. Let B be a topological *-algebra; let E : B -+ C be a con
tinuous linear map; and let bEB be a mean zero, boson E-Gaussian element. 
Then for every complex number zone has 

(2.11.5) 

Proof 2.11.1. From (2.11.3~4) one has 

~ zn E(bn ) = ~ z2pE(b2P) = ~ z2pE(b2)P = e~z2E(b2) . 
~ n! ~ (2p)! ~ 2Pp! 
n=O p=O p=O 

(2.11.6) 

Remark 2.11.1. Note that formally (2.11.5) is equivalent to the well-known 
identity for Gaussian measures: 

(2.11.7) 

This formal argument becomes rigorous if the algebras Band C have 
a topology which allows one to speak of the convergence of the exponential 
series and the linear functional E is continuous for this topology, so to allow 
the exchange of the summation and the expectation in (2.11.7). 

One can show that (2.11.7) characterizes boson Gaussianity. 

2.12 Boson Fock Fields 

In this seetion we discuss the boson Fock fields, the description of which 
includes some of the most famous classical stochastic processes, such as 
Brownian motion and the Poisson process. We shall describe these fields in 
the distribution language. The rule explained in Beet. 2.1 allows to translate 
this description in the test function language. 

Definition 2.12.1. Let G be a positive distribution on ]Rd. A free scalar 
boson Fock field on]Rd with covariance G is defined by 

• an Hilbert space 1l, called the Fock space; 
• pair of operator-valued distributions a(k), a+(k) (k E ]Rd) called respectively 

creation and annihilation densities; 
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• a unit vector<P in 1l, called the vacuum vector and satisfying 

a(k)<P = 0, 

<P E Dom (a+(k)) , VkE~d. 

M oreover the n-particle (or number) vectors 

(2.12.1) 

(2.12.2) 

(2.12.3) 

are total in 1l and belong to the domain of akl ... akn for any n and for 
any k1 ••. kn E jRd and on the linear span of these vectors they satisfy 

(~,a(k)17) = (a+(k)~,17) 

and the so-called canonical commutation relations (CCR) 

[a(k), a+(k')] = G(k)8(k - k'), 

[a(k), a(k')] = O. 

(2.12.4) 

(2.12.5a) 

(2.12.5b) 

Remark 2.12.1. The reason why the function G is called the covariance of 
the field is clarified by the following: 

Theorem 2.12.1. The random variables a(k), a+(k') are mean zero boson 
Gaussian variables with respect to the vacuum vector <P, with 2-point functions 
(or covariance) 

(2.12.6) 

Conversely, if a(k), a+(k') are random variables with these properties, then 
they satisfy the commutation relations (2.12.5a,b) (so they are a free boson 
Fock jield). 

Proof 2.12.1. The identities (2.12.6) are immediate consequences of (2.12.1) 
and (2.12.5a,b). The boson Gaussianity is proved by induction on the n
point correlators of a ( k ) , a + (k'): if the first (from left) term ofthe correlator 
is a creation or the last an annihilation, then the correlator is zero. Suppose 
the first creator is at the kth place, with k > 1. Commute it with all the 
annihilators on its left so as to bring it to the first place. Because of (2.12.5a,b) 
each commutation gives a 2-point function. The induction assumption plus 
a little combinatorial argument show that, starting from all the pair partitions 
on 2p - 2 points, one arrives at all the pair partitions on 2p points, completing 
the proof. 

To prove the converse, one expands the generic matrix element of the 
commutators (2.12.5a) in two n-particle vectors ~,17 and checks that all the 
terms in which a(k) and a+(k') are not paired between themselves vanish, 
while the terms in which they are paired between themselves give rise to 
G(k)8(k - k')(~, 17). A similar proof can be made with (2.12.5b). 
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Remark 2.12.2. Prom (2.12.5a,b) and (2.12.6) one sees that for boson Fock 
fields the 2-point function coincides with the commutator. This is also true 
for Fermi Fock fields with anticommutator replacing the commutator, but in 
general is not true for nonFock fields. 

Prom Theorem 2.12.1 one deduces that two boson (or fermion) Fock fields 
with the same covariance are equivalent, i.e. they have the same correlators. 
Moreover, limits of Fock fields are still Fock fields. 

If G(k) == 1, i.e. if instead ofthe commutation relations (2.1.2) a(k), a+(k') 
satisfy 

[a(k), a+(k')] = 8(k - k'), (2.12.7) 

we simply speak of the scalar boson Fock field on ]Rd. 

Passing from the distribution to the operator picture, i.e. integrating the 
above identities with respect to test functions h ... fn one obtains 

A+(f) = J a+(k)f(k)dk, 

and for the number vectors 

(2.12.8) 

(2.12.9) 

where P is the Fock vacuum. In particular (2.12.5a,b) become, in this picture, 

[A(f),A+(g)] = (1,g) [A(f) , A(g)] = 0, (2.12.10) 

where the scalar product is given by (2.12.5a,b). The relations (2.12.10) are 
called the Heisenberg commutation relations or the canonical commutation 
relations in unbounded form. 

Remark 2.12.3. An equivalent (up to technical conditions on the domains) 
formulation of (2.12.10) can be given in terms of the Weyl operators. Such 
a formulation is convenient for a translation of several aspects of quantum 
field theory uniquely in terms of bounded operators, but requires a much 
lengthier preparation before entering in the heart of the problems, i.e. inter
acting fields and several of the fundamentalobservables of the theory, which 
are unbounded, are expressed only in an indirect way in terms of bounded 
objects. 

Remark 2.12.4. In (2.12.5a) one might replace the term G(k)8(k - k') by 
a positive definite distribution G(k, k'), thus obtaining a slightly more general 
class of fields. 

Remark 2.12.5. It is not known at the moment if the GNS representation 
of every Gaussian state give rise to some kind of commutation relation. The 
main difficulty in answering this question lies in the fact that an explicit 
classification of all the Gaussian states in the sense of Definition 2.4.1 is not 
available. This would require a classification of the possible weights and the 
possible subsets of the set of all pair partitions that can give rise to astate 
on the noncommutative polynomial algebra generated by bj • 
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2.13 Free Hamiltonians for Boson Fock Fields 

Lemma 2.13.1. If a+(k) and a(k) are boson creation and annihilation op
erators satisfying the usual commutation relations 

[a(k), a+(k')] = 6(k - k') , k,k' E R 3 , (2.13.1) 

for any l-particle free evolution St = eitw(kl, the associated free Hamiltonian 
has the form 

Ho = / w(k)a+(k)a(k)dk. (2.13.2) 

In the sense that the commutator, with Ho, of any polynomial in the field 
operators coincides with the commutator of the same polynomial with the 
right-hand side of {2.13.2}. 

Praof 2.13.1. Since the free evolution is multiplicative, i.e. in the notations 
(1.19.5), 

Vx,y, (2.13.3) 

it follows that any polynomial in the field operators is in the domain of the 
commutator with Ho. Again by multiplicativity, in order to check the identity 
of the commutator of such a polynomial with Ho and with the right-hand 
side of (2.13.3), it is sufficient to check it on a(k) and a+(k). This follows 
from the commutation relations 

from which one deduces 

and therefore 

[/ w(h)atahdh,ak] = -w(k)ak; 

hence Definition 2.4.2 implies that 

Otak = -iw(k)ak 

ak(t) = e-itw(klak 

ak(O) = ak, 

at(t) = eitw(klak' 

So the evolution generated by the Hamiltonian (2.13.2) is indeed a free evolu
tion in the sense of Definition 2.4.2. The action of the free evolution (2.13.2) 
on the Weyl operators is 

(2.13.4) 
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2.14 White Noises 

Definition 2.14.1. A quantum field b±(t, k) (t E ]R, k E ]Rd) with expecta
tion value ( . ), is called a white noise i/ it is a mean zero Gaussian field with 
covariance 

W(t, kW:1 (t', k'» = t5(t - t')Ge,el(k, k'), 

where Ge,e' (k, k') is a positive definite distribution (as a function 0/ the vari
ables c, k, c', k'). 

2.15 Boson Fock White Noises 
and Classical White N oises 

A basic feature common to all the models to which the stochastic limit ap
proximation can be applied is that, in the stochastic limit, the rescaled fields 
(see Sect. 3.5 for a discussion of this notion) converge, in the sense of correla
tors, to a quantum (boson, Fermi, free, etc.) white noise (see Theorem 3.7.1 
below for the simplest occurrence of this phenomenon). The prototype of 
such noises is the boson Fock white noise. 

Definition 2.15.1. In the notations 0/ Definition 2.12.1, a boson Fock white 
noise on ]Rd is a boson Fock field on ]Rd+l with vacuum vector iP and com
mutator 0/ the form 

[b(t, k), b+ (t', k')] = t5(t - t')G(k)t5(k' - k) , 

[b(t, k), b(t', k')] = 0, 

b(t,k)iP = o. 

(2.15.1a) 

(2.15.1b) 

(2.15.1c) 

Definition 2.15.2. A classical white noise on ]Rd+1, with covariance G, is 
a classical self-adjoint stochastic process X (t, k) indexed by ]Rd+1 with a cyclic 
vector iP such that 

(i) the /amily X(t, k) is iP-Gaussian; and 
(ii) the X (t, k) are t5 -correlated in time, i. e. 

(iP,X(t,k)X(t', k')iP) = t5(t - t')G(k)t5(k' - k). (2.15.2) 

Definition 2.15.1 is justified by the following remark: defining the two 
stochastic processes 

one has 

q(t,k):= b(t,k) +b+(t,k) 

p(t,k):= ~[b(t,k) -b+(t,k)] 
~ 

(2.15.3) 

(2.15.4) 
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Lemma 2.15.1. Both stoehastie proeesses {q(t, k)} and {pet, k)} are isomor
phie to the classieal white noise on 1Rd+ 1 . M oreover, if b satisfies (2.15.1 a, b), 
then 

[q(t, k ),p(t', k')] = 2ic5(t - t')G(k )c5(k' - k) . (2.15.5) 

Proof 2.15.1. Both processes are Gaussian as they are a linear combination 
of Gaussian processes. That they are classieal, Le. all their random variables 
commute, follows from the parity of the c5-function and the commutator iden
tity (2.15.1a,b). Therefore to prove that each ofthe processes {q(t,k)} and 
{pet, k)} is isomorphie to the classieal white noise on 1Rd+1 with propagator 
G, it suffices to show that their vacuum 2-point functions coincide. Using 
(2.15.1c), this is an easy computation. 

2.16 Boson Fock White Noises 
and Classical Wiener Processes 

The operators 

Bt(g) = t dr r dkg(k)b(r, k) 
Jo JJRd 

Bt(g) = t dr r dkg(k)b+(r, k) 
Jo JJRd 

(2.16.1) 

define a quantum Brownian motion. The self-adjoint operators (for varying t 
and fixed g) 

(2.16.2) 

form a commuting family of classieal random variables whose statistics in the 
vaeuum vector P is completely determined by the relation 

(p, eiPt(g)p) = e-111g112 = exp ( -~ Ld dk 19(kW) . (2.16.3) 

Therefore, if the dk integral is equal to 1, the family (Pt (g)) can be identified 
to a standard classieal Wiener process. 

2.17 Boson Thermal Statistics 
and Thermal White Noises 

In general a thermal equilibrium state for a system of conserved partieles is 
determined by two parameters, ß and /1-, so that the energy per unit volume 
and the number of particles per unit volume (density) may have independent 
arbitrary values. When the interaction Hamiltonian does not preserve the 
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number of particles, it is natural to consider only the energy per unit volume 
as given so that the number of particles is no longer an independent parameter 
and in this case one puts J.L = 0 in (2.17.4), thus obtaining (2.17.3). This 
is usually done for photons (Planck's formula) and for phonons or, more 
generally for thermal fields. 

From Theorem 2.10.1 we deduce that a Gaussian equilibrium state, at 
inverse temperature ß, for the Bose field a(k) with standard commutation 
relations 

[a(k),a+(k')J = 8(k - k') (2.17.1) 

is a Gaussian state on the polynomial algebra generated by the creation and 
annihilation operators (2.17.1) with covariance 

(2.17.2) 

where the factor 1 + n(k) arises from the commutation relations, n(k) is the 
Bose-Einstein density 

e-ßW1 (k) 
n( k) : = -l---e---::;ß-W l---;-(k;-;-) 

1 
eßwdk) - 1 ' 

(2.17.3) 

and Hk = Wl(P) is the free 1-particle Hamiltonian in momentum repre
sentation [see (2.4.3)J. The passage to the grand canonical state at inverse 
temperature ß, chemical potential J.L E lR and fugacity z = eßP, is realized by 
replacing wl(k) in (2.17.3) by wl(k) - J.L. This leads to the density 

e-ß[WI (k)-p,J ze-ßW1 (k) 
n(k) - - ----;:-.....,.,...,-

- 1 - e-ß[WI (k)-p,J - 1 - ze-ßW1 (k) . 
(2.17.4) 

This representation can be realized on an Hilbert space 1i with a cyclic vector 
P; we shall use such a realization throughout. Note however that in this 
representation it is no longer true that the cyclic vector P is annihilated by 
the annihilator. As shown in Sect. 2.18 a concrete form oft his representation 
can be realized by taking the tensor product of a Fock representation with 
an anti-Fock one. 

Remark 2.17.1. Note that in this representation it is no longer true that the 
commutator coincides with the 2-point function. 

Remark 2.17.2. For fermions the expression ofthe density (2.17.4) is replaced 
by the Fermi-Dirac density: 

1 
n(k) = eß[wl(k)-p,J + 1 . 

Thus for fermions the sign of J.L can be arbitrary, while for bosons, in order to 
guarantee the positivity ofthe correlations (2.17.2) for an arbitrary dispersion 
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function Wl (k), one can only have J1 ~ O. For bosons the density, as a function 
of J1 (~ 0) increases, with a maximum value at J1 = O. In the case J1 = 0 the 
zero-momentum states (= 0) might give an additional, singular contribution 
to the density, described by a multiple of the 8-function, so that the density 
becomes 

1 
n(k) = ß (k) + c8(k), e Wl -1 

where c is a constant. This additional term accounts for the so-called Bose
Einstein condensation. 

Definition 2.17.1. Let'Y and 'YQ be positive real numbers. The boson, finite 
temperature white noise with commutator 'Y and covariance 'YQ is the mean 
zero Gaussian field bt , bt(t E R) with commutator 

(2.17.5) 

and 2-point correlations 

(2.17.6) 

2.18 Canonical Representation 
of the Boson Thermal States 

It is often convenient to represent an equilibrium state, in the sense of 
Sect. 2.10, in terms of Fock states. To this goal, one introduces a pair of 
independent creation and annihilation operators cl(k), ct(k), c2(k), ct(k), 
with commutation relations 

(2.18.1) 

acting in a Fock space 11.0 with vacuum vector Po 

Ci ( k )po = 0, i = 1, 2 , (2.18.2) 

and defines 

(2.18.3) 

so that 

(2.18.4) 

Then from (2.18.1,3,4) one obtains the commutation relations (2.17.1) for 
a(k), a+(k). A concrete way to realize the independent pair cHk), c~(k) is 
to double the Fock space by considering Ho @ 11.0 with the corresponding 
vacuum vector P = Po @ Po and to identify ci (k) with ci (k) @ 1 and c~ (k) 
with 1 @ c~(k). 



80 2. Quantum Fields 

With these notations one can easily check that the vacuum 2-point func
tion of the operators a(k') and a+(k) given by (2.10.2,3,6). The representa
tion of the CCR algebra (2.10.1) shall be called the canonical representation 
0/ the thermal Gaussian state 0/ Bect. 2.10. 

Notice however that if one wants the evolution of the a( k) operator to be 
free in the sense of Definition 2.4.2 then one must have 

a+(t, k) = eitw(k)a+(k) = Vn(k) + 1eitwk ct(k) + vn(k)eitwkc2(k) , 
(2.18.5) 

so we see that C2 (k) must evolve not like a free annihilator but like a free 
creator, Le. 

C2(t, k) = eitwkc2(k) 

this is equivalent to replacing Wk by -Wk (negative energy) in the Cl, C2 

representation. Such an evolution is easily realized by considering not the 
1-particle space itself (ket vectors) but its conjugate space (bra vectors). 

Remark 2.18.1. Note that if one wants to use (2.18.3) to pass from the repre
sentation in terms of operator-valued distributions ak, at to a representation 
in terms of bona fide operators then one has to introduce test functions. In 
the case of the annihilator (2.18.3) gives 

A(g) = J dkg(k)akdk = J dkg(k)Vn(k) + 1CI(k) + J dkg(k) Vn(k)ct (k) . 

(2.18.6) 

Note that on the right-hand side of (2.18.6) the creator ct ( k) goes with the 
conjugate 0/ the test function g. This means that if we take elements 9 E 
L 2(JRd) as test functions oft he Cl field we must take their complex conjugates 
gastest functions of the C2 field. This is equivalent to replacing the usual 
scalar product in L 2(JRd) with its complex conjugate: 

(/,g) = J l(k)g(k)dk M (g,1) = J /(k)g(k)dk. 

This fact is expressed by saying that one takes the Fock representation for 
the Cl field and the anti-Fock representation for the C2 field. 

Remark 2.18.2. Note that in the above discussion the form (2.10.5) of the 
functions m( k), n( k) plays no role at all. Therefore the present construction 
is applicable to all gauge-invariant states. This representation plays an im
portant role in the deduction of the explicit form of the stochastic limit in 
the nonFock case. 
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2.19 Spectral Representation of Quantum White Noise 

Given a quantum white noise b(t), its inverse Fourier transform 

b(w): = _1_ fdt e-iwt b(t) 
y'2W 

is a Bose field in the frequency domain satisfying the relations 

[b(w) , b+(w')] = 8(w - w'), (2.19.1) 

so operators at different frequencies commute. In this approach the frequency 
appears as the conjugate variable of time in the Fourier transform, in partic
ular it must be one-dimensional. Moreover, since w can be any real number 
(w E ~), this means that one is introducing negative frequencies. The oper
ator . l w+dw 

w b(w')dw' = b(X[w,w+dwj) 

is interpreted as an annihilator of quanta in the bandwidth [w, w + dw], i.e. 
b(w) annihilates one quantum at the frequency w. The white noise is recovered 
as the Fourier transform of the field b( w ): 

b(t): = ~ f dw e-iwt b(w). (2.19.2) 

The representation (2.19.2) of quantum white noise iscalled the spectral 
representation and is widely used in quantum optics. The emergence of an 
energy unbounded below is not surprising due to' the fact that this is an 
effective energy. In Section 4.11 one of the possible mechanisms through which 
a perfectly legal, bounded-below Hamiltonian can give rise to an effective 
Hamiltonian which is unbounded below shall be described. 

Conversely, if one starts from a Bose field in the frequency domain sat
isfying the relations (2.19.1) and defines the operators b(t) by (2.19.2), then 
the commutation relations are 8-like in time: 

[b(t), b+(t')] = 8(t - t'), 

as required by the definition of white noise. So one can define a white noise 
starting from its spectral representation. In order to complete this definition 
one has to assign a (boson) Gaussian expectation value, and this is uniquely 
determined by the matrix 

( (b+(w) b(w')) (b(w) b(w')) ) 
(b+(w) b+(w)) (b(w') b+(w')) . 
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The requirement that different modes are uncorrelated is expressed by 

(b+(w) b(w')) = N(w) 8(w - w'). 

By the commutation relation (2.19.1) this uniquely determines the correlation 

(b(w) b+(w')) = [1 + N(w)] 8(w - w') 

If we want the processes bs , bt to be 8-correlated, then N(w) must be inde
pendent of w, since the quantity 

rn+dn 
in a+(w)a(w) dw 

denotes the number of quanta in the bandwidth [il, il + dill (a number one 
would like to be finite). This means that in a white-noise ensemble the number 
of quanta per unit bandwidth is constant, Le. 

(b+(w) b(W'))WN := N 8(w - w'). 

This is not the case, for example, in a thermal ensemble at temperature T, 
where the average number of quanta per unit bandwith is not constant, being 
given by the Planck formula: 

To give the full vacuum correlations, we must also give the squeezing corre
lations (b(w) b(w')). If we want (bsbt ) = c8(t - s), these correlations cannot 
be arbitrary. In fact 

(bsbt) = J J e-iWS(b(w)b(w'))e-iw'tdwdw' . 

So if we choose (b(w)b(w')) = 8(w - w'), then (2.19.2) is equal to 

J e-iw(t+s)dw = 27r8(t + s), 

(2.19.3) 

which gives the wrong time correlations. The choice which gives the correct 
time correlations 

where 0' __ is a constant, is 

(2.19.4) 

i.e. it is possible to create or annihilate two quanta, but only at opposite 
jrequencies. Conversely, starting from a quantum white noise, one easily 
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verifies that the associated frequency field satisfies (2.19.3). In this case the 
correlation matrix is then 

where a e1e2 is a constant matrix, 

€ = ±1, b(-l) = b, b(+1) = b+ . 

The matrix 

( (b+(w) b(w)) (b(w) b(w)) ) (N -c) (a+_ a __ ) 
(b+(w) b+(w)) (b(w) b+(w)) = -c N + 1 = a++ a_+ 

must be positive definite, Le. 

1 +2N ~ 0 

The case c = N = 0 characterizes the Fock (or vacuum) white noise, while 
the squeezed white noise is characterized by the condition c =1= o. 

2.20 Locality of Quantum Fields and Ultralocality 
of Quantum White N oises 

The basic difference between ordinary quantum fields and quantum white 
noises is that quantum fields satisfy the property of locality, but quantum 
white noises enjoy a property that could be called ultralocality. The difference 
between the two is explained in the following. 

The field density is expressed, in terms of the creation and annihilation 
density, by 

rp(xO, x) = 1 r eixOw(k)-ikx a+(k) dk + h.c. 
(27r)3/2 JR3 J2w(k) 

(2.20.1 ) 

_ 1 r -ikx + ( ° k) dk h 
- (27r)3/2 JR3 e a x, J2w(k) + .c. 

The density is understood in the sense of distributions, Le. integrated in 
the variables xO, x with appropriate test functions. Let M = {H, A} be 
a model of QFT, where the field algebra A is generated by the set of operators 
(fields) {rp,,(f)} and f E S(lR4 ) is a test function. The locality property is 
[BoLoOkTo87] 

(2.20.2) 

if supp(!1) is space similar to supp(h). Here [., .]_ denotes the commutator, 
[., .]+ the anti-commutator and 
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{
-I if 'Pa or 'Pß is a Bose field, 

Saß = 
+1 if 'Pa and 'Pß are Fermi fields. 

In the above notations, the ultralocality condition means that the commuta
tion relations (2.20.1) hold whenever 

supp(!1) n supp(!2) = 0. (2.20.3) 

In this case the fields 'Pa (I) are called Bose or Fermi multidimensional quan
tum white noises. If condition (2.20.3) is replaced by the weaker condition 

time - supp(!1) n time - supp(!2) = 0, (2.20.4) 

then one speaks of a Bose or Fermi quantum white noises. 

Example 2.20.1. Free (Gaussian) quantum fields and free (Gaussian) quan
tum white noises. 

Example 2.20.2. Equal time canonical commutation relations for quantum 
fields: 

(2.20.5) 

Canonical commutation relations for quantum white noises: 

(2.20.6) 

Note that 'Pa and 'lfJa are not necessarily Gaussian. 

Remark 2.20.1. The condition of ultralocality (2.20.4) is more restrictive 
than the condition of locality (2.20.2). Therefore quantum white noises form 
a subclass of quantum fields. 



3. Those Kinds of Fields We Call Noises 

In this chapter we discuss one of the main theses of the stochastic limit 
approach, namely the fact that in the stochastic limit the quantum fields 
become white noises, in the simplest possible situation, Le. for mean zero 
Gaussian (free) fields. In these cases one has only to prove the convergence 
of the covariance (2-point) function and therefore the problem is reduced to 
the convergence of a d-dimensional integral. 

3.1 Convergence of Fields in the Sense of Correlators 

There are many notions of convergence of random fields. In this section we 
introduce the notion of convergence in the sense oJ correlators, which shall be 
constantly used in the following. The idea is that aA ~ a if the corresponding 
correlators converge. More precisely: 

Definition 3.1.1. Let a~(k) be a Jamily oJ fields with cyclic vector PA, 
parameterized by areal number A, and let a~ be another field with cyclic 
vectorP. a~(k) is said to converge to a~ in the sense oJ correlators as A ~ AQ 
(AQ areal number or +00) iJ, Jor any natural integer n, Jor any kI ... kn E ]Rd, 

and any choice oJ EI ..• En E {O, I}, one has 

(3.1.1) 

where the limit is meant in the sense oJ distributions. 

Definition 3.1.1 requires apriori knowledge of the limit field, {a~, 1l, p} 
which, in concrete situations, is hardly ever guessable. The following theo
rem shows that this knowledge is not necessary, Le. from the limit of the 
correlators one can reconstruct, in an abstract sense, the limit field. However 
a good convergence theorem should always be completed with the explicit 
construction of the limit field. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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Theorem 3.1.1. In the notations of Definition 3.1.1, suppose that, as 
A -+ 0, the correlators 

converge, in the sense of distributions, to a distribution F(k1 '" kn ). Then 
there exists a field {at, 1l, 4>} such that 

Proof 3.1.1. The limit preserves the compatibility conditions for correlation 
kerneis (correlators) descri bed in [AFL82]. Therefore the thesis follows from 
the general reconstruction theorem proved in that paper. 

Remark 3.1.1. From Definition 2.2.1 of Gaussianity it immediately follows 
that 

(i) the limit, in the sense of correlators, of a family of Gaussian processes is 
Gaussian; and 

(ii) a family of Gaussian processes converges, in the sense of correlators, if 
and only if its covariance matrix converges in the sense of distributions. 

Thus, for Gaussian processes, checking the convergence, in the sense of 
correlators, is equivalent to checking the convergence of the 2-point function. 
In this chapter we shall exploit this fact. 

Remark 3.1.2. It is important to keep in mind the fact that the limit in the 
sense of correlators may destroy the eventual commutation relations among 
the a~(k). The phenomenon of stochastic bosonization (see Sect. 11.10), and 
more generally the block principle of Sects. 11.7 and 15.4, provides an example 
of this statement. 

3.2 Generalized White Noises as the Stochastic Limit 
of Gaussian Fields 

In this section we begin to show how quantum white noises arise as stochastic 
limits of free fields. The result described by Theorem 3.2.1, and its oscillating 
generalization given by Theorem 3.7.1, are simple examples of quantum cen
tral limit theorems and will be the first step of the stochastic limit technique. 
They correspond to the control of the limit of the O-order term in the iterated 
series. 

Theorem 3.2.1. Let a(t, k), a+(t, k) (t E IR, k E IRd ) be a mean zero Gaus
si an quantum field in the sense of Definition 2.14.1 with respect to a given 
expectation value ( . ). In the notations (2.1.1) and for c,c' E {O, I} suppose 
that the expectation value ( . ) is stationary, i. e. 
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(aC! (tl + s, kl ) ... acn (tn + s, kn )) = (aC! (tl, kl ) ... acn (tn , kn )), (3.2.1) 

and that the time correlations (ac(O, k)ac' (t, k')) are integrable in the sense 
01 distributions i. e. 

/ +00 dtl r r dkdk'?h(k)g2(k')(aC (0,k)aC'(t,k'))1 < 00 (3.2.2) 
-00 Jffi.d Jffi.d 

lor any pair 01 test lunctions gl, g2 in S(lR.d ), i.e. the Schwartz lunctions. 
Then the limit, in the sense 01 distribution correlators, 

lim ~ a(t/A2,k) = bt(k) = b(t,k), 
A--+O/\ 

(3.2.3) 

exists and is the white noise bt(k) [01 the same Gaussian type as a(t, k)] with 
covariance 

(bHk)b~: (k')) = 8(t - t')Gc,c'(O, k, k') = 8(t - t') 1:00 
dT(ac(O, k)aC ' (T, k')), 

(3.2.4) 

where Gc,c' (0, k, k') is the spectral matrix 01 the field a(t, k) evaluated at zero. 

Remark 3.2.1. When we say that bt(k) is a white noise 01 the same Gaussian 
type as a( t, k), we mean that if we start with a field satisfying some com
mutation relations (Bose, Fermi, q-deformed, etc.) then the limit white noise 
satisfies the same type of relations. We shall see in Part II that this is not 
true for the nonlinear extension of the present theorem. 

Remark 3.2.2. More explicitly, the covariance of the white noise bt(k) is 

((bt(k)b~(k:)) (bt(k)b~(k:))) = (~+'-(O, k, k') ~-,-(O, k, k')) 8(t _ t'). 
(bt (k)bt, (k )) (bt(k)bt, (k )) G+,+(O, k, k') G_,+(O, k, k') 

(3.2.5a) 

Remark 3.2.3. The limit (3.2.3) has to be understood in the sense of corre
lators for the associated operator-valued distributions, Le. 

A~~OO A 1:00 
dt J d3 ka(A2t, k)cp(t)g(k) = 1:00 

dt J b(t, k)cp(t)g(k)d3 k, 

(3.2.5b) 

where cp(t) and g(k) are test functions. 

ProoI3.2.1. Because of mean zero, stationarity (3.2.1) and Gaussianity we 
have only to prove the convergence oft he covariance :2 (ac(O, k)ac' (t/ A2, k')) 
in the sense of distributions. If for any pair of test functions gl, g2 one defines 

F(t):= r dk r dk'gl(k)g2(k')(ac(0,k)ac' (t,k')), 
Jffi.d Jffi.d 

then the thesis follows by applying Lemma 1.9.1 to the function F, which is 
possible due to assumption (3.2.2). 
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Remark 3.2.4. The integrals (3.2.4) (for c, c' = 0,1) can be explicitly calcu
lated in terms of test functions. Here we illustrate this calculation for the aa+ 
correlation. Because of Gaussianity, to prove (3.2.3) it is enough to consider 
only the vacuum 2-point function which has the form 

1:= (P,A- 1 ! ! a(A- 2t,k)g(t,k)dtdk· A-1 ! a+(A- 2s,p)f(s,p)dsdpiP) 

=A-2 ! dt! ds J dk ei)\-2{s-t)w{k)g(t,k)f(s,k), (3.2.6) 

where f(t, k) and g(t, k) are test functions on IRd+1 and w(k) is a nondegen
erate almost everywhere smooth function. Introducing the function 

G(t, s', s):= J dk e-itw{k)g(s, k)f(s', k), 

one can rewrite the right-hand side of (3.2.6) in the form 

I=r2 J dtds G (A- 2 (t-S),s,t). 

Making the change of variables 

(t - S)/A2 = a, S =T, 

one finds 

1= J J da dTG (a, T, T + A2a). 

(3.2.7) 

(3.2.8) 

(3.2.9) 

(3.2.10) 

Our assumptions imply that G (t, s', s) is bounded over the third argument 
and belongs to L 1(R2 ) with respect to t and s'. By dominated convergence 
one can pass to the limit A -+ 0 under the integral, obtaining 

lim I = Jda JdT G (a,T,T), (3.2.11) 
A-+O 

which, using the definition of the function G, can be rewritten in the form 

J da dT J dk eiw{k)ag(T,k)f(T,k). 

This, in the sense of distribution theory, is equal to 

271" J dT J dk8(w(k))g(T, k)f(T, k), 

and, from another part, we know that this is equal to 

(lJ!, J dT J dk b(T, k)g(T, k) J dT' J dk'b*(T', k')f(T', k')lJ!) , 

which is the 2-point function of a white noise on IRd with covariance 

G(k - k') = c5(w(k))c5(k - k'). 

This proves the limit relation (3.2.3). 

(3.2.12) 

(3.2.13) 

(3.2.14) 

(3.2.15) 
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In concrete physical situations the operators a+(k) and a(k) are boson or 
fermion creation and annihilation operators [see (2.12.1)], 

[a(k),a+(k')l± = o(k - k'), k,k' E JR3; 

let their free dynamical evolutions be given by [see (2.5.1)] 

a(t, k) = e-itw(k)a(k) , a+(t, k) = eitw(k)a+(k), 

(3.2.16) 

(3.2.17) 

where w(k) is a nondegenerate bounded below real function such that the 
function t H flRd eitwk gkdk is integrable for any Schwartz test function. In 
this case the following modification of Lemma 1.9.1 is useful: 

Corollary 3.2.1. Let w be a real-valued junction on JRd such that for any 
test function g, the map 

tE JR H ( dkg(k)eitW(k) 
JlRd 

(3.2.18) 

is integmble (we say in this case that t H eitw(k) is integmble in the sense of 
distributions). Then, in the sense of distributions on JRd+ 1, 

lim ~ eiw(k)(t-t')/)..2 = o(t - t')21ro(w(k)). 
),,-+0,\2 

Praof 3.2.2. Because of Lemma 1.9.1 we have only to prove that for any test 
function 9 

j +<Xl du ( dkg(k)eiuw(k) = 21r ( o(w(k))g(k)dk. 
-<Xl ~d ~ 

This follows by exchanging the du and dk integrals, which can be done 
because 9 is a Schwartz test function and the map (3.2.18) is integrable. 

Theorem 3.2.2. If the jields a(k) and a+(k) are mean zero Gaussian and 
satisfy the q-deformed relations 

a(k)a+(k') - qa+(k')a(k) = o(k - k'), 

then the rescaled jields 

1 (t ) 1 _ iw(k) t :x a ,\2' k :=:xe >.2 a(k) 

(3.2.19) 

converge in the sense of distribution correlators to a q-deformed white noise; 
more precisely, 

1 _ iw(k) t 
lim ,e >.2 a(k) = bt(k) , 
)..-+0", 

1 iw(k) t 
lim -e >.2 a+(k) = b+(k) 
),,-+0,\ t , 

where bt(k) is the q-deformed white noise satisfying 

bt(k)bt(k') - qbt(k')bt(k) = o(t - t')21ro(w(k))o(k - k'). 

(3.2.20) 

(3.2.21) 
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Prooj 3.2.3. By Gaussianity one reduces the n-point correlation function to 
a two-point one, and this has the form 

/ P ~ (.!...- k) ~ + (~ k') p) = ~ ~ w(k)(t' -t) 8(k - k'). \ ' >. a >.2' >. a >.2 ' >.2 e 

The result then follows from Theorem 3.2.1 and Corollary 3.2.1. 

3.3 Existence of Fock, Temperature 
and Squeezed White N oises 

In the notations of the previous section, let us suppose that the field a( T, k) 
is in the Fock state and suppose that the free evolution is given by (2.4.3) 
with 

(3.3.1) 

where Wo is an additional jrequency whose physical meaning is explained in 
Chap. 4. The Bose or Fermi case here does not matter since we are only 
interested in the covariance which, in both cases, is 

( (a+(O, k)a(T, k')) (a(O, k)a(T, k'))) _ (0 0 ) , 
(a+(O,k)a+(T,k')) (a(O,k)a+(T,k')) - 0 eir[Wl(k)-wo] 8(k - k). 

(3.3.2) 

Therefore the covariance of the associated Fock white noise is 

( (b+(O, k)b(T, k')) (b(O, k)b(T, k'))) _ (0 0 ) 
(b+(O, k)b+(T,k')) (b(O, k)b+(T, k')) - 0 8(Wl(k) _ wo) 8(T)8(k - k'). 

(3.3.3) 

If the state of the a field is the grand canonical boson state at inverse 
temperature ß and chemical potential J-L E R, then its covariance is 

( (a+(O, k)a(T, k')) (a(O, k)a(T, k')) ) 
(a+(O, k)a+(T, k')) (a(O, k)a+(T, k')) 

with q = + 1 in the Bose case and q = -1 in the Fermi case. Therefore the 
covariance of the associated thermal white noise with the same parameters is 
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(3.3.5) 

Now suppose that the field is in the squeezed state described in Seet. 2.6 but 
with quasi-free evolution given not by (2.6.6) but by 

(3.3.6) 

Notice that this evolution is obtained simply by multiplying a field b(t, k) 
which evolves according to the evolution (2.6.6) by the scalar factor e itwo . In 
Sect. 4.10 we shall see how this faetor naturally arises from the interaetion. 
The fact that the state induced by the original gauge invariant state (2.6.1) 
on the algebra generated by the b fields is still mean zero, Gaussian and time
translation invariant follows from Remark 2.2.2. Under these assumptions the 
diagonal part of the covariance is equal to 

( (a+(o, k)a(t, k')) 0 ) = o(k _ k') 
o (a(O, k)a+(t, k')) 

(3.3.7) 

while the off-diagonal part of the covariance is equal to 

(3.3.8) 

with Wk given by (3.3.1). Then the associated white noise is squeezing with 
the diagonal part of the covariance equal to 

(3.3.9) 

while the off-diagonal part of the covariance is equal to 
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3.4 Convergence of the Field Operator 
to a Classical White N oise 

Since the field density is given by 

cp(XO,x) = 1 r eixOw(k)-ikx a+(k) dk + h.c. 
(27r)3/2 JR3 J2w(k) 

(3.3.10) 

= 1 / r e-ikx a+(xO, k) k + h.c., (3.4.1) 
(27r)3 2 JR 3 2w( k) 

the rescaling of the annihilation density 

1 2 a(t, k) -+ >..a(tj>' , k), (3.4.2) 

is equivalent to the following rescaling of the field density: 

° 1 ° 2 cp(x ,x) -+ >..cp(x j>. ,x). (3.4.3) 

The limit (3.2.3) implies 

l~ ~Cp (;2' x) = w(t,x), (3.4.4) 

where the vacuum correlations of w( t, x) coincide with those of a classical 
white noise. 



Complementary Material 

3.5 Beyond the Master Equation: The Master Field 

The master field (white noise) associated with a given interaction strongly de
pends on the interaction itself, on the free evolution and also on the reference 
state. In order to determine its form, one first writes the rescaled interaction 
Hamiltonian in (1.9.7) as a sum of terms of the form 

1 (.>.) ( t ) (.>.)+ (.>.) >: H I ).2 = at /.>.2 + at /)..2, (3.5.1) 

where the operators a~'>')+, af) are not necessarily creation and annihilation 
operators, but certain functions of them (depending on the specific form of 
the interaction) called rescaled fields whose explicit form is strongly model 
dependent and cannot be given in general (see Sect. 4.9.1 for the simplest 
example). However an easily applicable heuristic rule which allows one to 
deduce their correct form is the following: the form of the rescaled fields is 
given by the first-order term of the time-rescaled iterated series. By aquanturn 
centrallimit theorem effect, these rescaled fields converge, as ). -+ 0, to some 
new field operators b, called the master field or quantum noise, acting on 
some new Hilbert space. Symbolically 

1 2 >: a.>.(tj). ) -+ b(t). (3.5.2) 

The convergence of the rescaled fields should be interpreted in the sense 
of convergence of correlation functions (also called Wightman functions in 
quantum field theory or mixed moments in probability theory), that is, for 
any n E N and h ... t n E IR, there exists the limit 

l~ \ P.>., ~A~l (tl) ... ~A~n(tn)P.>.) =: G(h ... tn). (3.5.3) 

One then explicitly constructs the following: 

• An Hilbert space 1i and a vector lJi E 11. . 
• For any t E IR, a field operator b(t) (typically a quantum white noise (see 

Sect. 2.15), on 1i, such that G(h ... tn) is equal to the lJi-expectation value 
of the product of b operators; more precisely, the limit (3.5.3) can be written 

f-To \ P, ~ A~l (h) ... ~ A~n (tn)p ) = (lJi, bel (tl) ... ben (tn)lJi). (3.5.4) 

It may happen that, even if one starts from a single scalar field, the master 
field is a field with many (possibly an infinite number) components (see 
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Sect. 6.2). The explicit form of the master interaction Hamiltonian, and 
therefore the white noise equation, cannot be given in general, because it 
depends strongly on the specific model. 

3.6 Discrete Spectrum Embedded in the Continuum 

This section extends the discussion on the canonical form of the interaction 
Hamiltonian begun in Sect. 1.23. For a system-reservoir Hamiltonian of the 
form 

H = Hs + HR + (D ® F+ + D+ ® F), (3.6.1) 

if the free system Hamiltonian Hs has a discrete spectrum, i.e. 

(3.6.2) 

where Cn are the eigenvalues and Pn the spectral projections, then we can 
apply the same argument as in Sect. 1.23. Let us illustrate this procedure in 
the case in which Ho has a discrete nondegenerate spectrum: 

Denoting 

one can write 

j 

H s = Lt'It'j)(t'jl. 
j 

+ L(Dij 0 F+ + Dt ® F) 
ich 

(3.6.3) 

(3.6.4) 

(3.6.5) 

= Hs + HR + L It'j)hl ® (Ft + Fj ) + L(Dij ® F+ + h.c.). (3.6.6) 
ich 

In the case of a linear interaction, Le. 

F = A(g) = J g(k)akdk , (3.6.7) 

one has 



3.6 Discrete Spectrum Embedded in the Continuum 95 

Hs + HR + [D 0 A+(g) + D+ 0 A(g)] (3.6.8) 

or, denoting 

the diagonal part of (3.6.1) can be rewritten as 

Using the identities (for constant c) 

wa+a+ca++ca=w(a+~)+ (a+~) _1~2, 
one can rewrite the diagonal part of (3.6.1) in the form 

- L IEj)(Ejl J Igj(k)12 dk. 
Wk 

Thus, introducing the new creation and annihilation operators 

the new free system Hamiltonian, 

and the new free system-field Hamiltonian, 

L IEj)(EjI0 J Wkbt,jbk,jdk, 
J 

the fuH Hamiltonian (3.6.1) assumes the foHowing canonical form: 

(3.6.9) 

(3.6.10) 

Hs(g) + L J dkWklEj) (Ej 1 0 bt,jbk,j + 6=[Dij 0 A+(g) + h.c.] 
J ',J 

=: Hs + HSR + Hr, (3.6.11) 
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and the whole Hilbert space splits into a surn 

on each of whose factors the Hamiltonian Hs + HSR acts as a usual free 
Harniltonian, i.e. 

Hj = Cj + J btjbkjdk, 

with Cj being a constant. Note that 

N ow consider the cornrnutators 

One has 

[HSR,lcJ.')(cvll or equivalently 

[HSR' IcJ.') (cvll = ~ J dkwk(lcj)(cjl, IcJ.') (cvl)bt,jbk,j 
J 

= ~ J dkwk(OjJ.'lcj)(cvl- OVjlc/l)(cjl)bt,}k,j 
J 

= J dkwk(lcJ.')(cvl-lc/l)(cvl)bt,jbk,j = 0, 

[HSR,bt) = L J dkwklcj)(cjl[btbk,j,atl 
J 

= L J dkWklCj) (Cj I[atak, atl = Wk'at· 
J 

However, for J1, =I- v, 

So that 

[HSR , ICJ.')(cvlatl = [HsR, IC/l) (cvllat + IC/l)(cvl[HsR,atl 

= IcJ.') (cvl[HsR , atl = Wk' IcJ.') (cvlat· 

eitHsRlcJ.')(cvlate-itHsR = e-itwkllcJ.')(cvlat· 

This means that the contribution of HSR to the free evolution of the inter
action Hamiltonian H J , defined by (3.6.11), is the same as that of H R . 
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3.7 The Stochastic Limit 
of a Classical Gaussian Random Field 

Let us now consider a classical analogue of the stoch.astic limit of free (Gaus
sian) quantum fields. 

Let u( t, x) be a mean zero real-valued classical Gaussian random field on 
lRd+1 defined on the probability space (fl, F, P) and with covariance 

The covariance (3.7.1) implies that u(t, x) is stationary in time. Thus denoting 
for any t E lR and f, g E S(lRd ) 

D(t, f, g) := J J dXldx2f(XI)D(t, Xl - X2)g(X2) (3.7.2) 

and defining 

u(t,f):= J dxu(t,x)f(x), 

if we can exchange the E expectation with the dx integral, then the process 
{u( t, f) : t E lR, f E S(lRd )} is Gaussian stationary in time with covariance 

(3.7.3) 

More generally, one might start from a mean zero Gaussian field on lR x S(lRd ) 

defined by (3.7.3). In this case the right-hand side of (3.7.1) is the integral 
kernel (possibly a distribution) of (3.7.3). 

Theorem 3.7.1. Suppose that for any f,g E S(lRd ) 

L dtID(t, f,g)1 < +00. (3.7.4) 

Then the rescaled field 

(3.7.5) 

converges to the white noise ~(t,x) with covariance 

E(~(t,f)~(s,g)) =o(t-s) L drD(r,f,g), (3.7.6) 

where the limit is understood in the sense of correlations and in the distribu
tion sense. 
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Proo! 3.7.1. Because of Gaussianity it is enough to consider 

(3.7.7) 

where 9 E S(JR:d) and rp, 'IjJ are test functions. With the change of variables 
(t2 - h)/>..2 = S, h = t, the integral (3.7.7) becomes 

J J dsdtrp(>..2 s + t)'IjJ(t) J D(s, x, y)f(x)g(y)dxdy 

= J J dsdtrp(>..2 S + t)'IjJ(t)D(s, f,g)· 

The thesis now follows by dominated convergence. 

Remark 3.7.1. We express the content of Theorem 3.7.1 by the statement 

lim u>.(t, x) = lim ~ u (,\ ,x) = ';(t, x), 
>'-+0 >'-+0 A A 

(3.7.8) 

where ';(t, x) is the classical white noise random field with covariance (3.7.6). 

Remark 3.7.2. By Bochner's theorem, D(t, x) is the Fourier transform of 
a positive measure on JR:d+l. Assuming that this measure has a density, i.e. 

D(t, x) = f eitko+ixkf..L(ko, k)dkdko, 
JlRd+l 

where f..L(ko, k) is a sufficiently regular function, we have 

= 2n f dkol5(ko) f dkeixkf..L(ko,k) 
JIR JlRd 

=2n f dkeiXkf..L(O,k)=D(O,x), 
JlRd 

(3.7.9) 

which is the classical analogue of the result established in the quantum case 
in Theorem 3.2.1. 

3.8 Semiclassical Versus Semiquantum Approximation 

The limit relation (3.2.3), Le. 

1~~a(;2 ,k) =b(t,k), (3.8.1) 
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is a direct relation between stochastic processes and quantum theory in real 
time, i.e. without any need to introduce imaginary time. 

Recalling the expression (2.4.3) for a(t, k) and the expression (2.20.1) for 
the field, one realizes that in the corresponding limit for the field A can also 
be interpreted as the square root of Planck's constant. This interpretation 
is particularly clear in the functional integral approach of Chap. 9 and is 
illustrated in the finite dimensional case by the discussion in Sect. 1.2. 

In the usual semiclassical expansion the leading term of the asymptotic 
expansion of the quantum dynamics is the classical solution. Our leading 
approximation to quantum theory is not a smooth classical trajectory or field 
configuration, but rather a quantum stochastic theory, with some simplified 
features with respect to the original one. 

For this reason it might be more appropriate to call this new type of 
expansion a semiquantum approximation rather than a semiclassical one. 

The root of this different behaviour has to be looked for in the fact that 
the usual semiclassical approach can be applied to a class of initial states 
with a very special dependence upon Planck's constant, more precisely one 
considers initial states of the form (WKB ansatz) 

This special choice of the initial data is carried over also in the functional 
integral extension of the WKB method to the space of quantum histories. 

In our approach (3.8.1) has to be meant in the sense of the finite correla
tors with respect to a quantum Gaussian state, for example, the Fock vacuum 
or a finite temperature state or a ground state, etc. 

The fact that the Wiener measure of smooth trajectories is zero, and 
yet the smooth trajectories are the leading approximation in the standard 
semiclassical expansion, has counterparts in several standard asymptotic 
techniques of classical probability theory (the functional form of the law of 
iterated logarithm, action estimates, large deviations, asymptotics of supports 
of diffusion processes, etc.), where the same thing happens. 

Therefore, since the quantum white noise that we obtain in the limit can 
be thought as a pair of (noncommuting) classical white noises (see Sect. 2.15), 
it is clear that, by restricting one's attention to these classical subprocesses 
of the quantum process, the present method provides a natural frame to 
bring these powerful tools of classical probability to the service of quantum 
field theory, without the loss of insight which accompanies the passage to 
imaginary time. 

The existence of several classical subprocesses underlying the full quan
tum process and in some sense driving it shall be a characteristic of the 
stochastic limit and establishes a deep relation between classical probability 
and quantum theory in real time (see Sect. 4.15). 
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3.9 An Historical Example: 
The Damped Harmonie Oseillator 

Historieally the notion of quantum white noise and its connections with 
quantum dissipation arose in connection with abasie physieal example: the 
damped harmonie oscillator.One considers an atom in interaction with an 
electromagnetie field. After introducing the dipole and the rotating wave 
approximations (see Section 4.9), the Hamiltonian of the composite system 
becomes 

H = wQc+c+ J dkw(k)atak + >. J dk[at ® C + ak ® c+Jg(k), (3.9.1) 

where w( k), g( k) are suitable cutofI functions, c, c+ are the annihilation and 
creation operators of the atom (described as an harmonie oscillator), ak, at 
are the annihilation and creation operators corresponding to the kth mode 
of the field in the moment um representation. Denoting 

the Heisenberg equations of motion for Ct and ak(t) become 

Ct = -iwQct - i>. J dkak(t)g(k), 

ak(t) = -iw(k)ak(t) - i>.g(k)ct. 

Solving for ak(t) one finds 

ak(t) = ake-itw(k) - i>.g(k)e-itw(k) 1 t dseisw(k)cs. 

Inserting ak(t) into the equation for Ct, one obtains 

(3.9.2) 

(3.9.3) 

Ct = -iwQct - i>.. J dkg(k)ake-itW(k) - >.21t dscs J dkg2(k)e- i(t-s)w(k). 

(3.9.4) 

Introducing the notations 

>.2 J dkl(k)e-i(t-s)W(k) =: <p).,(t - s), 

-i>' J dkg(k)ake-itW(k) =: d).,), 

the reduced equation for Ct becomes 

Ct = -iwct -1t ds<p).,(t - s)cs + d).,)· 

(3.9.5a) 

(3.9.5b) 

(3.9.6) 
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Note that up to now no approximations have been made. Equation (3.9.6) 
is usually called a quantum Langevin equation driven by the quantum random 
force ~t, also called colored quantum noise. Note that from (3.9.5b) it follows 
that the quantum noise acts exclusively on the field degrees of freedom. Now 
let l/f denote the Fock vacuum for a~ (i.e. for the field) and let us consider 
the 'P statistics of the random force ~t. 

Because of Gaussianity the statistics are uniquely determined by the 
2-point (correlation) functions: 

('P, ~f')l/f) = ('P, (~i>') + ~~>.)+) 'P) = ('P, ~i>') ~~>')'P) = 0 , 

(l/f, ~i>') ~~>.)+ 'P) = ep>. (t - s), (3.9.7) 

where the function ep>.(t - s), which is the same one as that which appears in 
(3.9.6), is defined by (3.9.5a) and it is smooth (provided that the functions 
9 and W are regular enough). This justifies the term coloured noise for the 
Gaussian noise defined by (3.9.7). However, in the usual (classical) Langevin 
equation, the random force is a white noise, i.e. a mean zero, o-correlated 
random process. The stochastic limit explains the dynamical origins of the 
o correlation. In fact, if we make the rescaling t -t t / ).2, then with the 
notation 

(3.9.8) 

(3.9.4) becomes 

c>.(t) = -iwQc>.(t) - fot dac>.(a) ;2 J dklgkl2eiWk (t~;) 

+± J akgkeiWk >.t2 dk. (3.9.9) 

From Theorem 3.2.1 we know that the last term in (3.9.9) converges as). -t 0 
to the quantum white noise bt(g) with variance 

"( = 2n J IgkI 20(Wk)dk. 

Similarly from Proposition 1.2.1 we know that 

;2 eiw(k)-& -t 2no(w(k))o(t) 

in the sense of distributions. This means that the formal limit as ). -t 0 of 
(3.9.9) is the white noise equation 

c(t) = (-iwQ - "()c(t) + ibt(g), 

which is a true Langevin equation in the sense that the random force bt now 
has the usual white noise statistics. The basic advantage of the stochastic 
limit is that it gives with a single limit theorem, all the possible Langevin 
equations of interest, thus making useless the individual deduction of each 
single equation. 
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3.10 Emergence of the White Noise: 
A Traditional Derivation 

It is interesting to compare the stochastic limit approach with a standard 
argument used in the physical literature to justify the emergence of the 
quantum white noise and of the associated stochastic equations. This is based 
on the remark that, in the case of a one-dimensional space (d = 1) and with 
the choices 

w(k) = k, 

g(k) = go = const. E lR., 

(3.10.1) 

(3.10.2) 

the function <p>.(t - s), defined by (3.9.5a) becomes a positive multiple of the 
c5-function, say K,c5(t - s), with 

1'1, = 21Tg~>.2, 

and the random force takes the form 

(3.10.3) 

bt := -igo>' L dkake-itk. (3.10.4) 

Note that the ansatz (3.10.1) makes sense only if the moment um space is 
assumed to be olle-dimensional, which is rarely the case in interesting models. 
Moreover, even in the one-dimensional case, (3.10.1) means that the free 
energy is unbounded below, which is again an unphysical assumption. The 
situation with a stochastic limit is much more satisfactory: it is not bound 
to the one-dimensional case and the flat spectrum has a natural physical 
interpretation not as energy, but as energy fiuctuations around the resonant 
levels. Moreover, as shown in this section and in the following one, the argu
ments used in the nonrigorous derivations are not at all simpler than those 
used in the stochastic limit to obtain a rigorous proof. 

From (3.10.4) it follows that the w-statistics of bt is Gaussian with mean 
zero and correlations 

(W, btw) = (w, bsbtW) = (w, b~btw) = 0, 

(w, bsbtw) = K,8(t - s). 

Moreover the commutation relations for b"t, bt are 

, VS,t, 

(3.10.5) 

(3.10.6) 

(3.10.7) 

(3.10.8) 

Thus bt is the Fock white noise with variance 1'1,. With the choices (3.10.1-2) 
and in the above notations, the equation for at becomes 

(3.10.9) 
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3.11 Heuristic Origins of Quantum White Noise 

In this section we discuss some standard arguments used to justify the as
sumptions introduced to account for the emergence of quantum white noise. 
The starting point of these arguments is a discrete family of one-dimensional 
boson fields depending on a one-dimensional parameter w, 

[bi(w), bj(w')] = 8ij 8(w - w') 

linearly interacting with a system with Hamiltonian 

H1(w) = L kj(w) [Rj 0 bj(w) - Rj 0 bj(w)], 
j 

0, 

where kj(w) are cutoff functions describing the strength of the coupling of 
the system to the field and Rj are system operators. The total interaction is 
then 

(3.11.1) 

Where Jlj is called the carrier frequency and {}j the half-bandwidth. The free 
dynamics of the fields is given by 

In the interaction representation (with trivial dynamics for the system) we 
obtain 

Within this scheme, the emergence of the quantum white noise is justified 
by the following three ansatzen, often called approximations (see [Bar94]). 
The term ansatz seems to be more appropriate than the term approximation 
because in the three following points it is not clear wh at approximates what 
and in which sense . 

• The 1st Markov ansatz, which corrresponds to the formal replacement 

Le. to a Hat spectrum of the frequency field . 
• The 2nd Markov ansatz, which corrresponds to the formal replacement 

{}j ---+ +00, 

Le. to an infinite bandwidth. 
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• The 3rd Markov ansatz, which corresponds to the formal replacement 

(bj(w, t)b;,(w', t')) - (bj(w, t)) (b;, (w', t')) = Jj,jINjJ(w - w'), 

Le. J-correlated frequency modes. 

Using the three ansatzen above the interaction Hamiltonian (3.11.1) is 
replaced by 

H1(t) = i L !:: {Rj l8l b~j)+ - h.c.} , 
j V 27l' 

where b~j)+ are given by (see Section 2.19) 

and satisfy 

Le. they are independent finite temperature quantum white noise. 
Notice that, independentlyon the one-dimensionallimitation, this is not 

a physical justification for the origin of quantum white noise, but rather 
an ad hoc mathematical ansatz. In fact the infinite bandwidth assumption 
would be physically justified in the case kj(w) --+ 0 as w --+ 00; however 
this is contradictory with the Hat spectrum assumption, which requires the 
replacement k j (w) --+ 1. 

In summary, it is not clear why postulating these three ansatzen gives 
more insight than directly postulating that the field is approximated by 
a quantum white noise of the required type. The proof of Theorem 3.2.2 is 
not only mathematically simpler (and rigorous) but it also provides a much 
more satisfactory physical picture: the white noise naturally emerges simply 
by looking at the fast time scale of the standard quantum dynamics. 

3.12 Relativistic Quantum White Noises 

In this section, which is not essential for what follows, we investigate some 
possible forms of relativistic quantum noises. 

By analogy with the one-dimensional boson Fock white noise, consider 
a pair of operator-valued distributions ~(x), ".,(x) acting in an Hilbert space 11. 
over the Minkowski space with coordinates x = (XO, xl, x2 , x3 ). The commu
tator of ~ and "., should be a c-number, 

[~(x),,,.,(y)l = Ll(x,y). (3.12.1) 

Let fields ~ and 'f/ be scalars, i.e. transform as 



3.12 Relativistic Quantum White Noises 105 

U(g)~(X)U(g)-l = ~(gx), (3.12.2) 

where U(g) is a unitary representation of the Poincare group in the Hilbert 
space H. Applying the transformation U(g) to (3.12.1) one obtains 

Ll(gx,gy) = Ll(x,y). (3.12.3) 

Here 9 = (a, A), where a is a vector translation and A a Lorentz rotation. 
From (3.12.3) it follows that Ll depends only on the difference between x 
and y, 

Ll(x, y) = Ll(x - y), (3.12.4) 

and is invariant under Lorentz rotations: 

Ll(Az) = .1(z). (3.12.5) 

Therefore, if Ll(z) is a function, then it could depend only on the Lorentz 
square: 

Z2 = (zO)2 _ (Zl)2 _ (Z2)2 _ (z3)2. 

If it is a distribution, then also 8-functions and their derivatives could arise. 
So the simplest possibility for a relativistic generalization of the I-dimensional 
quantum white noise is 

[~(x),1](Y)] = i8(x - y), (3.12.6) 

where 8(x - y) is the 4-dimensionaI8-function and weassume that the fields 
~ and 1] are Hermitian. The relation (3.12.6) is understood in the usual 
distribution sense, i.e. 

[~(f),1](g)] = i(f,g), (3.12.7) 

where f and 9 are test functions) on a dense set in H. 
One can realize the commutation relation (3.12.6) by introducing the 

boson creation and annhilation operators 

[a(k), a+(k')] = 8(4)(k - k') 

in the Fock space r(L2 (lR.4 )) and then defining 

~(x) = _1_ f [e-ik,xa(k) + eikxa+(k)] d(4)k 
. (27f)2 ' 

1](x) = _i_ f [eik,xa+(k) - e-ikxa(k)] d(4)k 
(27f)2 . 

(3.12.8) 

Similarly, starting from the operators b(t), b(t)+, obtained in the stochas
tic limit, we can form a scalar relativistic quantum white noise by 
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~(x) = b(xo) 0 a(x) + b+(xO) 0 a+(x) , 
1 

TJ(x) = -;- [b(xO) 0 a(x) - b+(xo) 0 a+(x)] . 
t 

In order to eompare the relativistic quantum white noise with the usual free 
sealar relativistic quantum field <p(x), let us remind ourselves that the latter, 
expressed in terms of ereation and annihilation operators, has the form 

where w(k) = y'k2 + m2 and m ~ 0 is a mass. 

One ean also introduee quantum white noises for different spins. For 
example, a vector quantum white noise is a pair ~JL(x), TJJL(x) with the eom
mutator 

Here J-l" = 0, 1,2,3 and the tensor kWY in the simplest ease has the form 

where a is a eonstant and 9wy the Minkowski tensor: 9wy = diag( -1,1,1,1). 
In more eomplex eases kWY eould be a differential operator, e.g. 

where 8JL = 8/8xw 
A spinor quantum white noise is a pair of spinor fields 'l/Jx(a), TJx(ß) with 

the following antieommuting relations: 

where 

Taß = aOaß + bf~ß8JL' 
a, bare eonstants, a, ß are spinor indices, Oa,ß is the Kroneeker symbol, and 
,I-' are the Dirae matrices. 

3.13 Space-Time Rescalings: 
Multidimensional White Noises 

In this section we diseuss the extension of the result of Seet. 3.4 to the 
multidimensional relativistie ease, so as to include spaee-time resealingsj that 
is we eonsider the relativistie sealar field and we reseale not only time but 
also spaee variables. In the limit one would expect to obtain a multidimen
sional relativistic white noisej but we shall see that the situation is not so 
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straightforward and that a meaningful stochastic limit can be obtained not 
for the convergence of arbitrary correlators but only für the convergence of the 
chronological correlators, Le. expectations of chronologically ordered products 
of field operators. We will show that in the stochastic limit in the sense of 
chronological order we obtain a relativistic white nüise. 

Consider a boson Fock field 'P( xO , x) as in Seet. 3.4, 

and define the rescaled field as 

1 2 1 ° 2- 2 0-'P>,(x) = Ad 'P(xIA ) = Ad 'P(x I>.. ,xl>" ) =: 'P>'(x ,x). (3.13.1) 

By repeating, in a purely formal way, for this rescaling the arguments of 
Sect. 3.4 and using Gaussianity to reduce the convergence, in the sense of 
vacuum correlators, to the convergence of the vacuum 2-point funetion, we 
see that, after the rescaling (3.13.1) this 2-point function becomes 

('P>'(XO, x)'P>'(Yo, y)) = { dk1 ( dkda(xo,k1 )a+(xO,k2 )) lRd lRd 
.eik1X/>,2 e-ik2y />,2 

Introducing test funetions fand g in ~d+1, 

Setting 

(3.13.2) 
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Now making 
A-2 ZO = xo, A-2 Z = x, 

we obtain 

As A -+ 0 this converges, in the sense of distributions, to 

This should correspond to the limit relation 

lim <p),(xO,x) = b(xo,x), 
),---+0 

(3.13.6) 

i.e. to the fact that as A -+ 0 the rescaled field (3.13.1) converges, in the 
sense of vacuum correlators, to a boson Fock white noise b(xO, x) on JRd+l 
with variance 

(b(xO,x)b(yO,y)) = <5(w(O))<5(xo - x)<5(yO - y). 

The above expression is, however, meaningless because of the divergent ex
pression 

<5 (w(O)) = 1 r dxodx r eixow(k)e-ikxdk. 
(2rr)d+1 JR.d+l JR.d 

(3.13.7) 

In order to deal with the divergent constant <5 (w(O)), one has to introduce 
a moment um cutoff and a renormalization. This will be discussed in the 
following section. 

3.14 The Chronological Stochastic Limit 

The stochastic limit is a singular limit, and the result depends on the exact 
prescription of the limiting procedure. The discussion in the previous section 
shows that there are (at least) two natural prescriptions for the stochastic 
limit: one can use the convergence in the sense 0/ Wightman /unctions or in 
the sense 0/ Green functions (see Sect. 14.5 for additional discussion). 

In the first approach one considers the correlators 

(3.14.1) 

and in the second one the time-ordered correlators 

(3.14.2) 
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where T is the operation of the chronological product and in both cases 

The results of the two limits are different for a free evolution. 

Theorem 3.14.1. For w(k) = yfk2 + m 2 and m > 0, we have 

lim (a A(t1,h)at(t2' 12)) = 0, 
>'-+0 

Proof 3.14.1. To prove (3.14.4-5), we use the relations 

(3.14.3) 

(3.14.4) 

T (A(tt)B(t2)) = O(t1 - t2)A(t1)B(t2) + O(t2 - t1)B(t2)A(tt), 

Then 

. / ;2 e-i(tl -t2)w(k)/ >,2 f 1 (k )h(k )dk 

1 / 100 1 1 i(tl-t2) [ (k)] = -. dkf (k)h(k) da--. - e >.2 OI-W • 

27r~ 1 a - ~O ).2 
-00 

When ). ---+ 0 this becomes 

-. dkf1(k)h(k) da--. 2m5(a - w(k))8(t1 - t2) 1 / 100 
1 

27r~ -00 a - ~O 

. ( )/ dkf1(k) = ~8 tt - t2 w(k) h(k). 

Thus, the theorem is proved. 

More generally, for any two-point correlation function we have 

and 

lim (T (a>,(t1' h)at(t2, 12))) = -i8(t1 - t2 ) • / d(k f1 (k)h(k). (3.14.7) 
A-+O w k) 
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In all of the above cases one cannot identify the limiting object with the 
ordinary (quantum) white noise because its ehronologieal eovarianee, be
ing equal to i6(h - t2), is purely imaginary. Similar results are obtained 
when dealing with the functional integral approach to the stochastic limit 
(Chap. 9). The emergence of a eomplex eovarianee has the same origin as the 
causal commutator, discussed in Sect. 7.4. 

Theorem 3.14.2. Let<p be the same quantum sealar field as in Beet. 3.13 

with w(k) = J-r? + m 2 , m > 0, k E jRd-l and let the rescaled field be given 
by (3.14.1). Then one has the relation 

-i 
lim (T (<p.x. (x)<p.x. (y))) = -2 8(x - Y), 
.x.~o m 

(3.14.8) 

where T denotes the ehronologieal order (see Beet. 8.1). 

Proo! 3.14.2. 

i J eip(x-y) 
= -- dp -:--;--;:---;::-------,-::-

(27f)d ).4p2 - m 2 - iO' 

Since, as ). --+ ° this converges to -~ 8(x - y), the theorem is proved. 
m 

Remark 3.14.1. We have proved the existence of the stochastic limit in the 
sense of the chronological order. Before we had seen that for the space
time rescaling there is no meaningful stochastic limit in the sense of matrix 
elements. 

Remark 3.14.2. Finally let us notice that in the Euclidean formulation we 
obtain in the stochastic limit for the free fields the classical white noise. In 
fact 

which tends to 
1 1 i k(Xl-X2)d"k 

(2 )3 8(h - t 2 ) -2 ' 
7f ]R3 k + m 2 

i.e. the covariance of a classical white noise. 



3.15 Notes 111 

3.15 Notes 

The distribution approach to the stochastic limit and its interpretation as 
a new semiclassical expansion was introduced in [AcLuVo93]. 

The stochastic limit for a relativistic model is considered in [FaPa99]. 
The chronological stochastic limit is presented here for the first time. 



4. Open Systems 

In this chapter we begin the study of the stochastic limit of the simplest 
interacting systems by considering the open system scheme, described in 
Sect. 1.13. 

We formulate the problem for a general reservoir and then, starting from 
Sect. 4.12 we specialize to the case in which the reservoir is a boson system. 
The modifications needed to indude fermions are discussed in Chaps. 15 
and 16. 

In Sect. 4.1, as a paradigmatic example of open system interaction, we de
scribe the nonrelativistic quantum electrodynamics (QED) Hamiltonian. This 
is an important case not only in itself, but also because a great multiplicity 
of model Hamiltonians can be obtained from it by introducing simplifying 
assumptions (e.g. dipole or rotating wave approximation or consideration 
of only a finite number of atomic levels) or variations. After introducing 
notations we discuss the dipole and the rotating-wave approximations. The 
stochastic limit for the multiplicative (dipole-type) interaction Hamiltonian 
is derived in Sects. 4.11 and 4.12. Then we explain how to read physics from 
the stochastic dynamical equations. 

Motivated by the example of the QED Hamiltonian, we introduce in 
Sect. 4.8 the general dass of interactions which shall be studied in Part I. 
The crucial difference between Parts I and II is not so much in the form 
of the interactions considered, but in the fact that in Part I the system 
Hamiltonian has a discrete spectrum. We shall see in Part II that removing 
this assumption leads to same qualitative new features such as the vanishing 
of the crossing diagrams in the stochastic limit and the subsequent emergence 
of new, non-Gaussian, statistics. 

4.1 The N onrelativistic QED Hamiltonian 

The nonrelativistic QED Hamiltonian describes an atom in interaction with 
the electromagnetic field. The quantized electromagnetic field is confined in 
a box with periodic boundary conditions (so that the opposite faces are iden
tified, giving a torus) and with an ultraviolet (Le. high-momentum) cutoff, so 
that also the momenta are in a box A rather than in the infinite lattice, dual to 
the torus. It interacts, through so-called minimal coupling, with N quantum 
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spinless particles (atoms, molecules, electrons, etc.). In the nonrelativistic 
approximation, the Hamiltonian of this system is given by 

(4.1.1) 
".=1,2 kEA 

where Pj, qj denote momentum and position of the jth particle in the 
3-dimensional space, i.e. Pj = (Pjp P12 ,pj3)' qj = (qjp q12 , qj3)· a( k, (J) are 
Boson annihilators, (J = 1,2 is a polarization index and the expansion of AA 
in Fourier series is 

AA(q) = (const.) L IA~1/2 L Ikl~/2 ek,,,. (ak,,,.eik .q + h.c.) , 
". k 

(4.1.2) 

where the square roots in the denominator arise from the normalization of 
the functions eik .x on the torus and e(k, 1), e(k,2) are orthonormal vectors 
in R 3 (polarization vectors)satisfying 

k· ek,,,. = 0 (J = 1,2. (4.1.3) 

Expanding the square in (4.1.1), neglecting for the moment the A 2 term and 
introducing the N-body system Hamiltonian 

N 1 N 

Hs = L 2m P] + L V (qj) + L Vij (qi - qj), 
j=1) j=1 i#j 

(4.1.4) 

one is reduced to the Hamiltonian 
N 

HA = Hs + ~ Iklat,,,.ak,,,. - ~ 2~jC [Pj . AA(qj) + AA(qj) . Pj] 

=: Ho + HI, (4.1.5) 

where, using (4.1.2) for AA(qj), the interaction Hamiltonian can be written 
as follows: 

1 N e 1 

H1 = IA1 1/2 LL 2m·c Ik11/2 
k,,,. )=1 ) 

. [ (ek". . pjeik .qj + eik .qj ek". . Pj) ak". + (ek". . pje-ik.qj + e-ik .qj ek". . Pj) at".] . 

(4.1.6) 

Note that ek". . Pj is the component of Pj along ek"., and therefore, due to the 
relation 

[Qj·u,pj·v]=iu·v, u,VER3 , (4.1. 7) 
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it commutes with k· qj because of (4.1.3). Therefore 

N 

H 1 '" '" e 1 ( ik·q· -ik·q· +) 
r= IAI1/2L...JL...Jm'clkI1/2 eka'Pje Jaka+eka'pje Jaka 

k,a J=l J 

N 

= IA111/ 2 L L ;:.c Ikl~/2 (eik .qj eka . Pjaka + e-ik .qj eka . Pjata)' 
k,a J=l J 

( 4.1.8) 

Summing over the polarization index and introducing the total annihilator 

one obtains 

Introducing the cutoff function 

1 
g(k) := IkI1/2 ' 

(in fact a truncated version of it) and the module notation 

(4.1.9) 

(4.1.10) 

(4.1.11) 

A(geiC).qj) := Lg(k)eik·qjak 

kEA 

A+(gei(.).qj):= Lg(k)e-ik·qjat, 

kEA 
( 4.1.12) 

we finally write the interaction Hamiltonian in the form 

(4.1.13) 

which we can write in the symmetrized form 

(4.1.14) 

where we identify the operators e-ik .qj to the components of a column vector 
denoted symbolically e-ik'qN and the operators Pj to the components of a row 
vector denoted symbolically PN (the collective atomic variablesU)). 

Replacing in (4.1.10) the sum over momenta IAI-1/2 LkEA by a dk inte
gral one gets, 
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where we have used the usual notation 

A(g) = J d3kg(k)a(k). (4.1.15) 

Taking all the masses to be equal, one ean write the interaetion Hamiltonian 
in the form 

(4.1.16) 

where the explicit form of g(T(k) is obtained by modifying (4.1.11) both near 
zero and at infinity so as to guarantee not only integrability but also the 
validity of eondition (4.5.4). In more eompaet notations, 

N 

H1 = ~c L (A(gei(.).qj) + A+(gei(.).qj)) . Pj· 
j=l 

(4.1.17) 

The polaron Hamiltonian (see Seet. 12.15) is obtained simply by omitting 
from (4.1.16) the sealar produet with the moment um operator p. 

4.2 The Dipole Approximation 

The dipole approximation eonsists in replacing by zero the quantity k . q in 
the expression (4.1.16) for the interaetion Hamiltonian(l). Under this approx
imation the potential no longer depends on the position of the atom and one 
has, using the notation (4.1.15) 

= A(g) + A+(g) = Q(g). (4.2.4) 

With these notations the QED Hamiltonian in the dipole approximation 
beeomes 

e e 
HI = - [A(g) + A+(g)]. PN = - Q(g). PN. 

mc mc 
(4.2.5) 

If we put 

~=:A 
mc 

in (4.1.17), in the dipole approximation, it beeomes(4) 

HI = AQ(g) . P = -iA (Ag + At)(a - a+). (4.2.6) 
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Remark 4.2.1. Usually the Hamiltonian describing the interaction ofthe elec
tromagnetic field with an atom in the dipole approximation is defined by 

H I = -E(q, t) . d, (4.2.7) 

where E(q, t) denotes the electric field and d the dipole moment of the atom 
(whose strength is the coupling constant). Recall that, according to standard 
notations, 

E electric field = P(g) = ~ [A(g) - A+(g)), 
z 

( 4.2.8) 

H magnetic field = Q(g) = [A(g) + A+(g)] (4.2.9) 

where c is a constant proportional to e. Thus, according to (4.2.7) one should 
have 

Hdip = -E(g) . qc = -P(g) . qc. (4.2.10) 

In order to understand the difference between these two conventions, note 
that by making c = 1 one has 

1 1 1 
Q(g) . p = -:- (Ag + At)(a - a+) = -:- (Aga - Ata+) + -:- (Ata - Aga+), 

z z z 
(4.2.11) 

i.e. the difference between the two terms is the sign of the term Aga+ - At a, 
which is opposite in the two cases. (5) 

4.3 The Rot at ing-Wave Approximation 

Often, beyond the dipole approximation, one also intro duces the rotating-wave 
approximation which consists in dropping from the Hamiltonian (4.2.11-9) the 
terms aAg, a+ At, corresponding to creation of one photon in the field and 
a simultaneous jump of one level up in the atom (and the converse process). 
After this approximation the interaction Hamiltonians (4.2.11-9) become ef
fectively equal and (4.2.6) becomes 

(4.3.1) 

We shall see that in some cases (see Remark 5.5.1) this additional approxima
tion is not needed, in the sense that the contribution of the pair creation terms 
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vanishes automatically in the stochastic limit. Replacing, in the Hamiltonian 
(4.3.1), the atomic annihilation operator a by a more or less arbitrary atomic 
operator D, one obtains the so-called spin-boson Hamiltonian 

(4.3.2) 

which is the prototype of a large dass of model Hamiltonians [see (4.9.2)]. In 
Seet. 4.2 it was shown how the spin-boson Hamiltonians is deduced from 
the standard nonrelativistic QED Hamiltonian by introducing the dipole 
approximation. (6) 

4.4 Composite Systems 

Motivated by the example of the QED Hamiltonian let us consider the fol
lowing general situation: 

Definition 4.4.1. A composite system 01 two given quantum dynamical sys
tems 

is another quantum dynamical system 01 the lorm(7) 

{1is 0 1iR, HsR}, 

HSR = Hs 0 IR + Is 0 HR + Hp 

(4.4.1) 

(4.4.2) 

(4.4.3) 

where Hf contains all the new physics, with respect to the isolated systems, 
and is called the interaction Hamiltonian, while Hs (HR) is called the free 
Hamiltonian 01 S (R). 

When no confusion is possible, we shall leave implicit the symbol 0, so, for 
example, instead of (4.4.3) we often write 

( 4.4.4) 

In fact we shall consider a whole family of such systems 

parameterized by a positive number >. called the coupling constant. For any 
such system one introduces the free Hamiltonian 

(4.4.5) 

the total Hamiltonian 

( 4.4.6) 
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and the following unitary operators: 

the free evolution \1;;0 = e-itHo , (4.4.7) 

A "tHC>-) the total evolution \I;; = e -2 , (4.4.8) 

( 4.4.9) 

U?) (also ealled the wave operator at time t) is the solution ofthe following 
Schrödinger equation in the interaction picture: 

(4.4.10) 

where 

(4.4.11) 

Up to now the two systems have entered in a eompletely symmetrie way, and 
there is no reason to eall one of them system and the other one reservoir. Let 
us now introduee those assumptions which justify why S is ealled the system 
and R the reservoir. 

4.5 Assumptions on the Environment 
(Field, Gas, Reservoir, etc.) 

Throughout the present book we shall assurne that the reservoir R is a Gaus
sian quantum field at, ak over JRd, with 

d~3 

and satisfying the q-eommutation relations 

akat - qat,ak = [ak, atlq = c5(k - k'), k, k' E JRd, (4.5.1) 

for some eomplex number q. In fact we shall be mainly interested in the Bose 
(q = 1) or Fermi (q = -1) ease, but we want to emphasize that our method 
works for arbitrary q. We reeall that the Gaussianity assumption means that 
there exists a unit vector if> E 1lR (vacuum, equilibrium, ground, squeezing, 
ete. ), defining the Gaussian statisties of the field in the sense of Definition 
2.2.1. We also assume that if> is invariant under the free reservoir evolution 
(in the gauge-invariant, c5-eorrelated ease this always happens; see Seet. 2.5). 
It is moreover required that the time eorrelations of at and ak with respect 
to if> deeay sufficiently rapidly to be integrable in the sense of distributions 
(see Theorem 3.2.1), formally 
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1+00 
-00 I (aE:!(O,k)ae2 (t,k')) I dt < +00, (4.5.2) 

where condition (4.5.2) is meant in the same sense as condition (3.2.2), ae 

denotes either a+ or ak and 

(4.5.3) 

The suffix 1 in wl(k) denotes 1-particle evolution and sometimes will be 
omitted. 

Condition (4.5.2), which in particular requires a continuous spectrum, will 
be taken as the main characteristic of a reservoir and breaks the symmetry 
between systems Rand S. Throughout this book the 1-particle space of 
the reservoir will be the space L 2(JRd) of square integrable complex-valued 
functions defined on JRd; we shall denote K a subspace of L2 (JRd) such that 
any pair of functions j, g E K satisfy the integrability condition 

1+00 
-00 ds I (I, eisw(p) g) I< +00, ( 4.5.4) 

which will be called the basic analytical condition and in particular implies 
that the 1-particle reservoir Hamiltonian H 1 has a continuous spectrum. 
Since the map s f-t (g, eisw(p)g) is positive definite, it follows from Bochner's 
theorem [Yosh66] that the sesquilinear form 

1+00 
(glg):= -00 ds{g, eisw(p) g) = 27r{g, o(w(p ))g) (4.5.5) 

is a pre-scalar product. Endowed with this pre-scalar product, K becomes 
a pre-Hilbert space and, when no confusion can arise, we shall use the same 
symbol to denote this space and its completion (for the meaning of the 
o-function o (w(P)) of an operator see Definition 1.2.1). 

4.6 Assumptions on the System Hamiltonian 

We shall assume that the system S is discrete in the sense that its free 
Hamiltonian H s has a discrete spectrum 

(4.6.1) 

where Cn are the eigenvalues and Pn the spectral projections. More gener
ally, 1ls can be decomposed into orthogonal subspaces corresponding to the 
discrete, the absolutely continuous and the singular parts of the spectrum 
of Hs. The vectors in the discrete spectrum subspace of 1ls are called the 
bound states of the system S. To restrict one's attention to this subspace 
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means that the system is initially prepared in abound state. In the case of 
the hydrogen atom this means that we ignore the effect of the ionized states. 
Often, in atomie physies, one is interested only in the behaviour of bound 
states, so several interesting eases are included in the Hamiltonians diseussed 
the following. The eontinuous part of the spectrum shall be dealt with in 
Part II, and we shall see that qualitatively new phenomena arise in this ease. 

4.7 The Free Hamiltonian 

The free reservoir Hamiltonian H R will usually have an absolutely eontinuous 
spectrum eoinciding with the positive half line lR+, with infinite multiplicity. 
Thus, in the assumption (4.6.1), the Hamiltonian Ho, defined by (4.4.5), has 
the following spectrum: 

O"ac(Ho) = lR+, 

O"sc(Ho) = 0, 
O"pp(Ho) = {cl ... cM}. (4.7.1) 

Denote by 'l/Jj an eigenvector of Hs eorresponding to the eigenvalue Cj. Clearly 
l}/j = 'l/Jj 0<P is an eigenfunction of Ho eorresponding to the same eigenvalue. 
So these eigenvalues of Ho are embedded into the eontinuous spectrum. 

4.8 Multiplicative (Dipole-Type) Interactions: 
Canonical Form 

Definition 4.8.1. H1 is ealled a multiplieative or dipole-type interaetion 
Hamiltonian if it has the form 

H1 = J d3k {D(k) 0 a+(k) + D+(k) 0 a(k)}, (4.8.1) 

where {D( k) : k E lR3 } is a family of system operators (i. e. aeting on Hs) 
ealled the response terms or eurrents and eontaining loeal information about 
the interaetion. 

This is most general dipole-type interactions between a system (the D field) 
and an environment (the a field). One ean think, for example, oftwo interact
ing fields the spectrum of one whieh is diseretized by introducing a cutoff (see 
Chap. 14). Many interactions eneountered both in the theory of open systems 
and in quantum field theory have the form (4.8.1) for an appropriate ehoice 
of D(k); in particular this form includes the QED Hamiltonian (4.1.16) and 
many other examples that we shall diseuss in the following. 

Let Hs , (cn), and (Pn ) be as in Seet. 4.6, so that (4.6.1) holds. Then, 
arguing as in Seet. 3.6, we ean write the interaction Hamiltonian in the form 
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HI = J dkLPmD(k)Pn0at+h.c., 
m,n 

so that the time-evolved interaction Hamiltonian becomes 

HI(t) = J dk L PmD(k)Pn 0 eit(wk+cm-cn)at + h.c. 
m,n 

Now let us introduce the Bohr jrequencies 

and let us label them by an index q so that, by construction 

Then we introduce the operators 

En-em=Wq 

and (4.8.3) becomes 

HI(t) = J dk L Dq(k) 0 eit(Wk-wq)at + h.c., 
q 

where the system operators Dq(k) satisfy 

eitHs Dq(k)e-itHs = e-itWqDq(k). 

(4.8.2) 

(4.8.3) 

(4.8.4) 

(4.8.5) 

(4.8.6) 

(4.8.7) 

(4.8.8) 

The rescaled Schrödinger equation, in the interaction representation, associ
ated to (4.8.7) is 

(4.8.9) 

4.9 Approximations of the Multiplicative Hamiltonian 

Instead of discussing immediately the stochastic limit of the evolution UD'12 
associated to the Hamiltonian (4.8.7), we follow the historical developement 
of the subject by starting from some very strang simplifying assumptions 
on the interaction Hamiltonian H I and then showing how, each time these 
assumptions are weakened, some new qualitative phenomena arise. This ap
proach not only helps to put in the correct perspective the role of the single as
sumptions, but also allows one to understand the basic ideas of the stochastic 
limit in the simplest possible situations, without unnecessary complications. 
We shall proceed in three steps, in increasing order of complexity. 
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4.9.1 Rotating-Wave Approximation Hamiltonians 

The first and simplest class of Hamiltonians we are going to eonsider are 
obtained from (4.8.7) through the following approximations: 

(i) Generalized dipole approximation: 

(4.9.1) 

where gq(k) is a test function (eutofI or form factor) and Dq is a fixed 
system operator. 

(ii) Only one Bohr jrequency, i.e. the sum over q in (4.8.7) is replaced by 
a single term. 

Approximation (i) is valid whenever the response does not vary apprecia
bly for those values of the wavelength (i.e. the argument k) of the reservoir 
particles which are of interest for the problem eonsidered (see Beet. 4.2). The 
band of variation of these wavelengths are delimited by the form factors gq. 
In QED this approximation is not appropriate for large momenta. 

Approximation (ii) means that we eoneentrate our attention on only two 
levels of the system S. 

Under these assumptions, (4.8.7) is replaeed by the approximate Hamil
tonian 

HI = D+ 0 A(g) + D 0 A+(g) = r dk[D+ 0 g(k)ak + D 0 g(k)atJ, 
J~d 

(4.9.2) 

where 9 is a test function (form factar) in the space K, defined at the end 
of Beet. 4.5, deseribing the strength of the interaction of the system with the 
environment D is an operator on the system space satisfying the following 
eondition: there exists a dense subspace 1)8 C 1'-8, and for any pair ofvectors 
~,"l E 1)8, there exists an a > 0 such that 

f 1(~,Dn"l)1 < 
n=l [n/a] , 

00, (4.9.3) 

where [ni a] denotes the integer part of nl a. This eondition is obviously satis
fied if D is bounded. If also 1'-8 is a seeond quantization spaee then, ehoosing 
'V8 to be the linear span of the finite particle (or coherent) veetors, one ean 
ehoose D to be any polynomial in the ereation or annihilation operators. 

4.9.2 No Rotating-Wave Approximation Hamiltonians with Cutoff 

The interaction Hamiltonian HI is a (possibly infinite) sum of terms of the 
form (4.9.2), i.e. 
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N 

H1 = L (Dt ® A(gq) + Dq ® A+(gq)) , 
q=l 

and for any time t 

4.9.3 Neither Dipole nor Rotating-Wave Approximation 
Hamiltonians Without Cutoff 

(4.9.4) 

(4.9.5) 

This is the original multiplicative coupling Hamiltonian (4.8.1) without any 
approximation. Here quantities relative to the system act as cutoff on the 
field through a mechanism whose implications deserves further investigation 
because it darifies the physical meaning of the cutoff functions (or form 
factors) which are present in all the interaction Hamiltonians considered in 
this book. Let us illustrate the situation in the case in which the system 
Hamiltonian H s has a purely nondegenerate spectrum. In this case, in the 
notation of (4.6.1) and denoting len) the eigenvector of Hs belonging to the 
eigenvalue en, one has 

(4.9.6) 
n 

and the operator (4.8.6) becomes 

En-em=Wq En-em=Wq 

Thus, if we introduce the notation 

g~~n(k) := (ern, D(k)en), (4.9.8) 

(4.8.7) takes the form 

HI(t) = L L lern) (enl ® J dk g~~n(k)ateit(Wk-wq) + h.c. 
q En-Em=Wq 

= L L lern) (enl ® A (siq) g~~n) + h.c. (4.9.9) 
q En-Em=Wq 

From (4.9.8-9) it is dear that the cutoff functions of the a field are matrix 
elements operators of the system. This shows that, at least in all cases in 
which the matrix elements (4.9.8) have a sufficiently rapid decay, the intro
duction of cutoff functions is not necessarily something introduced by hand 
and external to the theory, but may be something canonically deduced from 
the interaction (see Sect. 5.18 for further discussion). 

In Chap. 11 we will show that, as a consequence of the block principle (see 
Sect. 11.7), the qualitative picture does not change very much if one enlarges 
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the dass of multiplicative couplings by replacing, in (4.9.2), the linear powers 
of the field operators A(g), A + (g) with arbitrary polynomials. 

This shows that the essential restriction of the multiplicative coupling 
considered in this chapter is not so much the bilinearity in the system
reservoir coupling, as the fact that, in the time-evolved interaction Hamil
tonian (4.9.9), the frequency wq of the system operator D does not depend 
on k. This restrietion will be removed in Chap. 12, and we shall see that 
this removal introduces substantial changes in the overall picture after the 
stochastic limit. 

4.10 The Generalized Rotating-Wave Approximation 

Definition 4.10.1. The interaction Hamiltonian H I is said to satisfy the 
generalized rotating-wave approximation condition if there exists a fixed 
strictly positive real number, 

Wo> 0, (4.10.1) 

such that for any t E IR one has 

(4.10.2) 

Example 4.10.1. Take the system space 1is to be the Fock space of aI-mode 
field (harmonie oscillator) with creation and annihilation operators a, a+ and 

Hs = woa+a, D = a. (4.10.3) 

Clearly, if D = a, (4.10.2) is satisfied, and also the analytical condition (4.9.3) 
is satisfied if one chooses Vs to be the linear span of the number vectors. 
Replacing a by any of its powers am simply amounts to replacing Wo in 
(4.10.2) by mwo; condition (4.9.3) is still satisfied. Another example, based 
on 2-level systems and the Pauli matrix, is discussed in Sect. 5.9. 

Remark 4.10.1. In some sense the two examples mentioned above are the 
building blocks of all operators satisfying condition (4.10.2) above. In fact, 
suppose that le) is an eigenvector of H s corresponding to the eigenvalue e, 
Le. 

Hsle) = eie), 

then 
eitHs Die) = (e itHs De- itHs ) eitHs le) = eit(g-wo) Die), 

Le. Die) is an eigenvector corresponding to the eigenvalue e -Wo. This means 
that the operator D reduces the energy of the system; therefore, since in 
the interaction Hamiltonian (4.9.4) it is paired to a creation operator, it 
behaves as an annihilation operator. Thus the interaction Hamiltonian (4.9.2) 
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describes an exchange of single quanta between the system and the reservoir. 
In the optical interpretation, Wo is the proper frequency of the laser. 

Iterating the above argument we see that for any k E N there are only 
two possibilities: 

(i) Dkle:) = o. 
(ii) e: - kw is an eigenvalue of Hs. However, since Hs is bounded below, for 

each of its eigenvectors Ie:) there must exist some k = ke E N such that 
condition (i) is verified (see [AcKoOOb] for more detailed analysis). 

4.11 The Stochastic Limit 
of the Multiplicative Interaction 

Under condition (4.10.2) the interaction Hamiltonian (4.9.2) evolved with the 
free evolution is as follows: 

Hr(t):= J dk [D+@gke-itW(k)ak+D@gkeitW(k)at] =: D+at + Dat, 

(4.11.1) 

where we omit the symbol @ (often the case in the following) and where we 
have introduced the shorthand notations: 

at := J dkgke-itw(k)ak = A(Stg), 

S .- Sle-itwo - eit(Wl (k)-wo) _. eitw(k) t·- t - -., 

w(k) := wl(k) - Wo 

(4.11.2) 

(4.11.3) 

(4.11.4) 

(wl(k) is as in Sect. 4.5). Thus we see that as far as the interaction H r 
is concerned, under the assumption (4.10.2), one can assurne that the sys
tem Hamiltonian is absent (i.e. it is zero) at the cost of replacing the 1-
particle reservoir Hamiltonian by the effective 1-particle Hamiltonian, given 
by (4.11.4), which also depends on the atomic frequency Wo. 

In these notations and assumptions and with at given by (4.11.2), the 
Schrödinger equation in the interaction representation takes the form 

(4.11.5) 

The rescaled evolution operator satisfies the rescaled Schrödinger equation: 

ßtUtj~2 = -iHi>')(t)Utj;2 , (4.11.6) 

where the rescaled interaction Hamiltonian is defined by 

H (>.)( ).- 1 H (/\2) - D+ (1 ) D(l + ) _. D+ (>.) (>.)+ r t.-;: I t /\ - ;:at />.2 + ;:at />.2 -. at +Dat 

(4.11.7) 
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and the rescaled fields are 

a(>') - ~ a 2 - ~ r dk-g e-i (t/>.2)W(k)ak 
t - A t/ >. - A J~.d k . 

( 4.11.8) 

Now we apply the general scherne, described in Seet. 3.2, to deduce the conver
gence ofthe rescaled fields and of (4.11.5). We know from Theorem 3.2.1 that 
the rescaled fields (4.11.8) converge in the sense of correlators to a quantum 
white noise bt , bt whose covariance is determined by the reference state of 
the a field as explained in Sect. 3.2. In symbols 

(>.) 1 (>.)+ _ 1 + + 
at = A at/>.2 -+ bt , at - A at/>.2 -+ bt , (4.11.9) 

l~ ~ H1 (;2 ) = Ht = D+ bt + Dbt, (4.11.10) 

and the white noise Hamiltonian equation associated with the right-hand side 
of (4.11.7) is 

(4.11.11) 

Theorem 4.11.1. Equation (4.11.11) ean be given a meaning and, under 
the assumption (4.9.3), gives a unique unitary solution Ut . Moreover, 

1· U(>.) U 
1m t/>.2 = t, 

>'-+0 

where eonvergenee is meant in the sense of the matrix elements with respect to 
the eolleetive veetors {see Seet. 1.26 for a general definition of these veetors}. 

Proof 4.11.1. The meaning of equation (4.11.11) is explained in Seet. 4.12. 
The proof is performed using the estimates developed in Part IH. We shall 
not discuss the details here. 

4.12 The Normal Form 
of the White N oise Hamiltonian Equation 

Equation (4.11.11) is only apparently a usual Hamiltonian equation. In fact 
it is very singular because bt , bt is a quantum white noise. In order to give 
it meaning, one has to bring it to its normally ordered form, Le. instead of 
the term btUt we would like to have the term Utbt . Rewriting the equation 
in the form 

(4.12.1) 

we see that the normal form of the equation involves the computation of the 
commutator [bt , Ut ]. This is done through the following lemma, whose proof 
shall be given in Sect. 7.9. 
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Lemma 4.12.1. Let Ut denote the unique unitary solution of (4.11.11). 
Then the following identities hold: 

[bt , Ud = btUt - Utbt = -ir_DUt , 

[ut,btl = Utbt - btUt = i'Y_Ut* D+, 

[bt , utl = ir_ut D, 

where "1_ is given by 

"1_ := jO (g, Bsg)ds = jO dt ( e-it[w1(k)-wo] 1 g(k) 12 dk -00 -00 J'R.d 

= [°00 ds e+iswOG_+(s). 

(4.12.2) 

(4.12.3) 

( 4.12.4) 

(4.12.5) 

Applying this lemma, it is possible to give a precise meaning to (4.11.11) 
by bringing it to normal order, as described by the following theorem: 

Theorem 4.12.1. 1f the reference state of the a field is the Fock vacuum, 
then the normally ordered form of the white noise H amiltonian (4.11.11) is 
the following equation: 

(4.12.6) 

where 

(4.12.7) 

is the operator transport coefficient defined in Beet. 1.8 with respect to the 
vacuum expectation value. 

Proof 4·12.1. The term DbtUt is already in normally ordered form. Thus we 
have only to consider the term 

D+btUt = D+[bt , Utl + D+Utbt . 

From Lemma 4.12.1 we know that [bt , Utl = -ir_DUt , and from this the 
thesis follows. 

Definition 4.12.1. Given a white noise Hamiltonian (4.11.10), the oper
ator Y, the coefficient of Ut in the term not including noise operators in 
(4.12.6), is called the drift coefficient or the 1to correction term .. 

4.13 Invariance of the Ito Correction Term 
U nder Free System Evolution 

The additional term -YUt, appearing in the white noise equation (4.12.6) 
as a consequence of the normal order, is called the Ito correction term. As 
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already remarked, this term is nothing but the operntor-valued trnnsport 
coefficient introduced in Sect. 1.8. 

A corollary ofthe generalized rotating-wave approximation (4.10.2) is that 
the coefficient -"Y-D+ D of the lto correction term commutes with the system 
Hamiltonian Hs. In fact, using the differential form of (4.10.2), we find 

[Hs , YJ = [Hs, D+ DJ = [Hs, D+JD + D+[Hs , DJ = woD+ D - woD+ D = O. 
(4.13.1) 

In terms of the representation of "Y, discussed in Lemma 4.20.1, the Ito 
correction term corresponds to a non-self-adjoint correction to the system 
Hamiltonian, 

(4.13.2) 

Since H s commutes separately with the real and imaginary part, we see that 
the effect of the imaginary part of the Ito correction is a global (operntor) 
shift of amount Im "Y-D+ D in the spectrum of the system Hamiltonian. 

We shall see that the commutation relation (4.13.1) is a quite univer
sal phenomenon in the stochastic limit and has an important consequence, 
namely: the energy levels of the free system Hamiltonian Hs, after the 
stochastic limit, undergo a classical stochastic process. 

This gives a theoretical foundation to the empirical successes achieved 
through the use of classical stochastic processes in the description of quantum 
systems. 

4.14 The Stochastic Golden Rule: 
Langevin and Master Equations 

Given the normally ordered form of the equation, one can calculate all the 
quantities of physical interest. Therefore it is useful to formulate a simple 
rule which allows one to write down immediately the white noise equation 
for the most general multiplicative interactions (4.8.1) written in canonical 
form, i.e. in the notations of Sect. 4.9: 

Hr(t) = L L Icm)(cnl @ J dk g};{~n(k)ateit(Wk-wq) + h.c. 
q en-em=Wq 

= LHiq)(t), 
q 

where, for q =I- q', wq =I- wq' and each Hamiltonian Hiq) (t) satisfies condition 
(4.10.2) with Wo replaced by wq (notice that wq might be negative), more 
precisely: 
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H1(q)(t) : = L lem)(enl ® J dk g};{~n(k)ateit(Wk-wq) + h.c. 
en-em=Wq 

L lern) (en I ® A ( s~q) g};{~n) + h.c. 
cn-em=Wq 

We call the following set of prescriptions the stochastic golden rule because 
it is a generalization of the Fermi golden rule (how to deduce the latter from 
the former is discussed in Sect. 5.8). This rule allows one just by inspection 
of the given interaction Hamiltonian: 

• to define the rescaled fields (hence to choose the collective vectors); 

• to determine the limit space on which the limit of UD'l2' Utjl2XUt*X~ and 

U*().)XU().) l' (h ) t/).2 t/).2 Ive t e master space ; 
• to write down the white noise equations (or the equivalent quantum 

stochastic differential form of these equations) satisfied by 
(i) the limit evolution operator Ut (stochastic Schrödinger equation), 
(ii) the limit interacting Heisenberg evolutions Ut(l ® X)Ut forward 

(inner) Langevin equation, 
(iii) the limit interacting Heisenberg evolutions Ut(l ® X)Ut backward 

(outer) Langevin equation, 
• to write down the backward (for observables) and forward (for density 

matrices) master equations, canonically associated to the corresponding 
Langevin equations (as explained in Seet. 1.13). 

For the Hamiltonian above and for an arbitrary mean zero gauge-invariant 
Gaussian state of the reservoir (thus including equilibrium states), the rule 
is the following: 

(i) Write, as in (4.11.7), the rescaled interaction Hamiltonians (l/A) 
.HIq)(t/A2 ) in terms of the rescaled fields: 

at(q)(t/A2 ):= ~atei(Wk-Wq)t/).2. (4.14.1) 

(ii) Use Theorem 3.2.1 to find the master field as the limit of the rescaled 

fields (a~;~~ -+ b;), in the sense of correlators with respect to the ref

erence state of the field, and write down the white noise Hamiltonian 
equation as the formal limit of the rescaled equation (4.11.6): 

(4.14.2) 

(iii) Compute the operator-valued transport coefficient Y, Le. the limit of 
the expectation of the second-order term of the iterated series (at time 
t = 1) with respect to the reference state of the field (see Lemma 1.8.1): 
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lim,\2 r1
/>..2 dh t 1 dt2(HI(tl)HI(t2)) 

>"-+0 Jo Jo 
= L 1°00 ds (Hiq)(O)H1(q)(s)) = Y. (4.14.3) 

q 

The normally ordered form of the white noise Hamiltonian equation is 
then 

(4.14.4) 

where : HtUt : is obtained from HtUt simply by bringing all the time 
annihilators contained in H t to the right of Ut . If the state is nonFock, 
one expresses it in terms of Fock and anti-Fock states as described in 
Sect. 2.18, and the annihilators have to be meant in the sense of this 
realization. Using equation (4.14.4), it is easy, following the method 
explained in Sect. 4.17, to compute the matrix elements of Ut in many 
different types of states (vacuum, nonzero temperature, coherent, n
particle, etc.). 

(iv) Write the white noise Langevin equation for the Heisenberg evolution of 
an observable X (in interaction representation) simply by differentiating 
the product X t = UtXUt, replacing {AUt by its normally ordered form, 
and bringing the resulting product to normal order using Lemma 4.12.1. 
This gives rise to an expression of the form 

(4.14.5) 

or to a sum of such expressions. Here fh, 0_, 00 are linear operators 
depending only on the system variables, Le. such that for anyexpectation 
value ( . ), involving only the master field b;, one has 

(O(Z)) = O((Z)). (4.14.6) 

This step allows one to estimate all the relevant physical quantities and 
is an essential step beyond the master equation; for example, in the 
classical case the master equation corresponds only to the semigroup 
equation of a Markov process, but the Langevin equation corresponds 
to the full stochastic differential equation. 

The explicit form of the maps O±, 00 strongly depends on the following: 

- the interaction Hamiltonian HI; 
- the free evolution of the (8, R) system; 
- the reference state of the R (reservoir) system. 

Therefore a single formula encompassing all possible cases does not exist. 
Several explicit examples are discussed in the following sections. 
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(v) The master equation for X t := (Xt ), is the vacuum expectation value 
(in the sense of (iii) above and therefore indudes non zero temperature 
expectation values) of the white noise Langevin equation. Thus, using 
(4.14.5-6): 

(4.14.7) 

(Jo and Y depend on the reference state of the reservoir. However in 
all cases (4.14.7) has the general form (1.13.10), corresponding to the 
GKSL generator [GKS76], [Li76]. The master equation for the density 
operator is the dual of (4.14.7). 

All the results of the stochastic limit are obtained as an application of 
the stochastic golden rule. We shall see that, with minor adjustments, this 
rule is valid also in the Fermi case and for a very large dass of interaction 
Hamiltonians, free evolutions (of both the system and the reservoir) and 
reference states of the field. 

4.15 Classical Stochastic Processes 
Underlying Quantum Processes 

We illustrate the way to use the stochastic golden rule in the simplest case 
in which the interaction Hamiltonian is (4.11.1), the a field is boson and its 
reference state is the Fock vacuum. In this case we have shown in Sect. 4.12 
that (4.14.4) becomes 

(4.15.1) 

with r- given by (4.12.5). If we fix a system observable X and denote X t = 
UtXUt then, since [bt, X] = 0, the white noise Langevin equation for X t is 
given by 

8tX t = (8tUdxut + UtX(8tUt) 

= (-ibt DUt - iD+Utbt - r-D+ DUt)XUt 

+ UtX(iUtbtD+ + ibtUt D - ,y-ut D+ D) 

= - ibt DXt - iD+UtX[bt , Ut] - iD+ Xtbt - r-D+ DXt 

+ iXtbtD+ + i[Ut , bt]XUt D + ibt XtD - ;;Y _XtD+ D. 

Using Lemma 4.12.1 we explicitly compute the commutators and find 

-ibt DXt + r-D+ XtD - iD+ Xtbt - r-D+ DXt 

+ iXtD+bt + ;;yD+ XtD + ibt XtD - ;;Y_XtD+ D. 

Thus we finally arrive at the normally ordered Langevin white noise equation, 
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OtXt = - ibt[D, X t] + i[Xt , D+]bt + 2 Re Cr-)D+ XtD 

- ,_D+ DXt - -:r_XtD+ D, (4.15.2) 

and from this, taking the vacuum expeetation value, we get the master equa
tion for X t := (Xt ), i.e. 

(4.15.3) 

The generator of the Markov semigroup associated with the master equation 
(4.15.3) is then 

L(Z) = 2Re Cr-)D+ ZD - ,_D+ DZ - -:r_ZD+ D. (4.15.4) 

Remark 4.15.1. As a eorollary of the generalized rotating-wave approxima
tion eondition (4.10.2) we deduee (see Seet. 4.13) that the genemtor L com
mutes with the free system evolution: 

(4.15.5) 

This is an important property beeause it implies that when restricted to the 
abelian algebm genemted by Hs, the genemtor L becomes the genemtor of 
a classical jump Markov process among the energy levels of Hs . We shall 
see that this property is of general validity in the stoehastie limit, Le. it 
eontinues to hold also when the generalized rotating-wave approximation 
eondition (4.10.2) is dropped. 

Note that this property does not remain true for the Langevin equation. 
In Seet. 4.27 we shall see that there exists a natural generalization of the 
eommutation relation (4.15.5) to the Langevin equation which gives rise to 
an interesting family of classical jump proeesses eanonieally associated with 
the initial quantum proeess. 

We shall also prove (Seet. 4.27) that these eommutation relations are 
a universal property of the stoehastic limit. 

4.16 The Fluctuation-Dissipation Relation 

In order to understand the physieal meaning of the Ito eorrection term 
(4.13.2), we distinguish in it two parts: 

(i) an Hamiltonian part: i(Hs + ImCr_)D+ D); 
(ii) a dissipative part: -!,D+D = - Re Cr-)D+D. 

The Hamiltonian part generates a usual reversible dynamics, while the 
evolution generated by -(1/2)rD+ Dis a eontraetion, in general nonunitary, 
i.e. dissipative. On the other hand , is the eovarianee of the noise, whieh 
is a measure of the strength of the fluetuations. For this reason (4.12.7) 
ean be eonsidered as the prototype of the quantum mechanical jluctuation
dissipation relation. More precisely, reealling (4.12.5) and the faets that: 
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• y = -'Y-D+ Dis the drift of (4.12.6) (see Definition 4.12.1); 
• D+bt , Dbt are the coefficients of the white noise Hamiltonian (4.11.11) 

(noise terms); 
• (. ) denotes vacuum expectation; we can rewrite (ii) above in the form 

or, in other words, 

- covariance of the noise terms = real part of the drift. (4.16.1) 

(4.16.1) is a universal formulation of the quantum mechanical jluctuation
dissipation relation. In fact we shall prove that it is equivalent (up to the 
regularity conditions) to the unitarity of the solution of the white noise 
Hamiltonian (4.11.11). 

In summary, not only does the dissipative term in (4.12.7) not break the 
unitarity 0/ the evolution, but the reason why a dissipative term must be 
present is precisely to guarantee the unitarity condition. 

Starting from the following section, we shall now illustrate, in a multi
plicity of examples, the meaning of the energy shift (i) above and of the 
dissipative addition (ii). 

4.17 Vacuum Transition Amplitudes 

Using the normally ordered equation (4.12.6) for Ut one can easily calculate 
the matrix elements ('l/J, UtcP) for a large dass of states 'l/J, cP in the limit 
space (number or coherent vectors, etc.). As an illustration we compute some 
vacuum-to-vacuum amplitude of the evolution operator Ut (we mean the 
vacuum for the operators bt , bi). In Sect. 5.13 we shall show the connections 
of this result with the Fermi golden rule. 

Now let us consider a special type of states, i.e. states of the form 'l/J 181 P 
where 'l/J is an arbitrary state of the system and P is the vacuum state of 
the reservoir. The probability amplitude that the system will be measured in 
state 'l/J at time t if it initially was in the state 'P, while the reservoir remains 
in its vacuum state P, is 

(4.17.1) 

The quantities are called vacuum transition amplitudes (see Sect. 1.22). The 
quantity 

(4.17.2) 

is the partial expectation with respect to the vacuum state. Note that (Ut ) 

is not a scalar but an operator on the system space. The reason why it 
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is preferable to work with partial expectations is that, as we shaH see in 
amoment, one can easily deduce an equation satisfied in fuH generality by 
the partial expectation value (4.17.2), while only for very special choices of 
the state 'l/J one can deduce an equation for the fuH expectation value (4.17.1). 
In fact the transition rate, corresponding to the amplitude (4.17.4) is 

and the time derivative in parentheses can be easily computed using the 
normal form (4.12.6) of the equation for Ut which gives: 

(4.17.3) 

with 1- given by (4.12.5). The solution of (4.17.3) with Utlt=o = 1 is 

(4.17.4) 

Therefore the explicit form of the expectation value (4.17.1) is 

(4.17.5) 

Since both the operator D+ D and the real part of 1- are positive, we 
see that the generic (see Sect. 4.18) behaviour one should expect from the 
amplitude (4.17.5) is of an exponential decay driven by the real part OJ1- and 
modulated by its imaginary part. The operator 1-D+ D could be interpreted 
as an operator inverse liJetime oJ the vacuum in the limit space in the sense 
that, on each spectral subspace of D+ D, the inverse lifetime is uniquely 
defined. 

Remark 4.17.1. From physical considerations we expect the real part of 1-
to be positive, in fact, ifthe scalar product ('l/J0P,Ut (cp0P)) has to be 
interpreted as a transition amplitude, then its square is a probabilitYi hence, 
it is less than or equal to 1 for any unit vector 'l/J. This means that the 
operator (Ut ) should be a contraction for each t, which is not the case if the 
real part of 1- is strictly less than O. We shall see in the following section that 
the real part of 1- is always positive, and therefore it indeed describes an 
exponential decay. There are interesting physical examples in which this real 
part is zero. In these cases the behaviour of the vacuum shall depend on the 
operator D+ D and purely oscillatory behaviours are possible. An example 
shall be given in Sects. 5.14 and 5.15. 

Definition 4.17.1. Astate CI! is said to undergo an exponential decay under 
the evolution operator Ut iJ, Jor large t, the transition amplitude Jrom the 
state CI! to itselJ in the interval (0, t) decays exponentially, i.e. 

(4.17.6) 
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where .dc", is a complex number with a positive imaginary part: 

1 
.dc", = - 2i r", + [l"" r", > 0, [l", ER (4.17.7) 

More generally one speaks of exponential decay of a transition amplitude, 

(4.17.8) 

4.18 Mass Gap of D+ D and Speed of Decay 

In the notations of the previous section, let us first consider the case in which 
o is an eigenvalue of D+ D and '!/J is a corresponding normalized eigenvector: 

(4.18.1) 

Then (4.17.5) implies that the amplitude ('!/J ® P, Ut'!/J ® p) has the constant 
value 1. More generally: 

Definition 4.18.1. We say that a positive self-adjoint operator A acting on 
an Hilbert space 11. has a gap at the zero eigenvalue, if H can be decomposed 
as an orthogonal sum 

with 

A == 0 on Ho, 

A;::: >'11 on Ht 

for some real constant >'1 > O. 

Remark 4.18.1. Clearly if Ais a positive operator with a discrete spectrum 
in which 0 is not an accumulation point, then there is a constant CA such 
that A - cAl has a gap at the zero eigenvalue. 

Theorem 4.18.1. Suppose that D+ D has a gap c at the zero eigenvalue 
then, denoting Ho the zero eigenspace of D+ D, if'!/J is any vector in Hs and 
'!/Jo denotes its projection in Ho, then for any vector ~ E Hs one has 

(4.18.2) 

where >'1 is the gap and'Y = 2Re'Y_. 

Proof 4·18.1. Writing '!/J = '!/Jo + '!/Je} with '!/Jo E Ho and '!/Jt E He}, one has 

(~®p,Ut'!/J®P) = (~,e-t'Y-D+D'!/J) = (~,'!/Jo) + (~,e-h-D+D'!/Jt). 
But 

Ile-h - D+D 'l/JtI12 = ('!/Jt,e-th-+'Y-)D+D'!/Jt) ::; e-2t Re 'Y-clI'!/JtIl2 
and therefore the left-hand side of (4.18.2) is less than or equal to II~II . 
lI'l/Jcflle-ct'Y, which is the thesis. 
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If D+ D does not have a gap, then nonexponential decays are mathemat
ically possible; it is interesting to find physically meaningful cases of such 
behaviours. An example illustrating this phenomenon in the polaron case is 
given in Sect. 12.15. 

4.19 How to Avoid Decoherence 

The interaction Hamiltonian in the white noise equation (4.11.11), 

(4.19.1) 

is very singular, so it does not make sense to speak of its eigenvalues and 
eigenvectors. In the previous section we have seen that the vacuUlli behaves 
as iJ it were an eigenvector with a complex eigenvalue. It is therefore natural 
to ask oneself if there exist states which behave as iJ they were eigenvectors 
with real eigenvalues, Le. whose transition amplitudes have an oscillating 
behaviour in time. Here we outline a method which can be used to produce 
examples of these pseudo-eigenstates. 

Equation (4.17.5) shows that vectors of the form 1/J 0 <P, where <P, the 
vacuum of the field, can be a pseudo-eigenstate only if either the real part of 
"1- is equal to zero or the system state 1/J is in the zero eigenspace of D+ D. We 
shall consider next the case of an exponential vector 1/J(J) with test function J 
and recall that such astate is characterized by the condition 

bt 1/J(J) = J(t)1/J(J). 

This implies that the equation for the transition amplitude between two such 
vectors, say 1/J(J) and 1/J(g), becomes 

:t (1/J(J) , Ut1/J(g)) = (-iD+ g(t) - iD](t) - "I- D+ D)(1/J(J), Ut1/J(g)). 

Since J, 9 are square integrable (this is necessary if the vectors 1/J(J), 1/J(g) 
have to be in the Fock space), they must tend to 0 as t ~ +00 (with the 
possible exception of sets of smaller and smaller measure). Therefore the 
decay rate of the amplitude (1/J(J) , Ut1/J(g)) shall be eventually (Le. for long 
times) the same as for the vaCUUlli. This shows that if we want to prevent 
exponential decay then we have to consider exponential "vectors" with test 
functions which do not vanish at infinity. The simplest example would be 
the case of a test function that is constant everywhere (plane waves). Such 
objects are not vectors in Fock space, but one can give rigorous meaning 
to the expectation value with respect to them as linear functionals on the 
polynomial algebra generated by the field operators with test functions say, 
with compact support, which are a dense subspace of the 1-particle space. 

For the moment let us discuss only an approximate result. 
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To simplify the discussion let us choose the system state ~ to be also 
a complex eigenvector of D with complex eigenvalue z (say D is an annihila
tion operator and ~ = 1 z), a coherent vector), then denoting 

we obtain 

~ (ß, Uta) = (-izg(t) - izf(t) - 'Y_lzI2) (ß, Uta). 

So, if we could choose I, 9 and z so that 

Im(zg(t) + zf(t)) = (Re'Y_)lzI2, 

we would obtain a purely oscillatory behaviour of the amplitude (ß, Uta). As 
already explained, such a choice can not be made for any time t; however 
we can take I and 9 to be constant in an arbitrarily large interval of time, 
say [0, Tl, and in this interval the transition amplitude (ß, Uta) shall exhibit 
a purely oscillatory behaviour. 

Finally note that, since Ut is localized on the space up to time t (adapted), 
denoting aT = ~ ® 1/J(X[O,TJg) one can use the prescription 

1. (ßT, UtaT) 
1m 

T-too (ßT,aT) 

to give meaning to the transition amplitude (ßT, UtaT) even when I,g are 
only locally square integrable. So, for example, one could give meaning to 
transitions between coherent vectors with constant test junctions or plane 
waves. 

4.20 The Energy Shell Scalar Product: Linewidths 

The Ito correction term, Le. the additional term which arises in (4.12.6) with 
respect to the Hamiltonian white noise equation (4.11.11), is given, in the 
Foek ease, by -D+ D'Y-, where 1'- is given by the integral 

1'- := (g 1 g)- = 1° (g, Ssg)ds = 1° dt r e-it(Wl(k)-wo) 1 g(k) 12 dk. -00 -00 JR,d 
(4.20.1) 

On the other hand in Seet. 4.12 we have seen that the eovarianee of the 
white noise obtained as limit of the original quantum field is given by the full 
integral 

1+00 1+00 r 
I' := (g 1 g) = -00 (g,ssg)ds = -00 dt JR,d eit (w 1(k)-wo) 1 g(k) 12 dk 

(4.20.2) 
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From this we see that 

(4.20.3) 

where as usual Adenotes the Fourier transform. 
In the present section we investigate the physical meaning of these quan

tities. To this goal recall that in the notation (4.20.2) one has 

G_+(t) = (g, sjg) = r dk I gk 12 eitw(k) = (aoai) = (A(g)A+(Stg)), 
J~.d 

( 4.20.4) 

i.e. (g, S[g) is the Fock time-correlation function of the stationary process 
at (see Sect. 2.1) with respect to the Fock vacuum. According to a standard 
terminology in the theory of stationary processes, the Fourier transform of 
the time-correlation function of such a process is called its spectral function 
(see Sect. 2.1). Since the time-correlation nmction of a process is a positive
definite function, by Bochner's theorem it follows that its Fourier transform 
is positive. This justifies the fact that sometimes we shall call the sesquilinear 
form (g I g) the scalar product in the state space of the quantum white noise 
and (g I g) _ the semiscalar product. These quantities are well defined when
ever the function 9 (cutoff lunction or lorm lactor) is a rapidly decreasing 
test nmction (see Sect. 4.1). In these notations we have the basic rule: the 
covariance 01 the white noise obtained as the limit 01 the original quantum 
field is the spectral lunction 01 the original quantum field evaluated at the 
resonant Irequency Wo. 

Lemma 4.20.1. The real part 01 the semiscalar product is given by 
1 1 

Re/,- = Re (glg)- = 2 (gig) = 2/" (4.20.5) 

In particular the real part 01 /,_ is positive because the scalar product is 
positive. 

FrooI4.20.1. This follows from the relation G(t)* = G( -t). Explicitly, 

Re (glg)- = ~[(glg)- + (glg)-] = ~ (1°00 (g, Stg)dt + 1°00 (g, S_t9)dt) 

11+00 1 = 2 -00 (g, Stg)dt = 2(g I g). 

Recalling that St = S[e- itwo (4.11.3), we conclude that the real part 01 
the transport coefficient is nothing but the power spectrum lunction, Le. the 
Fourier transform of the 1-particle time-correlation function at the resonant 
frequency Wo: 

1+00 
rg(wo) := (g I g) = (g I g)(wo) = -00 e-itwO(g, Sjg)dt, (4.20.6) 

i.e. the scalar product (g I g) is the Fourier transform of the (time) vacuum 
correlation function of the free creator process, evaluated at the resonant 
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frequency wo. The explicit form of the spectral function can be found using 
the relation 1: dte- ixt = 21n5(x), 

which gives 

1+00 

Fg(wo):= (g 1 g) = (g 1 g)(wo) = -00 (g,e-it(HI-Wolg)dt 

= 21r(g, 8(H1 - wo)g); 

the 8-function of an operator is discussed in Sect. 1.2. Keeping in mind that 
H 1 = Wl(P), we see that 

rg(Wo) := (g 1 g) = (g 1 g)(wo) = J dk 1 g(k) 12 8(Wl(k) - wo), (4.20.7) 

which shows that, in the stochastic limit of the simplest model defined by 
condition (4.10.2), the interaction is concentrated on the energy sur/ace 

defined by the resonant frequency wo. This surface is a generalization of the 
Fermi sur/ace widely used in solid-state physics. For this reason the scalar 
product (g 1 g) is called energy shell scalar product. From (4.17.5) and (4.20.5) 
we conclude that the energy shell scalar product (g 1 g) (i. e. the covariance 
0/ the master field) gives the expression 0/ the decay rates. 

Remark 4.20.1. Note that since we are assuming that wl(k) ~ 0 it follows 
that the stochastic limit becomes trivial if Wo < 0 (and in several cases also 
when Wo = 0). The physical implications of this fact shall be discussed in 
Sect.4.25. 

4.21 Dispersion Relations and the Ito Correction Term 

The connection (4.20.5) between the scalar and the semiscalar product can 
be made explicit by using the identity (see Sect. 4.12): 

j o . 1 
e-ttwdt = 1r8(w) - iP.P.-, 

-00 w 
(4.21.1) 

where P.P.~ denotes the principal part distribution. Recalling that w(k) = 
Wl ( k) - Wo or, in operator form, 

(4.21.2) 

where H 1 is the I-particle Hamiltonian of the field, we obtain 
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(g [ g)-(wo) = 1['(g, 8(H1 - wo)g) - i / g, P.P. H 1 g). (4.21.3) 
\ 1 -WO 

In a more explicit form: 

The 8-function in (4.21.4) can be explicitly calculated for a rather general 
form of the function Wl (k) (see [Ske96]). In the following section we shall 
consider some particular cases and show that the connection between the 
real and imaginary parts of (g [ g) _ (wo) is a universal phenomenon of the 
stochastic limit which relates it to the well-known dispersion relations. 

It is instructive to evaluate explicitly the semiscalar product (g [ g)_ in 
the case when the 1-particle field Hamiltonian is the usual Laplacian, i.e. in 
moment um representation, 

(4.22.1) 

Changing to polar coordinates, k = ..;wO' in moment um space, and defining 
fg(w) by 

fg(w) := W d;2 { [g (yWO') [2 dO'd-b 
} S(d-l) 

(4.22.2) 

where SCd-l) ~ ~d is the unit sphere and dO'd-l the normalized measure on 
it, the right-hand side of (4.21.3) becomes 

11- 1 1 -(g[g)-(wo) = -2 Fg(w)8(w - wo)dw - iP.P. (2 )Fg(w)dw 
IR IR 2 w - Wo 

1 . 
=: "2F(wo) - zn(wo). (4.22.3) 

U sing the formula 

1 
8 (x2 - c2 ) = 2c [8(x - c) + 8(x + c)], c> 0, 

and the fact that Wo > 0, we see that the first integral, which represents the 
decay rate, is equal to fg(wo), while the the second integral, which represents 
the energy shift, is its Hilbert transform evaluated at the point Wo, i.e. 

1 1 -
n(wo) := P.P. (2 ) Fg(w)dw. 

IR2w -Wo 
(4.22.4) 
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In summary, the energy shift Q(wo) is the Hilbert trans/orm 0/ the spectral 
/unction Fg(w) (decay rate) evaluated at the resonant /requency Wo· 

This Hilbert transform connection is a typical example of a Kramers
Krönig dispersion relation expressing causality and is not specific to this 
example, but has general validity. More precisely, if instead of (4.22.1), H 1 

has the form 

(4.22.5) 

Le. if Wl depends only on Ikl, then one can repeat the above calculation with 
minor modifications. 

4.23 Multiplicative Coupling 
with the Rotating Wave Approximation: 
Arbitrary Gaussian State 

Consider again the multiplicative interaction Hamiltonian of Sect. 4.8: 

H1 = D+ J dka(k)g(k) + D J dka+(k)g(k) = D+ A(g) + DA+(g); 

(4.23.1) 

however, now the reference state oft he field operators a(k), a+(k) is a general 
mean zero Gaussian state, as described in Sect. 2.2. In this section the fields 
can be either Fermi or Bose. We suppose that the generalized rotating-wave 
approximation condition (4.10.2) holds, Le. 

(4.23.2) 

The equation for the rescaled evolution operator UD'12 is 

8 U(A) - i H (/\2)U(A) _ . (1 (>.)+( 1\2) h ) U 
t t/ >.2 - -)." I t /\ t/ >.2 - -z )." a t /\ + .c. t/ >.2, (4.23.3) 

where a(>') (t), a(>')+(t) are the rescaled operators, Le. 

af) = J dkg(k)~ e-itw(k)/>.2 a(k). (4.23.3b) 

From Theorem 3.2.1 we know that the rescaled fields ei (t/>.2)(w k -wO)at I), 
converge to a white noise b+(t, k), whose covariance depends on the state of 
the a field as described in (3.2.4). Therefore the rescaled fields a+(tl),2)/), 
will converge to the white noise b+(t) given by 

b(t) = J dkg(k)b(t, k), (4.23.4) 
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and (4.23.3) will converge to the limit white noise equation 

8tUt=-i(b+(t)+b(t))Ut=-i(D0 jdk9(k)b+(t,k) + h.C.)Ut 

= -i (D 0 b+(t) + h.c.) Ut. (4.23.5) 

The normal form of (4.23.5), according to the stochastic golden rule, is 

(4.23.6) 

where the normal order: : is meant in the sense of Seet. 4.14. Y is the operator 
transport coefficient: 

(4.23.7) 

where ( . ) denotes expectation with respeet to the reference state of the 
a field; the explicit expression of this coefficient for an arbitrary mean zero 
Gaussian state can be easily calculated. In the following sections we shall give 
some examples. 

4.24 Multiplicative Coupling with RWA: 
Gauge Invariant State 

If the reference state ofthe field operators a(k), a+(k) is an arbitrary gauge
invariant state, in particular a thermal state, as described in Sect. 2.10, its 
covariance is 

(-b Gt,~ (Tl-) 0 ) 8(k _ k') o 1 G-+ (r-t) , 
~ ß,I-' ~ 

(4.24.1) 

where, expressed in terms of the Planck factors n( k), m( k) (defined by 
(2.10.5)) and the shifted 1-particle dynamics defined by (4.11.3), the funetions 
G"i;;' are 

ß,I-' 

G-+(t) = J e-itw(k) Ig(kWm(k)dk. 
ß,I-' 

(4.24.2) 

For a thermal state, the difference between the Bose case and the Fermi 
case, at this level, is only in the form of the faetors n(k), m(k). For finite 
temperature states beyond the basic analytical assumption (4.5.2), we must 
also require the integrability of the finite temperature correlations: 
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j +OO 
-00 IGß,t(t)ldt < +00, 

j +OO 
-00 IGt,~(t)ldt < +00, (4.24.3) 

and similarly for G+-. Denoting 

'Yt,~ := [: daGt,~(a), (4.24.4) 

we know from Theorem 3.2.1 that as A -+ 0 the rescaled fields (4.23.3b) 
converge, in the sense of correlators to the finite temperature white noise 
with covariance 

( (b+(t)b(r)) (b(t)b(r))) _ ('Yt,~ 0) _ 
(b+(t)b+(r)) (b(t)b+(r)) - 0 'Y/i,! 8(r t). (4.24.5) 

Given the form (4.11.1) ofthe interaction Hamiltonian and the diagonal form 
of the covariance, Y is easily computed from (4.23.7) to be 

where 

Y = DD+ [0
00 

ds(A+(g)A(gs)) + D+ D [0
00 

ds(A(g)A+(gs)) 

= DD+ [0
00 

ds(gs, ng) + D+ D [0
00 

ds(mg, gs), 

gs(k) = eiSw(k)g(k), (4.24.6) 

mg(k) = m(k)g(k) and ng(k) = n(k)g(k). Since w(k), m(k), n(k) are real and 
commute, this is equivalent to 

Y = DD+ [0
00 

dt(ng, g-t) + D+ D [0
00 

dt(mg, gt). (4.24.7) 

Now in the drift term we distinguish two contributions: a Fock one, corre
sponding to the m term, and an anti-Fock one, corresponding to the n term. 
The difference in the time sign in the two integrals means that time flows 
from the past (t = -(0) to the present (t = 0) in the Fock part and from the 
present (t = 0) to the future (t = +(0) in the anti-Fock one. 

4.25 Red Shifts and Blue Shifts 

The difference between the Fock and the anti-Fock parts in the drift term 
(4.24.7) has an interesting physical consequence. Explicit computation of the 
integrals in (4.24.7) gives for the Fock part 

j o 1 2 . J Ig(k)1 2m(k) dt(mg,gt) = Ig(k)1 m(k)8(Wl(k) - wo)dk - tP.P. dk (k) , 
-00 IRd Wl - Wo 

(4.25.1) 
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and for the anti-Fock part 

j o 1 2 f Ig(k)1 2n(k) dt(mg,g_t) = Ig(k)ln(k)J(Wl(k)-wo)dk+iP.P. dk (k) . 
-oo]Rd Wl - Wo 

(4.25.2) 

Thus, as in the Fock case, in the stochastic limit only the master fields 
corresponding to positive Bohr frequencies survive. However, differently from 
the Fock case, now the negative Bohr frequencies contribute to the energy 
with a shift which is red in the Fock case, but blue in the anti-Fock case. In 
particular, in the thermal case, we know from Sect. 2.10 that the factors m, n 
have respectively the form 

1 
m(k) = [ l' 1 - qe-ß Wl (k)-wo 

e-ß[WI (k)-wol 

n(k) = l' 1 - qe-ß[wl(k)-wo 
(4.25.3) 

with q = ±I corresponding to the Bose and Fermi cases respectively. So, 
especially at high frequencies, we expect the anti-Fock contribution to be 
smaller than the Fock one and the overall shift due to the negative frequencies 
to still be red. As in the Fock case we expect the highest contribution to 
the shift to come from the region of momenta near the positive resonant 
frequencies Wo. However, at high temperature (Le. small ß), the shift is larger 
for bosons and smaller for fermions than in the Fock case. 

4.26 The Free Evolution of the Master Field 

The equation for Ut (jt) has been obtained as limit ofthe Schrödinger (Heisen
berg) equation in the interaction representation. For this reason Ut (jt) is not 
a quantum evolution, i.e. aI-parameter unitary group (a I-parameter group 
of *-automorphisms) but only a localized evolution operator, or a Markovian 
cocycle (a quantum flow). If we want a bona fide quantum dynamics, then 
we have to put back the free evolution which has been subtracted to pass 
to the interaction representation. However, after the stochastic limit, while 
the free atomic evolution remains unchanged, the free evolution of the a field 
does not, and therefore the following problem arises: Which is the natural 
candidate for the free evolution in the master space? 

In other words we have to find a free master Hamiltonian Ho such that 
the I-parameter unitary family 

e-itHoU _. TT 
t -. 1ft 

is a quantum evolution (Le. vt+s = vt Vs). From the general discussion in 
Sect. 1.3 we know that this is equivalent to the fact that Ut satisfies the 
cocycle condition (1.3.11) with respect to exp { - itiIo}. 

In the literat ure on quantum white noise it is usually assumed, more 
or less implicitly, that the free evolution of the a field becomes the second 
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quantization St of the time shift St in the white noise spaee, and eonsequently 
the Schrödinger evolution after the stoehastic limit is defined by 

(4.26.1) 

However this choice is not good both for mathematical and physical reaSOnS. 
From the mathematical point of view we should notice that the I-parameter 
family Vi is not bona fide quantum dynamics, because it does not satisfy the 
condition 

(4.26.2) 

This is shown as follows: since Ut is a (ll2)Sd coeycle, we know from Seet. 1.2 
that the family 

(4.26.3) 

is aI-parameter unitary group. From this it easily follows that Vi, as defined 
by (4.26.1), satisfies (4.26.2) if and only if 

(4.26.4) 

But one easily sees that this is impossible. In fact the normally ordered form 
of the white noise Hamiltonian equation satisfied by v;,0 is 

Ot v;,0 = -i [Db+(t)v;,° + D+v;,°b(t)] - (Y + *Ko) v;,0, (4.26.5) 

where K o denotes the generator of St. Now, if (4.26.4) were true, (4.26.5) 
should also be satisfied by eisHsv;,°e-isHs := ~o (for any choice of s). But 
beeause ofthe rotating-wave approximation (4.10.2) and of the diseussion in 
Sect. 4.13, the equation satisfied by this is easily seen to be 

Ot~O = -i [e-iSWoDb+(t)~O + eiSWoD+~Ob(t)] - (Y + * Ko) ~o. 
(4.26.6) 

The weak point of this argument is clear: before the limit, in order to pass 
to the interaction representation, we have subtracted the free evolution both 
of the system and of the field, while, using (4.26.1), we are putting back the 
free evolution of the system but not that of the field. Now notice that the 
master fields b( t, k) can be intuitively thought to be of the form 

b(t, k) = b(t) 12) b(k), (4.26.7) 

where b(t) is a white noise On ]R and b(k) an independent field On ]Rd (in 
reality this intuitive representation is literally true only when the master 
field is Boltzmannian). 
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The representation (4.26.7) and the factor J(Wk - wo) appearing in the 
covariance of the b(t, k) field suggest that the b(k) field should live on the 
level surface in IRd defined by 

w(k) = wo. (4.26.8) 

This implies that the free evolution of the a field acts on the master field b( k) 
as folIows: 

(4.26.9) 

this means that the correct free evolution of the master field is not St 0 1, 
but 

- -itw R t := St 0e , (4.26.10) 

where the tensor product refers to the decomposition (4.26.7) and eitw is the 
free evolution characterized by the property 

(4.26.11) 

If we now define 

vt = (eitHs 0 R t ) Ut = (eitHs 0 St 0 eitW ) Ut , (4.26.12) 

then it is easy to verify that condition (4.26.4) is satisfied and we have bona 
fide quantum dynamies. In fact, defining ~o as in (4.26.3) and vt as in 
(4.26.12), condition (4.26.2) is equivalent to 

(4.26.13) 

This identity is true because, due to the compensating gauge factor (4.26.11), 
both sides of (4.26.13) satisfy (4.26.5) with the same initial condition. In 
conclusion let us underline that the separation (4.26.7) of the t and the k 
variables in b(t, k) is not necessary, and the evolution R t can be abstractly 
defined by the condition 

Ps (b(t, k)) = Rsb(t, k)R; = e-iSWOb(t + s, k). 

4.27 Algebras Invariant Under the Flow 

Lemma 4.27.1. The fiow 

commutes with the free evolution, i.e. for any s, tE IR, 

Vso* jt (X)Vso = jt (vso* Xv,,°) . (4.27.1) 

In particular, if T is any set of operators which is left invariant by the free 
evolution, then also jt(T) has this property. 
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Proof 4.27.1. Fix s E IR and denote 

Xt = ~o*XtVsO = Vso*jt(X)Vso, 

then Xt satisfies 

with the initial condition 
- 0* ° Xo=~ X~. 

But this is the same equation satisfied by 

jt (~o* X~O) 

with the same initial condition. Therefore (4.27.1) holds. 
In the previous section we have seen that the free evolution for the master 

field can be intuitively represented by 

(4.27.2) 

its generator is 

Hs +Ko +w, (4.27.3) 

where K o is the generator of the time shift. Consider now the vectors of the 
form 

(4.27.4) 

The action of the unitary operator (4.27.2) on a vector of the form (4.27.4) 
gives 

eit(ETn+nw) lem) 0Ib+(tn + t, kn ) ... b+(h + t, kdiP), 

and this gives a natural candidate for the abelian algebra left invariant by 
the flow. 

4.28 Notes 

Section (4.1) 

(1) From (4.1.13), (4.1.14) it is dear that for QED the natural choice for the 
coupling constant is A = e / me. 
In many cases the rescaling parameter A has an obvious interpretation in 
terms of coupling constant, density, energy, etc. but there are other pos
sible interpretations. In fact, starting from the interaction Hamiltonian 
(4.1.14), one can define a number A > 0 by the prescription 
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I~I = density of molecules in A =: A2 . (4.1.18) 

Under these assumptions and notations, and with the furt her notation 

Ag =: g>.. (4.1.19) 

the interaction Hamiltonian (4.1.4), or equivalently (4.1.14), becomes 

(4.1.20) 

Section (4.2) 
A direct study of the interaction Hamiltonian (4.1.10) is very complicated. 
The simple notation (4.1.1) for this Hamiltonian has been chosen in order 
to give intuition of the various simplifying approximations which have been 
introduced in the physicalliterature (single or in combination) to obtain at 
least a qualitative understanding of the QED interaction. In the following 
a list of the main approximations is given. 

(1) The dipole approximation is widely used in quantum optics. Its usual 
justification is that at optical wavelengths the magnitude of the wave 
vector is of the order of 

(4.2.1) 

while the typical atomic radius is ab out 

qat rv 10-8 cm (4.2.2) 

(see [Lou73], § 4.2, Eberly and Milionni (1987), LC.). Within these ranges 
one has 

expik· q rv expi(1O)-3 rv 1 + ilO-3 + 0(10-6 ), (4.2.3) 

Le. the dipole approximation is justified up to an order of 10-3. It is clear 
from these arguments that one should expect the dipole approximation 
to fail when the high frequencies playamajor role. 

(2) In the literat ure (see [Lou73], Chap 4.21) there are other heuristic justi
fications of the replacement of Q(g) with P(g) based on the identity 

1 i 
Hat = 2mP2 + V(q) [q, Hat] = 2m p, 

which implies, denoting 'Pm the eigenvectors of Hat with eigenvalues Am 
(H 'Pm = Am'Pm), that 

2m 
('Pk,P'Pk') = -. ('Pk, [q, H]'Pk') = 2m(Ak' - Ak)('Pk, q'Pk') , 

t 

('IjJ,pj'IjJ') = (imjh)(Ak - Ak,)('I/J,qj'IjJ'), 

so the matrix elements of the two coincide up to a constant. 



150 4. Open Systems 

Section (4.3) 

(1) A frequently used approximation of the QED Hamiltonian consists in 
simplifying drastically the operators A±(gA) and the atomic operators 
PN while keeping A, N, and t (time) fixed. A typical example is the Dicke 
maser Hamiltonian, obtained from (4.1.20) by introducing the following 
approximations: 

(i) The field is reduced to aI-mode field by neglecting all modes except, 
say, the ko mode with Ikol = 1. 

(ii) The atomic variables are replaced by 2-level system variables ac
cording to the following rules: 

_1_p2 -+ e(J"(j) 
2m. J 3 

J 

e > 0, 

• Xo E R 3 
, J 

(this means that position is not quantized), 

_e_p ° -+ (J"(j) 
moc J + 

J 

with the replacements 

(4.3.3) 

(4.3.4) 

(4.3.5) 

N N 
_1_ '" _e_(poeikoqj + eikoqjpo) _-'- _1_ "'eikOoxj(J"(j). (436) 
N1/2 ~ 2moc J J ---, N1/2 ~ +, .. 

j=i J j=l 

the Hamiltonian (4.1.20) becomes: 

N ° A N ° ° 

H N = a+a + e L (J"~J) + N1/2 L(a Q9 (J"~)e·kooxj + h.c.). (4.3.7) 
j=l j=l 

By absorbing the scalar phases into the definition of (J"~), which 

changes neither the commutation relations nor (J"~j), we arrive at the 
form 

_ + (e:) ( PN + Pi;) HN - a a + eS N + A a Q9 N1/2 + a Q9 N1/2 . (4.3.8) 

Starting from the Dicke Hamiltonian and letting 

N -+ +00 IAI-+ +00, (4.3.9) 

so that (4.1.18) remains valid, this limit gives rise to the quantum 
laws 0/ Zarge numbers and central limit theorems. 
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Other limits: 

(i) Combining dipole and rotating-wave approximations leads to the 
spin-boson Hamiltonian. 

(ii) In (4.1.20), with N fixed, replace g>-. by some function such that 

lim g>-. -+ 8 = delta function 
>-'-+0 

(4.3.10) 

in some distribution sense, but keep t fixed (singular eoupling limit) 
(see [GoFri76], [HeLi75]). This limit also gives rise to quantum 
Brownian motion. 

(iii) Start from the full Hamiltonian (4.1.20) (possibly with the dipole 
or rotating-wave approximation) and let 

t -+ +00 A-+O A2 t = T = eonst, (4.3.11) 

then we obtain the stoehastic limit. 
(iv) After the weak eoupling limit, perform the limit (4.3.9). 

The stoehastic limit for models not of system-reservoir type (this essen
tially means that eondition (iv) is not fullfilled) is diseussed in Part II. 
It is teehnieally more diffieult and gives rise to totally new phenomena, 
for example the breaking of the usual Bose-Einstein (or Fermi-Dirac) 
statisties and of the Bose or Fermi eommutation relations. 
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The generalized rotating-wave approximation condition (4.10.2) is too restric
tive. In the present chapter we begin to realize the second step of the program 
described in Sect. 4.9, Le. we shall generalize the multiplicative Hamiltonian 
(4.8.1) by dropping this condition and allowing the system operators to be 
arbitrary [modulo the analytical condition (4.9.3)]. We shall see that this leads 
to a new phenomenon, namely: even if we start with a single scalar boson Fock 
field, in the limit we shall have not a single, but an infinity of independent 
quantum noises - one for each Bohr frequency [see (4.8.4) for this notion] 
of the system; this is the stochastic resonance principle. In this chapter the 
stochastic golden rule is applied to the investigation of the stochastic limit 
for the general spin-boson Hamiltonian, describing a discrete system coupled 
with a boson field. The spin-boson Hamiltonian is widely used in physics [4], 
in studying quantum computing [VoI99], in studying stochastic resonance(l) 
[AcKoVo97, Gam98, Gri98, ImYuOh99], etc. 

The stochastic limit for the spin-boson Hamiltonian is derived in Sect. 5.9 
Then a more general spin-boson Hamiltonian is defined. In Sect. 5.16 we 
derive the Langevin equation for this model and discuss a general and easily 
verifiable criterion of existence for the solution of this equation (the quan
tum flow) which is also applicable to infinite systems (e.g. spin systems). In 
Sect. 5.17 we derive the corresponding master equation for the density matrix 
and show that it describes the collapse of the density matrix to a classical 
Gibbs distribution (convergence to equilibrium). Macroscopic quantum ef
fects (conservation of coherence) for this model are found and the problem of 
the control of these effects using the parameters of the model is investigated. 
In Sect. 5.18 we give an effective criterium for the quantum decoherence 
generalizing the approach of Sects. 5.10 and 5.11: quantum coherence will 
decay exponentially if the values of the following quantities are nonzero, 

Re (glg);<11 = J dk Ig(k)1 2 27r8(w(k) + E((T') - E((T))n(k), 

(see (5.20.15) for the definition of these quantities). Using this characteriza
tion of quantum decoherence, we find that for this model the quantum deco
herence is controllable by the state of the reservoir (which can be controlled 
by filtering). As a particular case of the above construction, in Sect. 5.19 we 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002



154 5. Spin-Boson Systems 

derive the Glauber dynamics (and generalizations thereof) for a system of 
spins (see [AcKo99a, AcKoOOb]). 

5.1 Dropping the Rotating-Wave Approximation 

Following the scheme of Sect. 4.9.2 our starting point is the evolution equation 

(5.1.1) 

where HI(t) has the canonical form (4.9.4) i.e. in the notations (4.11.3-4) 

N 

HI(t) = eitHo HIe-itHo = 2)Dt €I aq(t) + Dq €I at(t)} , (5.1.2) 
q=l 

(5.1.3) 

and where with Dq defined by (4.8.6) we can assume that the nondegeneracy 
condition (4.8.5), i.e. 

for q #- q' (5.1.4) 

is satisfied. Therefore the time-rescaled evolution operator satisfies 

8tUtj12 = - ± HI (;2) Utj12 

N 

= - i L {Dt €I a~A)(t) + D q €I a~A)+(t)}Utj12 , (5.1.5) 
q=l 

where a~A) (t), a~A)+ (t) are the rescaled fields associated with (5.1.3): 

CA) ._ 1 (t) 
aq (t).- ~ aq A2 ' aCA)+(t) '= .! a+ (~) q . A q A2 • (5.1.6) 

According to the stochastic golden rule, the first step is to find the the limit 
of these rescaled fields, i.e. the master field. 

5.2 The Master Field 

The limit of the single rescaled operators a~A)±(t) is known from Theo
rem 3.2.1, so because of Gaussianity, the only thing we need to know is the 
limit of the correlations among fields with different indices q. The rescaled 
operators af)±(t) in (5.1.6) differ among themselves only by the phase factor 
eiwqt . We shall prove in this section that, by the Riemann-Lebesgue lemma, 
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this phase factor leads, in the stochastic limit, to the independence of the 
quantum white noises corresponding to different indices. The time correlation 
between aq(t) and at(t) is 

(ap(t)at(T)) = e-i-rwq+itwPG(T - t), 

where G(t) is the usual (Fock) time correlation, Le. 

consequently the time correlation between a~'>') (t) and a~'>')+ (t) is 

(a~'>') (t)a~'>')+(-r) ) = ;2 e-iWq-r/.>.2+iWpt/.>.2 G (T ~ t) , 

(5.2.1) 

(5.2.2) 

(5.2.3) 

and all the other ones vanish (Fock case). We know that the stochastic limit 
of the covariance (5.2.2) is, in the sense of distributions, 

(5.2.4) 

However for the covariance (5.2.3) one has the following 

Proposition 5.2.1. For an integrable /unction G on lR, the /ollowing rela
tion holds in the distribution sense: 

where, denoting G the Fourier trans/orm 0/ G, 

(5.2.6) 

Proof 5.2.1. After integration over test functions 'PI and 'P2, with compact 
support, the left-hand side of (5.2.5) becomes 

J dt'PI(t) J dT'P2(T)e-iWq-r/.>.2+iwPt/.>.2;2G(T~t). 
After the change of variables T ---+ a = (T - t) / >.2 , it becomes 

J dt'PI(t)e-i(wq-wp)t/.>.2 J dacP2(t + >.2a )e-iwqO'G(a). 

(5.2.7) 

(5.2.8) 
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Now, when A --+ 0, the integral over da tends to 

(5.2.9) 

and the convergence is dominated because G is integrable and 

thus we can replace the second integral in (5.2.8) by (5.2.9) in the limit 
A --+ 0. Therefore, the integral over dt in (5.2.9) tends to zero if wq -I=- wp by 
the Riemann-Lebesgue lemma. If wq = wp (5.2.8) tends to 

J dt'P1(t)r.p2(t) J daeiwqaG(a) = G(wq ) J dt'P1(t)'P2(t) , (5.2.10) 

and this ends the proof. 

We now formulate a generalization of Theorem 3.2.1. 

Theorem 5.2.1. Let a(t, k), a+(t, k) (t E IR, k E IRd) be a mean zero Gaus
sian quantum field in the sense of Definition 2.2.1 with respect to a given 
expectation value ( . ). Suppose that the process a±(t, k) is stationary with 
respeet to ( . ), in the sense of (2.2.4), and that its covariance matrix, with 
respect to the time variable, is integmble in the sense of distributions, i.e. in 
the notations (2.1.1) and for c,c' = 0, 1: 

(5.2.11) 

for any pair of test junctions gl, g2 in the Schwartz space. For eaeh real 
number w, define the new proeess 

Then the limit, in the sense of distribution correlators, 

(5.2.12) 

exists and is the white noise bw(t, k) [of the same Gaussian type as a(t, k)] 
with covariance 

(b~(t, k)b~ (t', k')) = 8(t - t') [:00 dTe- irw (aC(O, k)aCI (T, k')) 

= 8(t - t')Gc,c/(w, k, k'), (5.2.13) 

where Gc,c/(w, k, k') is the (time) spectml matrix of the process a±(t, k) (see 
Seet. 2.1). Moreover the quantum white noises {bw(t, k) : W E IR} are mutually 
independent in the sense of (2.1. 7). 
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Remark 5.2.1. In the boson Foek ease, this means that 

Proof 5.2.2. The first statement follows from Theorem 3.2.1. Sinee the family 
{bw : w E ~} is Gaussian as a limit of Gaussian families, to prove in
dependenee it is sufficient to prove that for w #- w' the pair eorrelations 
between bw (t, k) and bw' (t, k) vanish. But this is an immediate eonsequenee 
of Proposition 5.2.1. 

Remark 5.2.2. The physical meaning of Theorem 5.2.1 beeomes clear by 
looking at the explicit form of the interaction Hamiltonian in (5.1.2-3) and 
remembering that the index q, in that formula, parameterizes the mutually 
different Bohr frequencies of the system. The deeomposition (5.1.5) of the 
interaetion Hamiltonian suggests that, before the limit, the original field 
splits into a family of effective fields, each of which is interacting with its 
own Bohr frequency and with the other effeetive fields. Proposition 5.2.1 says 
that the mutual interaction of these effective fields beeomes negligible in the 
stoehastic limit, and after the limit this mutual independenee beeomes exact. 
In Seet. 11.8 the stoehastic resonanee principle shall be extended to nonlinear 
interactions. 

Remark 5.2.3. Note that, if the initial reservoir state is gauge invariant, then 
so is the limit white noise. 

5.3 The White Noise Hamiltonian Equation 

With the expression of the master fields bq(t), bt(t), given by Theorem 5.2.1, 
the stochastic golden rule gives the white noise Hamiltonian equation 

N 

BtUt = -i H(t)Ut = -i 2)Dt ® bq(t) + Dq ® bt(t)}Ut (5.3.1) 
q=l 

as well as its normally ordered form 

N 

BtUt = -i:L DtUtbq(t) + Dqbt(t)Ut - YUt , (5.3.2) 
q=l 

where Y is the operator transport eoefficient 

(5.3.3) 

and ( . ) denotes expectation with respect to the referenee state of the original 
a field. 
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5.4 The Operator Transport Coeflicient: 
no Rotating-Wave Approximation, 
Arbitrary Gaussian Reference State 

In order to calculate the operator transport coefficient without introducing 
the rotating-wave approximation, we have to generalize Lemma 1.8.1. In fact 
the multiplicity of the Bohr frequencies wq breaks the stationarity condition 
so that the basic assumption of this lemma is not satisfied. 

Lemma 5.4.1. Let / E L1(lR.) and let W be areal number. Then tor any 
t ~ 0, 

(5.4.1) 

(5.4.2) 

= t dS1eiSlW/),2jO da/(a) = t eiS1W/),2 dS1 jO /(a)da. 
Jo -s1I),2 Jo -s1I),2 

Therefore (5.4.1) follows from the double integral lemma of Sect. 15.8 and 
(5.4.2) from dominated convergence. 

Proposition 5.4.1. The operator transport coefficient associated with the 
interaction Hamiltonian (5.1.2-3) and with an arbitrary Gaussian state 0/ 
the field ak, at, with integrable time correlations, is given by 

"" + A_1 + A(_) + + A(_) 
L..,)DJ< DJ<G_+( -wJ<) + DJ<DJ< G+_(wJ<) + DWJ.l.D-wJ.I. G __ (wJ<) 

n 

(5.4.3) 

where DwJ.I. = Dp.; Gee;, is the spectral function 0/ the field e-itwkak (see 

Seet. 2.1) and G(-)(w) is the causal Fourier trans/orm 0/ G(t), i.e. the 
Fourier trans/orm 0/ X(-oo,OjG(t). 

Proo/5.4.2. Given the form (5.1.2-3) ofthe interaction Hamiltonian, we have 

(HI(t1)HI(t2)) = L L D!-E D~-E' e(-l)eitlWJ.l.e(-l)e' it2Wv (aE(t1)aE' (t2)) . 
p.v E,E'= 0,1 
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For a gauge-invariant state only the coefficients (a(tl)a+(t2)) and (a+(h)a(t2)) 
are different from zero. For the Fock term we have 

L Dt Dve-itlWp.eit2wv (a(tl)a+(t2)) , 
J-LV 

L D; Dvei(t2-tIlwv eit1 (Wp.-wv) (a(O)a+ (t2 - tl)) . 
J-L,V 

Since the function eitwv (a(O)a+(t)) is integrable by assumption, we can apply 
Lemma 5.4.1 to it and conclude that for wJ-L =I=- w" the contribution of this 
term to the transport coefficient is zero. If wJ-L = Wv then we apply (5.4.2). 
The same argument apply to the anti-Fock term. For the off-diagonal terms 
One has (recalling that c = 0 corresponds to creator and c = 1 to annihilator): 

LDtD;e-itlwp.e-it2WV(a(0)a(t2 - tt)) 
J-L,V 

= LDt D;e-tl(wp.+Wv)e-i(t2-tl)WV(a(0)a(t2 - tl)), 
J-L,V 

and, again by Lemma 5.4.1, the contribution of this term to the operator 
transport coefficient is zero if wJ-L + Wv =I=- 0, but if wJ-L + Wv = 0, it is given by 

L D:!;p.D~wp. [°00 e-iO"wv (a(O)a(O"))dO" = L D:!;p.D~wp. G~~(WJ-L)' (5.4.4) 

Similarly, for the D D term One finds 

(5.4.5) 

5.5 Different Roles 
of the Positive and Negative Bohr Frequencies 

Apriori all the Bohr frequencies enter On the same footing in (5.4.2-3). 
However the stochastic limit shows that in fact the positive and negative Bohr 
frequencies play different roles. Let us initially consider the Fock case in which 
only the correlations (bw(t,k)b:!;(t',k')) are nontrivial, so in the transport 
coefficient (5.4.3) only one spectral function for each Bohr frequency appears: 

G_+(Wp) = [:00 dO"e-iO"wpG_+(O"). 

In this case, according to Proposition 5.4.1, the transport coefficient is 

N 
y = "",(q) D+ D 
~ 1- q q, (5.5.1) 
q=l 
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where I~q) are defined by 

(5.5.2) 

Therefore the normal form of the white noise equation (5.3.1) is 

(5.5.3) 

Using (4.21.1) we write explicitly the coefficient I~q) in a form which separates 
the damping (i.e. real) part from the energy shift (Le. the imaginary part): 

I~q) = 1r r Ig(kW8(Wl(k) - wq)dk - iP.P. Jdk Ig(k)12 . JRd wl(k) - wq 
(5.5.4) 

Remark 5.5.1. Assuming that wl(k) > 0 almost everywhere, we see that the 
argument of the 8-function can be zero only if wq > O. On the other hand, 
from the fluctuation-dissipation theorem of Sect. 4.16, we know that the real 
part of the Ito correction term is the covariance of the noise; so the fact 
that the contribution relative to a given frequency vanishes means that there 
is no master field with that characteristic frequency. In particular, with an 
interaction Hamiltonian ofthe form (4.9.2) and under the assumption (4.10.2) 
with Wo > 0, we see that if we add to the Hamiltonian a term of the form 
D0ak (e.g. pair annihilation) then the master field corresponding to this term 
will be identically zero. Summing up we conclude that: in the stochastic limit 
only the master fields corresponding to positive Bohr frequencies survive. 

But the explicit form (5.5.4) also shows that this is not the case for the 
imaginary part; in other words: in the stochastic limit the negative Bohr 
frequencies contribute with an overall red shift to the energy. Recalling from 
(4.8.4) that wq = Cn - Cm for some pair of energy levels Cn, Cm, we see that 
the positivity of wq means that in the transition Cn -+ Cm the energy of the 
system decreases. So we can expect that if the field is initially prepared in 
the vacuum state then in the interaction (5.1.2), even before the limit the 
dominating contributions should come from those interactions which decrease 
the energy of the system. 

Since apriori all the Bohr frequencies enter the evolution equation (5.1.1) 
symmetrically and after the stochastic limit this symmetry is destroyed, it 
is natural to call this a stochastic symmetry breaking phenomenon. This 
phenomenon(1) has observable physical effects because it means that even 
if those terms of the Hamiltonian (5.1.2) corresponding to negative Bohr fre
quencies do not contribute to the damping, they leave a physically observable 
track in the form of a shift in the system energy; thus something of their role 
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survives, like the grin of the Cheshire cat. For this reason this phenomenon 
was called the Cheshire cat effect.(2) In Seets. 5.9-5.11 we will illustrate this 
effect in the SQUID Hamiltonian considered in [LCDFGZ87]. 

5.6 No Rot at ing-Wave Approximation with Cutoff: 
Gauge Invariant States 

We discuss here the general case in which the reference state of the field 
operators a(k), a+(k) is an arbitrary mean zero gauge-invariant Gaussian 
state with covariance (2.6.1). Thermal states correspond to the choice (2.10.2) 
of the coefficient m, n of the covariance. 

In this case, according to Proposition 5.4.1 the drift term in equation 
(5.3.2) is split into Fock and anti-Fock parts as folIows: 

N N 
Y = ~ ",(q,m) D+ D + ~ ",(q,n) D D+ L..J 1- q q L..J 1- q q' (5.6.1) 

q=l q=l 

where 'Y~q) are defined by 

(5.6.2) 

(5.6.3) 

and each term of the series has the form (4.8.6). Thus the qualitative pieture 
is different from the Fock case only in the faet that now the contributions 
of the negative frequencies is not only a red shift (corresponding to the Fock 
term) but also includes a blue component (corresponding to the anti-Fock 
term). 

However the fact that negative Bohr frequencies do not contribute to the 
damping also remains true for this dass of reservoir states. 

5.7 No Rotating-Wave Approximation with Cutoff: 
Squeezing States 

In this seetion we show that, in contrast to what happens for the Fock and 
equilibrium (more generally, gauge-invariant) states, in the case of squeezing 
states the negative Bohr frequencies contribute to the definition of the master 
fields. 

Since the Fock and anti-Fock contributions have already been calculated 
in Seet. 5.6, we have only to calculate the contribution of the off-diagonal 
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terms to the transport coefficient (5.4.3) which are given by (5.4.4-5). Using 
( 4.21.1) in these identities, one finds 

'c-)( ) - 1 )1 2 ( ) ). 1 Ig(k)1 2 
G __ Wq -1f dklg(k 8 wl(k + wq - zP.P. dk (k) , 

]Rd ]Rd Wl + wq 

'c-)( ) - 1 ( ) 2 () . J Ig(k)1 2 
G++ -wq - 1f dklg k 1 8(Wl k + wq ) + zP.P. dk (k) , 

~ ~ +~ 

which show that now also the negative frequencies contribute to the real part 
of the drift and therefore to the damping. So a less-symmetric (non-gauge
invariant) state re-establishes a symmetry between positive and negative 
frequencies which is broken by a more-symmetrie (gauge-invariant) state. 

5.8 The Stochastic Golden Rule for Dipole Type 
Interactions and Gauge-Invariant States 

As explained at the end of Sect. 4.14, the explicit form of the operators 
defining the Langevin equation (structure maps) strongly depends on the 
free evolution, the interaction Hamiltonian and the reference state of the 
reservoir. In this section we prove that, if the interaction Hamiltonian is of 
dipole (generalized multiplicative) type and the reference state of the field 
operators a(k), a+(k) is an arbitrary mean zero gauge-invariant Gaussian 
state with covariance (2.6.1) [e.g. a thermal state see (2.10.2)], then the 
Langevin equation has a fairly explicit form. The stochastic golden rule (for 
this type of interaction and state) allows one to immediately write the correct 
Langevin (hence master) equation, given the Hamiltonian system. 

Since we restrict ourselves to the boson case, the coefficient m of the 
covariance in (2.6.1) is equal to n + 1. This generalization is relevant be
cause it gives several examples of stationary nonequilibrium states, so that 
we can effectively speak of nonequilibrium quantum field theory. The total 
Hamiltonian has the usual form 

(5.8.1) 

and acts on the space 1ls 0 F. In this chapter we will only consider interac
tions of the following type. 

Definition 5.8.1. A dipole interaction Hamiltonian is a sum of operators of 
the form 

Hr = 2:= {Dj 0 A(gj) + Dj 0 A*(gj)} , (5.8.2) 
j 

where Dj are system operators and A±(gj) are creation and annihilation 
operators of a quantum field. In the case of a bosonic quantum field, {5.8.2} 
defines the generalized spin-boson model. We will assume that {5.8.2} satisfies 
the following additional conditions: 
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(i) the index j runs a finite set (finite volume Hamiltonian). For particular 
models, such as models of spin systems, the index j in (5.8.2) labels 
the particles in the system. Assuming that the number of particles in 
the system is proportional to the volume occupied by the system, we can 
conclude that the interaction is proportional to the volume. 

(ii) The operators D j are bounded. 
(iii) The cutoff functions gj are Schwartz functions (in most of the applica

tions all of them can be taken equal to a single function g). 
(iv) The free evolution of the boson field is at H eitwk at, and the dispersion 

junction w(k) and the cutoff functions gj are related by the following 
basic analytical condition: 

i dtl(gi, eitW(p)gj) I = i dt lid eitW(k)Yi(k)gj(k)dkl < +00. (5.8.3) 

1f w(k) = k 2 = L~l kJ, then (5.8.3) is satisfied if d :::: 3. 
(v) w(k):::: 0, Vk. 
(vi) The (d-1)-dimensional Lebesgue measure ofthe surface {k: w(k) = O} 

is equal to zero [this implies, in particular, J(w(k)) = Oj [for example, 
w(k) = k 2 + m with m :::: 0 or w(k) = IklJ. 

Often we will simplify the notations by omitting the symbol 18l. So, for ex
ample, (5.8.2) will simply be written 

Hr = L {DjA(gj) + DjA*(gj)} . 
j 

(5.8.4) 

All these assumptions [in particular, condition (i)] can be relaxed in 
various ways, but we shall not discuss these generalizations here. Under 
these assumptions the iterated series of the (5.8.2) converges weakly on some 
subspace ofthe space 1lsl8l:F, for example, the space 1lsI8lV, where V is the 
algebraic linear span of the exponential and number vectors. To perform the 
stochastic limit, one needs to calculate the free evolution of the interaction 
Hamiltonian: 

Hr(t) = eitHo Hre-itHo . 

Using the identity (see (4.6.1)) 

r 

we write the interaction Hamiltonian in the form 

Hr = L LPgrDjPg~ J dkYj(k)a(k) + h.c. 
j r,r t 

(5.8.5) 

Let us introduce the set of energy differences (BohT frequencies) 
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(5.8.6) 

and for each w E F, the set 

Fw := {cr E SpecHS : cr - wESpecHs} 

= {cr E SpecHs : 3c~ E SpecHS,tr - t~ = w}. (5.8.7) 

With these notations we rewrite (5.8.5) in the canonical form: 

H1 = L L L PerDiPer-w J dkgj(k)a(k) + h.c. 
j WEFerEFw 

= L L E: (Dj ) J dkgj(k)a(k) + h.c., 
j wEF 

(5.8.8) 

where we have introduced the operators 

Ew(X):= L Per-wXPer· (5.8.9) 
erEFw 

It is easy to see that for any system operator X the free evolution of Ew(X) 
is 

(5.8.10) 

Using this and (2.4.3) for the free evolution of boson fields, we obtain for the 
free evolution of the interaction Hamiltonian: 

H1(t) = L L E: (Dj ) J dkgj(k)e-it[w(k)-w]a(k) + h.c. 
j wEF 

(5.8.11) 

5.9 The Stochastic Golden Rule 

Note that in the canonical form of (5.8.11) the whole time dependence ofthe 
interaction Hamiltonian has been shifted to the phase factor multiplying the 
field operators. This is the advantage of the canonical form. Using this, we 
rewrite the rescaled interaction Hamiltonian in the form 

1 J e-i(t/>..2)[w(k)-w] 
>.H1(tj),2) = L L E: (Dj ) dkgj(k) ), a(k) + h.c. 

j wEF 

= L L E: (Dj ) J dkgj(k)a>..,w(t, k) + h.c., 
j wEF 

Le. as a function of the rescaled creation and annihilation operators, defined 
by 
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(t k) .=.!. -i-& [w(k)-wl (k) a>.,w, . >.. e a ,W EF. (5.9.1) 

The first step in investigating the limit of (1/>")HI(t/>..2) consists in looking 
at the limit of the rescaled creation and annihilation operators. The result is 
expressed by the stochastic golden rule whose formulation we describe in the 
following two theorems. 

Theorem 5.9.1. Suppose the reference state of the field is mean zero and 
Gaussian, with a correlation matrix given by (2.6.1). Then each rescaled anni
hilation (creation) operator (5.9.1), corresponding to a nonpositive frequency 

converges, in the sense of correlators, to zero. While, if w > 0, one has 

lim a>. w(t, k) = lim .!. e -i-& [w(k)-wla(k) =: bw(t, k), 
>'-+0' >'-+0 >.. 

(5.9.2) 

where bw(t, k) is a quantum white noise or master field satisfying the com
mutation relations 

[bw(t, k), b:,(t', k')] = 8w,w,27r15(t - t')8(w(k) - w)8(k - k') (5.9.3) 

with a reference vector IJ! which defines the mean zero gauge-invariant white 
noise with correlations 

(b:(t, k)bw,(t', k')) = 8w,w,27r8(t - t')8(w(k) - w)8(k - k')n(k) , (5.9.4a) 
(bw(t, k)b:,(t', k')) = 8w,w,27r8(t - t')8(w(k) - w)8(k - k')(n(k) + 1). 

(5.9.4b) 

In particular white noises corresponding to different frequencies w are inde
pendent. 

Proof 5.9.1. Since the rescaled operators are Gaussian, their limit in the sense 
of correlators is uniquely determined by the limit of their pair correlation 
functions, e.g. 

(a>.,w(t, k)a~,w,(t', k')) = :2 e -i-& [w(k)-wlei~ [w(k')-w'l8(k - k') 

1 (t-J'l t', = >..2 e -i A [w(k)-wlei~ (w-w ) 8(k - k') . 

To find these limits we use 

l~ :2 exp (1; f(k)) ei~ (w-w') = 8w,w,27r8(t)8(f(k)) , (5.9.5) 

which shows that the term 8(f(k)) in (5.9.5) is not identically equal to zero 
only if w = w' and f (k) = 0 for some k in a set of nonzero (d - 1 }-dimensional 
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Lebesgue measure [this motivates condition (vi) of Definition 5.8.1, on the 
dispersion w(k) of the boson field]. 

Finally note that since w(k) is supposed to be ~ 0 from (5.9.4a,b) it 
follows that if w ~ 0 then the above correlations vanish identically, which 
means that bw(t, k) == O. 

Theorem 5.9.1 implies that the stochastic limit of the rescaled interaction 
Hamiltonian is equal to 

h(t) = L L E~ (Dj ) J dkgj(k)bw(t, k) + h.c. 
j wEF 

(5.9.6) 

= L J dk (LE~(Dj)9j(k)) bw(t,k) +h.c. 
wEF J 

The stochastic golden rule for this class of interactions and states is obtained 
by combining Theorem 5.9.1 with the following resu1t: 

Theorem 5.9.2. The stochastic limit of the evolution equation in the inter
action picture for our model is the (singular) white noise equation 

d . 
dt Ut = -zh(t)Ut , (5.9.7) 

and its (causally) normally omered form is the stochastic Schrödinger equa
tion 

dUt = [-idH(t) - Gdt]Ut t > 0, (5.9.8) 

with the initial condition Uo = 1 and where 
(i) h(t) is the white noise Hamiltonian (5.9.6) and dH(t), called the 

martingale term, is the stochastic differential, 

driven by the quantum Brownian motions 

(5.9.10) 

(ii) The operator G, called the drift, is given by 

G = L L [(gilgj):E~ (Di ) Ew (Dj ) + (gilgj):Ew (Di ) E~ (Dj )] , 
ij wEF 

(5.9.11) 
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where the explicit form of the constants (gi Igj); is 

(5.9.12) 

+ J -- -in(k) 
(gilgj)w = dk9i(k)gj(k)w(k)_w_iO (5.9.13) 

= 1r J dkgi(k)gj(k)n(k)o(w(k) - w) - iP.P. J dkgi(k)gj(k) w(~~k2 w· 

Remark 5.9.1. The constants (gilgj); are called generalized susceptivities 
and have an important physical meaning. In some sense they contain all 
the physical information on the original Hamiltonian system. An important 
dass of physical states is the one in which n(k) itself is a function of w(k), 
Le. 

n(k) = n(w(k)). 

In this case the generalized susceptivities become 

where 

Therefore 

Re (gilgj);:;- = [n(w) + Ihij(w) 

Re (gilgj)t = n(w)"(ij(W) , 

Re (gilgj);:;

Re (gilgj)t 

n(w) + 1 
n(w) 

(5.9.14) 

(5.9.15) 

Recalling that n( w) is the density of field quanta (photon, phonons, etc.) 
at frequency w, and comparing (5.9.15) with the well-known formula of radi
ation theory (the Einstein formula) 

Wemission nw + 1 

Wabsorption nw 
(5.9.16) 

which gives the ratio of the probability of emission and absorption of a light 
quantum by an atom [see [Heit54], Chap. V, §17, formula (18)], we gain 
some physical intuition of the meaning of the generalized susceptivities. In 
fact the ratio (5.9.16) "is just that which is necessary to preserve the correct 
thermal equilibrium of the radiation with the gas" ([Heit54], p. 180). This 
suggests that the ratios (5.9.15) may playa similar role for some stationary 
nonequilibrium states. 
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Remark 5.9.2. In (5.9.10) we introduced the smeared master fields: 

bw(t,g):= f dkg(k)bw(t, k), JRd 
with covariance 

(b:(t,gj)bw(t',gj)) = o(t - t')2Re(gilgj)~' 

Moreover we know that Re(gilgj)~ can be i- 0 only if w > O. 

(5.9.17) 

(5.9.18) 

(5.9.19) 

Proof 5.9.2. The limit dynamical equation is obtained as follows: the first 
term dH(t) in (5.9.8) is just the limit of the iterated series solution for the 
rescaled Schrödinger equation in the interaction picture 

1 I t+dt ( T ) f-To A t HI A2 dT. 

The second term Gdt, i.e. the drift, is equal to the limit of the expectation 
value in the reservoir state of the second term in the same iterated series 

l~ ;21t+dt dtl I t1 
dt2 \ H1 (~~) H1 (~~) ) 

1 It+dt I t1 
/ (t2 - t 1 ) \ = f-To A2 t dtl t dt2 \ HI(O)HI ~ / 

Making the change of variables T = (t2 - tl)/ A2, we obtain 

Computing the expectation value and using the fact that the limits of oscil
lating factors of the form lim exp(ictdA2 ) (with tl i- 0) vanish unless the 

>--tO 
constant c is equal to zero; we see that we can have a nonzero limit only when 
all the oscillating factors in (5.9.20) cancel. In conclusion we obtain 

G = L. L i O 
dT(J dkgi(k)gj(k)eiT[w(k)-w1 (n(k) + l)E::' (Di ) Ew (D j ) 

lJ wEF 00 

+ J dk gi (k)gj (k)e-iT[w(k)-wln(k)Ew (Di ) E::' (D j )) ; (5.9.21) 

therefore, from the known formula of distribution theory 

fO eitwdt = ~ = 1fo(w) - iP.P. ~, L oo w - iO w 
(5.9.22) 
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we obtain 

(5.9.23) 

which, again using (5.9.22), is seen to coincide with the expression (5.9.11) 
for the drift G. 

Remark 5.9.3. We know that n(k) ~ 0, therefore (5.9.12-13) imply that, for 
each w E F, the matrices 

(5.9.24) 

are positive. Therefore the operator 

. 1 .1 
G = ReG + 21m G = 2 (G + G*) + ~ 2i (G - G*) 

= L L [Re(gilgj):E:(Di)Ew(Dj ) + Re(gilgj)3 Ew(Di)E:(Dj )] 
i,j wEF 

+i L L [Im(gilgj):E:(Di)Ew(Dj ) - Im(gilgj)3 Ew(Di)E:(Dj )] 
ij wEF 

has a positive real part. 

Remark 5.9.4. Note that, from (5.9.11) and from the explicit form of the 
generalized susceptivities (5.9.12-13), it follows that it is perfectly possible 
for 

Re(glg); = 0 (5.9.25) 

but Im(glg)! i= O. In particular, if (5.9.25) takes place for all w, the stochastic 
(white noise) Schrödinger equation (5.9.8) reduces to a usual Schrödinger 
equation, 

t> 0, (5.9.26) 

and there is no damping at all. This has been called a Cheshire cat effect in 
[AcKoVo97] because it means that in the stochastic limit the field disappears, 
but a trace of its interaction with the system remains in the form of a shift 
in the original Hamiltonian of the latter: just like the grin of the Cheshire 
cat. More generally we can say that, in any case, even if the negative Bohr 
frequencies w do not generate quantum noises, hence they do not contribute 
to damping, the corresponding values Im(glg); in (5.9.11) might be nonzero, 
hence they produce an energy shift in the system. Recently this fact has been 
experimentally proved in cavity QED. From a physical point of view this is 
a quite natural fact. 
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If the rescaled annihilator a>.,w(t, k) (5.9.1) corresponds to a strictly pos
itive Bohr frequency w > 0, then it describes the absorption of a boson with 
energy w(k) and the simultaneous transition of the system from the lower 
energy level Si to the upper energy level c = c' + w. The creator at w(t, k) 
describes the symmetrie process. ' 

If w :s: 0 then a>.,w(t, k) describes the absorption of a boson with energy 
w(k) and the simultaneous transition of the system from the upper energy 
level c to the lower energy level Si = S + W (recall that w :s: 0). The creator 
describes the corresponding absorption. 

For a better intuition one can imagine that the system itself is a quantum 
field and transition with positive frequency corresponding to emission of 
aquantum. Intuitively we expect that the most probable processes should 
be those in whieh one quantum (reservoir) is absorbed, another (system) is 
emitted, and the two have the same frequency. On the contrary, we expect 
that processes involving absorption of aquanturn with some energy and 
emission of aquanturn with another energy, or simultaneous absorption (or 
emission) oftwo quanta, should be much less probable. The stochastie golden 
rule shows that this intuition is correct: processes without conservation of 
energy do not contribute in the stochastie limit. 

Note however, while we can immediately read this simple fact from the 
stochastic equation (5.9.8), it is quite hidden in the original Hamiltonian 
equation (5.9.7). 

Remark 5.9.5. The independence of the noises corresponding to different 
Bohr frequencies is the essence of the stochastic resonance principle. Accord
ing to this principle a system can absorb a quantum by jumping from energy 
level 1 to energy level 2 only if the energy w(k) of the quantum is equal to 
the difference of energies of levels 2 and 1 

E(2) - E(I) = c = w(k). 

Correspondingly, when the system jumps from energy level 2 to energy level 1 
it emits a quantum with the energy w(k). 

5.10 The Langevin Equation 

Using the stochastic golden rule we can find the Langevin equation, whieh 
is the limit of the Heisenberg evolution in the interaction representation of 
any observable X = Xs (8) l res of the system. The Langevin equation is the 
equation satisfied by the stochastie fiow jt, defined by 

jt(X) = ut XUt , 

where Ut satisfies (5.9.8), i.e. in the notations (5.9.9-10): 

dUt = [-idH(t) - GdtjUt . 

(5.10.1) 

(5.10.2) 
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To derive the Langevin equation, we may apply the stochastic golden rule or, 
alternatively, we can apply to the stochastic differential 

djt{X) = jt+dt{X) - jt(X) = dUt XUt + ut XdUt + dUt XdUt , (5.10.3) 

the causal lto table, according to which the only nonvanishing products 
among the quantum stochastic differentials are 

dBiw(t)dBjw{t) = 2Re (gilgj);:~dt, dB:w(t)dBjw(t) = 2Re (gilgj);:dt, 
(5.1O.4) 

where the generalized susceptivities (gilgj)~ are given by (5.9.12-13). 

Remark 5.10.1. The usual Ito table is obtained from the causal one by re
placing the constants (gilgj)~ with (gilgj)w. 

Combining the terms in (5.10.3) and using (5.9.10-11) and (5.10.2,4), we 
obtain the Langevin equation, 

n=-l,l;jw 

where the maps ()OI. are called structure maps and 

dM-1,jW(t) = dBjw(t), ()-l,jw(X) = -i[X,E; (Dj )], 

dM1,jW(t) = dBjw(t), ()l,jw(X) = -i[X,Ew (Dj )], 

(5.10.5) 

(5.10.6) 

(5.10.7) 

()o(X) = L L [-i Im (gilgj):[X,E; (Di)Ew (D j )] (5.10.8) 
ij wEF 

+ iIm (gilgj);:-[X, Ew (Di) E; (Dj )] 

+ 2Re (gilgj): (E; (Di) XEw (Dj ) - ~{X, E; (Di ) Ew (Dj )}) 

+ 2Re (gilgj)~ ( Ew (Di) XE; (Dj ) - ~{X, Ew (Di) E; (Dj )}) ] 

is a quantum Markovian generator. The structure map ()o(X) has the stan
dard form of the generator of a master equation [GKS76, Lind76]: 

()o(X) = W(X) - ~{W(1), X} + i[H, X] , 

where W is a completely positive map and H is self-adjoint. In our case W(X) 
is a linear combination of terms of the type 

E; (Di)XEw (Dj ) . 

The structure maps ()OI. in (5.10.5) satisfy the following stochastic Leibnitz 
rule, see [AcKo99a]. 
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Theorem 5.10.1. For any pair of operators in the system algebra X, Y, the 
structure maps in the Langevin equation (5.10.5) satisfy 

Oa(XY) = Oa(X)Y + XOa(Y) + L ~1'Oß(X)01'(Y) , 
ß,1' 

where the structure constants c~1' are given by the causal Ito table [see 
(5.10.4)} 

The conjugation rules of dMa(t) and Oa are connected in such a way that 
(5.10.5) dejines a *-ftow (* 0 jt = jt 0 *). 

Proof 5.10.1. The proof of this theorem is by direct calculation using 
(5.10.6-8). 

5.11 Subalgebras Invariant Under the Generator 

In this section we prove that the generators of the Markovian semigroups, 
arising in the stochastic limit, have a very special structure which have 
important consequences. This structure is a consequence of the following, 
well-known, elementary fact. 

Lemma 5.11.1. Let A be an abelian subalgebra of an algebra B generated 
by the partition of the identity (Pn) (PnPm = Om,nPn, Ln Pn = 1). An 
element x is in the commutant of A (the set of elements y E B such that 
(xy = yx for any xE A) if and only if 

Proof 5.11.1. It is clear that any element of the form Ln PnXPn is in 
the commutant of A. Conversely, if x is in the commutant of A, then 
x = (Ln P~)x = Ln PnXPn . 

Corollary 5.11.1. The Markovian generator 00 , dejined by (5.10.8), and 
therefore also the associated Markov semigroup pt = exp(tOo), maps the com
mutant Loo (Hs)' of the abelian algebra L OO (Hs ), generated by the spectral 
projections of Hs , into itselj. Moreover: 

(i) if X in (5.10.8) belongs to LOO(Hs), then the Hamiltonian part of 
Oo(X) vanishes and only the dissipative part remains. 

(ii) if Hs has a nondegenerate spectrum then 00 maps LOO(Hs ) into itself 
and has the form, for any XE LOO(Hs ), 
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Bo(X) = L L (2Re (gilgj): [E: (Di ) XEw (D j ) - XE: (Di ) Ew (D j )] 

ij wEF 

+2Re (gilgj)~ [Ew (Di) XE: (Dj ) - XEw (Di ) E: (D j )]) E LOO(Hs ). 

Proo/5.11.2. If X is an arbitrary bounded operator on 1ls belonging to the 
commutant Loo (Hs )' then (5.8.9) implies that, for any w E Fand for any 
i, j, the operators are 

= L Pcr-wDiPcrXPcrDjPcr-w 
crEFw 

= L PcrD;Pcr-wXPcr-wDjPcr; 
crEFw 

(5.11.1) 

(5.11.2) 

so the condition of Lemma 5.11.1 is satisfied and both operators (5.11.1-2) 
belong to the commutant of L OO (Hs ). 

5.12 The Langevin Equation: Generic Systems 

In this section we introduce an interesting dass of Hamiltonians, Hs, whieh 
we call generic. The interest in them lies in the fact that they are canonieally 
associated to a lattiee of spin 1/2 systems. Here the lattiee is the set F of all 
the Bohr frequencies of H s. 

Definition 5.12.1. A quantum system with Hamiltonian Hs will be called 
generic, if: 

(i) The spectrum Spec Hs 0/ the Hamiltonian is nondegenerate. 
(ii) For any positive Bohr frequencyw > 0: IFwl = 1, i.e. there exists a unique 

pair 0/ energy levels clw ' c2w E Spec H s such that w = c2w - clw • 

The term generic means that the eigenvalues 0/ Hs are irregularly dis
placed. For example, the spectrum of the I-dimensional harmonie oscillator 
satisfies (i) but not (ii). Thus it is not generic in the above sense. On the 
other hand, if among the eigenvalues of H s there are no rational relations 
(no linear combination of eigenvalues with rational coefficients nonidentieally 
equal to zero can be equal to zero), then H s is generic. 

Given a generie quantum system, and a Bohr frequency w, denote 11w ) 

and 12w ) the two eigenstates corresponding to the two energy levels, Clw ' C2w ' 

so that 
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W = c2w - clw > o. (5.12.1) 

In these notations, 

Ew(D) = 11w)(lwIDI2w)(2wl = (lwIDI2w)11w)(2wl =: K;w(D)11w)(2wl 

(5.12.2) 

or equivalently one can say that in the basis (l1w), 12w)) the operator Ew (D) 
is proportional to the Pauli matrix that flips the spin down: 

(5.12.3) 

With these notations we see that the restriction of Hs on the space generated 
by 11w) and 12w) is 

(Tz = ::: (Tz + (Cl + C2) 1 = (W/2 0 ) + ((Cl + c2)/2 0 ) 
w 2 2 w 0 -w/2 0 (cl +C2)/2 

U sing this we define 

= (c~ ~) . 

cw(t, k) := (T~ 0 bw(t, k), 

gw(k) := L(lw, Dj 2w)gj(k) , 
j 

bw(t,g) = J dkgw(k)bw(t,k) j 

the white noise Hamiltonian (5.9.6) takes the form 

h(t) = L J dkgw(k)(T~bw(t, k) + h.c. 
wEF 

(5.12.4) 

(5.12.5) 

(5.12.6) 

(5.12.7) 

Let us denote 1-lw the subspace ofthe system space Hs generated by 1w , 2w • If 
w i=- w', then H w is orthogonal to Hw' because these subspaces are generated 
by eigenvectors of H s corresponding to different eigenvalues. Moreover, since 
Hs has a discrete spectrum, one has Hs = E9w H w. In other words, if Hs is 
generic, any generic quantum system S, interacting with a boson field with 
a generalized dipole interaction Hamiltonian, is equivalent, in the stochastic 
limit, to a (possibly infinite) orthogonal sum of independent 2-level systems. 
The simplest case corresponds to a single 2-level system. This gives the spin
boson Hamiltonian to be discussed in Sect. 5.14. 

Let us now investigate the Langevin equation in the case of an Hamilto
nian H s, generic in the sense of Definition 5.12.1. In this case, in the notations 
(5.12.2-3), we have: 
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introducing the notations 

'Y;';(w) = L 2Re (9iI9j):Kw(Di)Kw(Dj ) , 
ij 

'Yi~(W) = L Im(9iI9j):Kw(Di)Kw(Dj ) , 
ij 

'Y~(w) = L2Re(gilgj)~Kw(Di)Kw(Dj), 
ij 

'Y~(w) = L Im(gilgj)~Kw(Di)Kw(Dj), 
ij 

the causal Ito table (5.10.4) for the stochastic differentials becomes 

dBw(t)dB;(t) = 'Y;';(w)dt, 

dB;(t)dBw(t) = 'Y~(w)dt, 

dBw(t)dBw(t) = dB;(t)dB;(t) = O. 

(5.12.8) 

(5.12.9) 

(5.12.10) 

(5.12.11) 

(5.12.12) 

U sing this the Langevin equation for the algebra of observables takes the 
form 

a 

L jt 0 Bnw (X)dMnw (t) + jt 0 Bo(X)dt, (5.12.13) 
n=-l,l;w 

where the stochastic differentials and the structure maps Ba are given by 

dM-1,W(t) = dBw(t) = L Kw(Dj)dBjw(t), B_1,w(X) = -i[X, aC:;l 
j 

(5.12.14) 

dM1,W(t) = dB;(t) = L Kw(Dj)dBjw(t), B1,jw(X) = -i[X, a:l 
j 

(5.12.15) 
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Bo(X) = L [-iri-;;'(W) [X, 12w)(2wll + ir~(w)[X, 11w)(lwll 
wEF 

+ 'Y~(w) ((lwIXI1w)12w)(2wl - ~{X, 12w)(2wl}) 

+'Y~(w) ((2wIXI2w)11w)(lwl - ~{X, 11w)(lwl})] . (5.12.16) 

In summary, the stochastic flow associated with a generic system can be 
described in terms of the following ingredients: 

• A lattice F (the set of the Bohr frequencies of H s ) . 
• An Hilbert space 1I.s (the system state space). 
• A system Hamiltonian Hs acting on 1I.s and with a discrete spectrum, i.e. 

Hs has the following spectral decomposition: 

where the index r labels the spectral projections of Hs. For example, for 
a nondegenerate eigenvalue er of Hs the corresponding spectral projec
tion is 

(5.12.17) 

where ler) is the corresponding eigenvector. 

5.13 The Stochastic Golden Rule 
Versus Standard Perturbation Theory 

Consider an Hamiltonian of the form(1) 

where the atomic Hamiltonian HA is a finite rank operator 

Q denotes the position of the atom and 

cp(g) = A(g) + A+(g) 

is a Boson field.(2) Using the expansion 

(which also has meaning without the finite rank assumption if we suppose 
the sum to be weakly convergent on the dense subspace of 1I.A given by the 
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finite linear combinations of IEj )), one can write the interacting Hamiltonian 
in the form 

jk 

= L IEj )(Ej I0 [A+(cjjg) + A(cjjg)] 
j 

+ ~ {IEj)(EkI0 [A+(Cjkg) + A(Cjkg)] 

+IEk)(Ej I0 [A+(Cjkg) + A(Cjk9)]} 

= L IEj )(Ej I0 [A+(cjjg) + A(cjjg)] 
j 

+ ~ [IEj)(EkI0 A+(Cjkg) + lEk) (Ej I 0 A(Cjkg) 

+IEj )(EkI0 A(Cjkg) + IEk)(Ej I0 A+(Cjk9)] . 

Introducing the notations 

we write H I in the form 

{ Cjk9 
gjk = _ 

Cjkg 
ifj::;k, 

ifj>k, 

HI = L [IEj )(EkI0 A+(gjk) + h.c.] , 
(j,k)EF 

and, with the furt her notations 

F :=((j,k): j,k = 1. .. N} 

(j, k) E F, 

we finally obtain the canonical form (4.8.7): 

HI = L [Dd 0 A+(gd) + h.c.] 
dEF 

under the assumption 

E j - E j =I- Fj' - E k , if (j,k) =I- (j',k'), j < k,j' < k'. 

(5.13.1) 

(5.13.2) 

(5.13.3) 

(5.13.4) 

Written in the form of (5.13.3), the interaction Hamiltonian HI is precisely 
a multiplicative interaction without the rotating-wave approximation. 
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An application of the stochastic golden rule, described in Sect. 4.14, im
mediately gives the stochastic equation 

dUt = L (iDd ® dAt(gd) + iDt ® dAt(gd) - Dt(glg)d Dddt) Ut , 
dEF 

where (glg)d is defined as in (4.5.5) with d = wq . The vacuum-to-vacuum 
(partial) amplitude associated with Ut is then the solution of the ordinary 
differential equation 

the solution of which is given by 

(iP, UtiP) = e-t L:d D! Dd(9dI9d)d . 

Recalling the specific form of (5.13.1) of the index set F and the form of 
(5.13.2) of the operators Dd , one finds that if d = (j, k) then 

Dd = DWd = DErEk = IEj)(Ekl; 

therefore 
Dt Dd = IEk)(Ekl· 

Consequently, by the spectral theorem 

with 

e-t L:d D!Dd(9dI9d)d = Le-tL:j(9jI9j)jkIEk)(Ekl, 
k 

(5.13.5) 

Remark 5.13.1. If the assumption (5.13.4) is not verified, all the formulae 
remain the same with the one difference that the index d in (5.13.3), instead 
of the form (j, k), has the form (j, v, k), where v is an index counting the 
number of pairs for which (5.13.4) is not satisfied. 

5.14 Spin-Boson Hamiltonian 

In this section, as an illustration of the stochastic limit for Hamiltonian 
not satisfying the generalized rotating wave approximation, we investigate 
a two-state system coupled to an environment; this model is an example of 
the so-called spin-boson Hamiltonian, widely used in physics and chemistry. 
Examples include the motion of defects in some crystallizing solids, some 
chemical reactions, some approaches to the theory of quantum measurement 
and many other topics quoted in the survey paper [LCDFGZ87]. Here we 
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shaH be mainly interested in the context of the so-called macroscopic quantum 
coherence phenomena, related to the motion of the magnetic flux trapped in 
a ring of superconducting material (SQUrD or superconducting quantum in
terference device) model. Extending a result first discovered in [LCDFGZ87], 
we prove the emergence of two interesting regimes für the system: the purely 
oscillating one and the purely damping one. The spin-boson Hamiltonian is 

HA = -~ L1ax + ~ caz + J dkw(k)a+(k)a(k) + Aaz[A(g*) + A+(g)], 

(5.14.1) 

where a x and az are Pauli matrixes, c and L1 are real parameters interpreted 
respectively as the energy difference of the states lücalized in the two weHs 
in absence of tunneling and as the matrix element für tunneling between the 
weHs. We set L1 > 0 and denote 

A(g*) = J a(k)g*(k)dk, (5.14.2) 

where a(k) and a+(k) are bosonic annihilation and creation operators 

[a(k),a+(k')] = J(k - k') 

which describe the environment. The free reservoir Hamiltonian is, as usual, 
the second quantization of a function of moment um w(p) with 

w(k) ~ 0 and w(O) = O. (5.14.3) 

From here and until the end of this chapter we shaH write w(k), instead of 
wl(k), for the 1-particle energy density of the reservoir. Therefore the time
evolved interaction Hamiltonian is, in the notation of (5.14.2), 

The free system Hamiltonian H s is 

1 1 
Hs = - - L1a + - ca 2 x 2 z, 

and its eigenvalues and eigenvectors are 

where 

(5.14.4) 

(5.14.5) 

(5.14.6) 

(5.14.7) 

(5.14.8) 
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and 

/L± = ~ ± v , v = J 1 + (~ f j 
thus the possible Bohr frequencies are 

Wl = vLl > 0 , 

Note, for future use, that 

1 _/L2 
(e±IO"zle±) =-f 

1 + /L~ 
Therefore denoting 

we find 

W2 =0 , W3 = -vLl < O. 

(5.14.9) 

(5.14.10) 

(5.14.11) 

(5.14.13) 

1 -/L2 1 _/L2 
O"z(t) = ---- DD+ + ---+ D+ D + v-leitvLl D + v-le-itvLl D+ . 

1 + /L=- 1 + /L~ 
(5.14.14) 

The interaction Hamiltonian (5.14.4) can now be written in the canonical 
form (4.8.7), i.e. 

3 

HI(t) = ~)D;t 0 A(e-itwag*) + h.c.] , (5.14.15) 
0<=1 

where the three spectral frequencies correspond respectively to the down, 
zero, and up transitions of the 2-level system, i.e. 

w1(k) = w(k) - vLl, w2(k) = w(k) , w3(k) = w(k) + vLl, (5.14.16) 

(5.14.17) 

The Fock spectral function has the form 

J(w) = J dklg(k)1 2<5(w(k) - w) j (5.14.18) 

therefore, since w(k) is positive and w(O) = 0, it will vanish if w is negative 
or zero. 

The spectral function G~~, here denoted simply J, evaluated at the Bohr 
frequencies Wo< gives the covariance of the master fields associated with these 
frequencies, and because of (5.14.16) and (5.14.18), they vanish for a = 2,3. 
This implies that, in the stochastic limit, there are no white noises b2 and b3 

corresponding to the Bohr frequencies W2 and W3 in (5.14.11). 
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5.15 The Damping and Oscillating Regimes: Fock Case 

In the same notations as in the previous section, let us introduce the notations 

"I = V- 21rJ(v..1) 1(w) = P.P. (CO dw: J(w') , 
Jo w-w 

(5.15.1 ) 

a = v-2[1(-v..1) _ 1(v..1)] + [(1- JL~)2 _ (1- JLt)2] 1(0), 
1 + JL- 1 + JL+ 

(5.15.2) 

rp = v-2 1( -v..1) + - JL-; 1(0) , ( 1 2 )2 
1 + JL-

(5.15.3) 

where P.P. means the principal part of the integral. In this section we shall 
consider the stochastic limit of the Hamiltonian (5.14.4) in the Fock case. In 
this case the stochastic golden rule gives, for the normally ordered form, the 
limiting evolution equation: 

OtU(t) = Db+(t)U(t) - D+U(t)b(t) - b + ia)D+ DU(t) - irpU(t), 
(5.15.4) 

where b(t), b+(t) denotes the Fock white noise corresponding to the Bohr 
frequency Wl. It satisfies 

[b(t), b+(t')] = 'YJ(t - t'), 

with "I given by (5.15.1) and v (in "I) given by (5.14.10). Thus we see that 
the negative or null Bohr frequencies contribute to the drift term through 
the constants a and rp. This is what we call the Cheshire cat effect. 

All the information about the model is encoded into the constants "I, a 
and rp, and these constants are expressed in terms of the spectral density 
J(w) depending on the parameters of the original Hamiltonian (E and ..1) 
and on the temperature (which in this section does not playa role since we 
are in the Fock case). On these bases let us discuss the pure damping or pure 
oscillating behaviour of the vacuum transition amplitude: 

(5.15.5) 

Taking a trace over the spin variables, one obtains (since 'Ir D+ D = 1): 

('IrU(t)) = e-b+i(a+<p))t. (5.15.6) 

Since "I, a and rp are real [see (5.15.1-3)], the quantity (5.15.2) has a purely 
oscillating behaviour if and only if there is no damping, Le. 

"I = O. (5.15.7) 

However the oscillations cannot vanish, because the quantity 
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(
1 2)2 

u + ip = v-2 1( -vL1) + - f-L2 1(0) > 0 
1+f-L 

(5.15.8) 

is strictly positive for positive J(w) [because v, ..1 > 0, see (5.14.10)] and 1(w) 
is given by (5.15.1). The stochastic approximation to the vacuum expectation 
value of the Heisenberg evolution of u z is given by 

P(t) = (U*(t)uz(t)U(t)). 

From (5.15.4) one obtains an equation for P(t) whose solution is 

P(t) = v-1e-l't (D+ ei(o--vLl)t + De-i(o--VLl)t) 

+ D+ D (1 - f-L~ _ 1 - f-L=-) e-2l't + 1 - f-L=- . 
1 + f-L~ 1 + f-L=- 1 + f-L=-

(5.15.9) 

(5.15.10) 

Let us distinguish two cases: Let c = 0 (or, equivalently, v = 1). One has 

(5.15.11) 

where " u and 1(w) are now 

, = 7r J(L1), u = 1( -..1) - 1(..1) , 1(w) = P.P. J dw' J(w'). (5.15.12) 
w'-w 

Two interesting regimes can now appear: 

(i) No oscillations, Le. pure damping regime. This happens when 

u-L1=O, (5.15.13) 

Le. J and Ll satisfy the integral equation 

J dx :lx~ -P.P. J dx :~x~ = ..1. (5.15.14) 

In this case, since f-L± = ± 1 one has 

(5.15.15) 

(ii) Pure oscillations. This regime is defined by the condition 

,= 7rJ(L1) = J dklg(kWJ(w(k) - ..1) = O. (5.15.16) 

It is clear that condition (5.15.12) defines an off-resonance condition. If 
(5.15.12) is satisfied, then 

P(t) = D+ei(o--Ll)t + De-i(o--Ll)t , 
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where 

(T - L\ = J ~~(2 -P.P. J ~~(2 -L\. 

Finally let us compute the correlator 

where { . } denotes anticommutator. We have 

The trace of C(t) is 

Therefore the qualitative behaviour of C(t) is the same as for P(t). 

5.16 The Damping and the Oscillating Regimes: 
Nonzero Temperature 

Due to the very special form of (5.14.13) of the coefficient D, which implies 
in particular that DD+ + D+ D = 1, for a nonzero temperature, we obtain 
a stochastic evolution equation of the same form as (5.15.4) only with new 
constants 'Y, (T and <po More precisely, 

'Y = V- 27f[J+(vL\) + L(vL\)], (5.16.1) 

(T= [(~~~1)2- (~~~~)2] [h(O)+L(O)] (5.16.2) 

+ v-2 [h( -vL\) - h(vL\) + L( -vL\) - L(vL\)], 

where the spectral densities J ± are expressed in terms of the Fock spectral 
density (5.14.18) and the inverse temperature ß as follows: 

J w _ J(w) 
+ ( ) - 1 - e-ßw ' 

L(w) = J(w)e- ßw 

. 1- e- ßw 
(5.16.3) 
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The functions I± (w) are defined by 

I±(w) = P.P.jdwIJ7(wl) . 
w -w 

(5.16.4) 

For P(t) and C(t) and their expectations one has the same expressions as 
for zero temperature but nOw with new constants 'Y and a depending On 
temperature: 

ßvl1q 
'Y = v-2nJ(vl1) coth -2-' 

5.17 No Rotating-Wave Approximation Without Cutoff 

In the present section we begin to realize the third step of the approach 
described in Sect. 4.8, namely we shall consider the general multiplicative 
interaction Hamiltonian (4.8.1), i.e. 

(5.17.1) 

In Sect. 4.9.3 it was explained in what sense this interaction can be considered 
as cutoff-free. We suppose that the system Hamiltonian Hs has a discrete 
spectrum and, as in (4.8.4), we introduce the Bohr frequencies wq of this 
Hamiltonian so that, by construction 

W q -=I- wq if q -=I- p . (5.17.2) 

With these notations, the evolved interaction Hamiltonian assumes the 
canonical form (5.1.2), namely 

HI(t) = j dk L Dq(k) lZi eit(Wk-wq)at + h.c., 
q 

where the system operators Dq(k) are given by (4.8.6) and satisfy 

eitHSDq(k)e-itHs = eitwqDq(k). 

(5.17.3) 

(5.17.4) 

The rescaled Schrödinger equation, in the interaction representation, associ
ated to the interaction Hamiltonian (5.17.3) is 

f) U()..) - _i H (/>.2)U()..) - -' ~ (.! ()..)+( />.2) h ) U 
t t/)..2 - >. I t t/)..2 - Z ~ >. aq t + .c. t/)..2, 

q 

(5.17.5) 

where a~)..) (t), a~>')+ (t) are the rescaled operators 

a~)..)(t):= j dkDq(k) lZi ~ei(t/)..2)(Wk-Wq)at . (5.17.6) 
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From Theorem 5.2.1 we know that the rescaled fields ei(t/>.2)(wk-wq)at I>.. 
converge to independent white noises bq (t, k) whose covariance depend on 
the state of the a field. Therefore the rescaled fields at(tl >..2)1 >.. will converge 
to the white noise bq(t) given by 

(5.17.7) 

and (5.17.5) will converge to the limit white noise equation 

GtUt = -i I)b:(t) + bq (t)]Ut = -i L (1 dkDq(k) ® b:(t, k) + h.C.) ut · 
q q 

(5.17.8) 

The normal form of equation (5.17.10), according to the stochastic golden 
rule is 

GtUt = -i L 1 dk: [Dq(k) ® b:(t, k) + h.c.] Ut : -YUt , 
q 

(5.17.9) 

where the normal order: : is meant in the sense of (4.14.4) and Y is the 
operator transport coefficient, 

Y = [~ dt(Hr(O)Hr(t)) , (5.17.10) 

where ( . ) denotes expectation with respect to the reference state of the 
a field and the explicit expression of this coefficient for an arbitrary mean 
zero Gaussian state is given in Proposition 5.4.1. 

5.18 The Drift Term für Gauge-Invariant States 

If the reference state of the a field is a mean zero Gaussian gauge-invariant 
state with covariance 

(5.18.1) 

then the integral (5.17.10) is easily calculated and gives 

Y = L [0
00 

dt 1 dkIDq(kWm(k)eit(Wk-wq) 
q 

+ L [0
00 

dt 1 dkID:(kWn(k)eit(Wk-wq) . 
q 

(5.18.2) 
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Assuming that the functions IDq(k)j2 = Dt(k)Dq(k) and IDt(k)12 = 
Dq(k)Dt(k) decay sufficiently rapidly for large k (in the sense of its matrix 
elements in some o.n. basis), we can exchange the two integrals in (5.18.2) 
and apply formula (4.21.1). This gives 

Y =7r L J dkIDq(kWm(k)o(wk -wq) - iLP.P. J dkID::~2:(k) 
q q q 

J J ID+(k)j2n(k) 
+7rL dkIDt(kWn(k)o(wk-Wq)-iLP.P. dk ~k-W . 

q q q 
(5.18.3) 

From a mathematical point of view there is not much difference between this 
case and the one dealt with in Sect. 5.7. In fact the only difference is that 
the integral is taken over an operator function, and therefore it should be 
interpreted as a weak integral, Le. as an integral over the matrix elements of 
the operators 1 D q (k) 12 • However from a physical point of view the difference 
is considerable because it gives a microscopic interpretation of the form factor 
and suggests that in the intemction 0/ two fields one can act as the cutoff 
function 0/ the other. This fact may have important consequences in the 
general of the removal of cutoffs in quantum field theory. 

Another important consequence of (5.18.2) is that if the reference state 
of the a field is a mean zero Gaussian gauge-invariant state then the Ito 
correction term commutes with the system Hamiltonian: 

[Y,Hsl =0. (5.18.4) 

This follows immediately from (5.17.4) and (5.18.2). We shall see that as 
a consequence of this fact the Markov semigroups induced by the stochastic 
flow on the observables of the system give rise to a classical Markov (jump) 
process among the energy levels of the system. In fact we have astronger 
property: denoting for each Bohr frequency wq 

Yq = L 1°00 dt J dkIDq(kWm(k)eit(Wk-wq) 
q 

+ L 1°00 dt J dkIDt(kWn(k)eit(Wk-wq) , 
q 

then one has 

[Yq,Hsl =0, 

(5.18.5) 

(5.18.6) 

which means that each independent white noise bt(t, k) gives rise to a clas
sical Markov (jump) process among the energy levels of the system. 



5.20 The Stochastic Limit of the Generalized Spin-Boson Hamiltonian 187 

5.19 The Free Evolution of the Master Field 

In the present section we will extend to the ease of multiple (possibly an 
infinite number) resonanees the eonstruction made in Seet. 4.26. By analogy 
with (4.26.5) we start from the normally ordered form of the white noise 
Hamiltonian equation satisfied by l't0 , which is 

8t l't0 = -i L [Dqbt(gq, t)l't° - DtVtbq(gq, t)] - {Y + *Ko } l't0 , 

q 

(5.19.1) 

where K o denotes the generator of St. Then we define the free evolution of 
the master field as not St ® 1, but 

where e-itw is the free evolution eharacterized by the property 

e-itwbq(k)e-itw = e-itwqbq(k). 

If we now define 

then it is easy to verify we have a bona fide quantum dynamies. 

5.20 The Stochastic Limit 
of the Generalized Spin-Boson Hamiltonian 

(5.19.2) 

(5.19.3) 

In the present seetion we apply the stoehastic golden rule to deduee the 
Langevin and master equations for the general model diseussed in Seets. 4.2-4. 
Reeall that the total Hamiltonian is 

(5.20.1) 

where H R is the free Hamiltonian of a bosonic reservoir R: 

HR = J w(k)a+(k)a(k)dk, 

aeting in the representation spaee F eorresponding to the mean zero gauge
invariant Gaussian state ( . ) with eorrelation function 

(a(k)a+(k') = [n(k) + 1]8(k - k') 

(a+(k)a(k') = n(k)8(k - k'), 

(5.20.2) 

(5.20.3) 
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where the function n( k) is equal to the number density of bosons with the 
frequency k. One of the examples is the (Gaussian) bosonic equilibrium state 
at temperature ß-1, or more generally, any of the states of the form cp R (X) = 
Tr pX, where pis a function of the number operators a+(k)a(k). 

We will consider a factorizable initial state On the algebra of observables. 
This means that for the observable X = Xs ® X R, where XR is the reservoir 
observable and Xs is an observable of the system, the expectation ( . ) satis
fies the property (Xs ® X R) = (Xs ) s (XR) R. In the following if nO confusion 
is possible we will not indicate the indices S, R of the states of the system and 
reservoir. The system Hamiltonian has the following spectral decomposition: 

Hs = LE(O")IO")(O"I, 
0-

where the index 0" labels the eigenvectors of Hs. The interaction Hamiltonian 
H I (acting in 1ls ® F) has the form 

HI = D* ® A(g) + D ® A+(g) , A(g) = J dkg(k)a(k) , 

where A(g) is a smeared quantum field with cutoff function (form factor) 
g(k). Using the formula for the free evolution of bosonic fields 

eitHRa(k)e-itHR = e-itw(k)a(k) , 

we obtain for the free evolution of the interaction Hamiltonian, 

Hr(t) = eitHo Hre-itHo = HI(t) (5.20.4) 

= L 10") (0"'1 (O"ID* 10"') J dkg(k )e-it[w(k)+E(o-')-E(o-)]a(k) + h.c. 
0-0-' 

We will suppose that the conditions of Definition 5.8.1 are satisfied. 
The rescaled interaction Hamiltonian is expressed in terms of the rescaled 

creation and annihilation operators: 

(t k) = ~ -i-!,; [w(k)+E(o-')-E(o-)] (k) a)..,o-o-', ,\ e ,\ a . 

After the stochastic limit the sum of all rescaled annihilation operators cor
responding to the same transition energy from the configuration 0"' to 0" 
generates one nontrivial quantum white noise, 

b (t k) = l' (t k) - l' ~ -i-!,; [w(k)+E(o-')-E(o-)] (k) ( ) 0-0-' , 1m a).. 0-0-', - Im,\ e ,\ a , 5.20.5 
),,-+0 ' ),,-+0 

with the relations: if E(O"') - E(O") = E(O"b) - E(O"o), then 

[bo-o-I (t, k), b+ 1 (t', k')] = lim [a).. 0-00-' (t, k), at 1 (t', k')] 0-0"0 ),,-+0' 0 ,0-0-

= lim ~ e -i~ [W(k)+E(0-')-E(0-)]8(k - k') 
),,-+0 ,\2 

= 27r8(t - t')8(w(k) + E(O"') - E(0"))8(k - k'), 

(5.20.6) 
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while if E(a') - E(a) =I- E(ab) - E(ao), one has 

[bua,(t, k), b+ , (t', k')] = o. 
"'0"'0 

Note that (5.20.5) implies that b".,,,.,(t,k) depends on the pair a, a' only 
through the difference E(a') - E(a). In other words, 

b".,,,.,(t, k) = b".o,"'~ (t, k) if E(a') - E(a) = E(ab) - E(ao). (5.20.7) 

The stochastic limit of the interaction Hamiltonian is therefore equal to 

h(t) = L la)(a'l(aID*la') f dkg(k)b".".,(k, t) + h.c. 
".".' 

(5.20.8) 

The state on the master field (white noise) b<T".,(t, k), corresponding to 
the state (5.20.2-3) of the field, is the mean zero gauge-invariant Gaussian 
state with correlations 

W:;"., (t, k )bua, (t', k')) = 2m5(t - t')8 (w(k) + E(a') - E(a) )8(k - k')n(k) 

(b"."., (t, k W:;"., (t', k')) = 21T8(t - t')8 (w(k) + E(a') - E(a ))8(k - k')(n(k) + 1) 

and vanishes for noises corresponding to transitions with different Ll(E) = 
E(a) - E(a'). 

Now let us investigate the evolution equation in the interaction picture 
for our model. According to the general scheme of the stochastic limit, we 
obtain the (singular) white noise equation 

! Ut = -ih(t)Ut . (5.20.9) 

According to the stochastic golden rule of Sect. 5.9, the normally ordered 
form of (5.20.9) is the quantum stochastic differential equation 

dUt = [-idH(t) - Gdt]Ut , (5.20.10) 

where h(t) is the white noise Hamiltonian [AcKoOOb], given by the stochastic 
limit of the interaction Hamiltonian, and 

(5.20.11) 

the stochastic differentials dB".".,(t) are defined by the prescription 

(5.20.12) 

which implies in particular that [Ft,dB".".,(t)] = 0 for any Pt which depends 
on the noise before t (adapted). According to the stochastic golden rule, 
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(5.14.4) is obtained as folIows: the first term in (5.14.4) is just the limit of 
the first term ofthe iterated series solution of (5.20.1), 

1 l t+dt ( r ) l~:x t HI A 2 dr . 

The second term Gdt, the drift, is equal to the limit of the expectation value in 
the reservoir state oft he second term in the iterated series solution for (5.20.1) 

l~ :21
t
+

dt 
dtlltl dt2 (HI (~~) HI (~~)) . 

Making the change of variables r = t2 - tl, we obtain 

l~ :21
t
+

dt 
dtl l:tl dr (HI (~~) HI (~~ + ;2)) . (5.20.13) 

Computing the expectation value and using the fact that the limits of oscil
lating factors of the form lim e(ictI!>.2) vanish unless the constant cis equal 

>.--tO 
to zero, we see that we can have a nonzero limit only when all oscillating 
factors of the type e(ictI!>.2) (with h) in (5.20.13) cancel. The third step of 
the stochastic golden rule in Sect. 5.9 gives 

G = ~ l(a'IDla)1 2 ! dklg(k)1 2 1°00 dr (la) (aleiT[W(k)+E(a')-E(a)] [n(k) + 1J 
aa 

+ la')(a'le-iT[W(k)+E(al)-E(a)]n(k)) . 

Therefore, from 

eitw = ~ = 7TJ(W) - iP.P.-, jt. 1 

-00 w - zO w 
(5.20.14) 

we obtain the following expression for the drift G: 

LI(a'IDlaW !dk lg(k)1 2 ( -ila)(al(n(k) + 1) . 
I w(k) + E(a') - E(a) - zO aa 

ila')(a'ln(k) ) 
+ w(k) + E(a') - E(a) + iO 

= LI(a'IDla)2 (Ia)(al(glg);;al + 10") (0"1 (glg):al ) (5.20.15) 
aa' 

5.21 The Langevin Equation 

Now we will find the Langevin equation following the general scheme of 
Sect. 5.10. Let X be an observable of the system Sand let the stochastic 
flow jt be defined by 
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(5.21.1) 

where Ut satisfies (5.20.10-12). 
Applying the general argument of Sect. 5.10 with all gj equal to a single 

funetion 9 and w = (a, a'), we obtain the Langevin equation 

(5.21.2) 
n=-l,ljUU' 

where 

dM-1,ac/ (t) = dBaa,(t), 0-1,aa'(X) = i(a'[D[a)*[X, [a)(a'lJ (5.21.3) 

dM1,aa' (t) = dB;a,(t), 01,aa'(X) = i(a'[D[a)[X, [a')(a[l (5.21.4) 

o (X) = "" 0(0,-1) + 0(0,1) + 0(-1) + 0(1) (X) 
o ~ 0,0"0"' 0,0"0"' 0,0-0"' 0,0"0" (5.21.5) 

aa' 

= L [(a'[D[a)[2 [-iIm (g[g);;a' [X, [a)(a[l + iIm (g[g);a' [X, [a')(a'[l 
aa' 

+ 2Re (g[g);;a' ([a) (a[(a'[X[a') - ~{X, [a)(a[}) 

+ 2Re (g[g);a' ([a')(a'[(a[x[a) - ~{X, [a')(a'[})] 

is a quantum Markovian generator as described in Seet. 1.13. Note that the 
factors Re (g[g);a' are> 0 only for E(a) > E(a') and vanish otherwise. 

5.22 Convergence to Equilibrium: 
Connections with Quantum Measurement 

In this section we will investigate the master equation for the density matrix p. 
We will show that if the reservoir is in the equilibrium state at temperature 
ß-1 then for the system with decoherence the solution of the master equation 
p(t) with t --+ 00 tends to the classical Gibbs state with the same temperature 
ß-1 . This phenomenon realizes the quantum measurement procedure in the 
sense that the quantum state (density matrix) collapses into a classical state. 
To show this we use the control of quantum decoherence that is allowed by 
the stochastic approximation of quantum theory. 

Let us consider the evolution for a system state given by a density ma
trix p, which is a positive normalized linear functional p(X) = Tr pX on 
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observables (we will identify the state and the corresponding density matrix). 
The evolution ofthe state is defined by the dual ofthe flow jt given by (5.21.1) 
(see also Sect. 1.19), Le. 

Pt = i! (p) = P 0 jt . (5.22.1) 

Therefore from (5.21.2) we get the dual Langevin equation 

a a 

Taking partial expectation with respect to the reference state of the reservoir, 
only the stochastic differential dt in this formula will survive, and we obtain 
the master equation 

(5.22.2) 

Let us consider the density matrix P = ps (i:) PR and investigate the master 
equation (5.22.2). We begin with the nondiagonal element 

Ps = IJL)(vl, JL=l-v. 

Using (5.22.2) and calculating Pt 0 Bo for t = 0 we obtain 

where the number A is given by the following: 

A =:L( -iIm(glg)~erl(aIDIJLW +iIm(glg)~erl(aIDlv)12 
er 

and therefore 

+ iIm (glg)tlLl (JLIDlo-) 12 - iIm (gig )tv I (viDIa) 12 

- Re (glg)~erl(aIDIJL)12 - Re (glg)~erl(aIDlvW 

- Re (gig )tlL I (JLIDla) 12 - Re (gig )tv I (viDIa) 12) 

Pt = exp(At)IJL)(vl· 

(5.22.3) 

We see that if any of Re (glg);ßI(ßIDla)j2 in (5.22.3) is nonzero then the 
corresponding nondiagonal matrix element of the density matrix decays expo
nentially. In this case we say that the system has decoherence. This produces 
a diagonalization of the density matrix. We emphasize that our criteria for 
the quantum decoherence use in a crucial way the stochastic limit of quantum 
theory: the system has the decoherence property if corresponding generalized 
susceptibility coefficients Re (glg)± have a nonzero real part. 

Consider now P = Ps (i:) PR, the system density matrix ps E C, where 
C is the algebra of spectral projections of the system Hamiltonian Hs, and 
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consider (5.22.2). The evolution defined by this master equation will map the 
algebra C into itself and therefore will be a classical evolution. We will show 
that this classical evolution in fact describes quantum phenomena. To this 
goal we define the evolved density matrix of the system: 

PS,t = L p(a, t)la)(al, 

where PS,t E C. Let X be a system observable. Then (5.22.2) takes the form 

d 
L dtP(a, t)(aIXla) 

a 

= ~ l(a'IDlaW [(p(a, t)2Re (gig);;", - p(a', t)2Re (gig);",) 

. ((O"'IXla') - (aIXla))] 

= L(aIXla) (p(a', t) (2Re (glg);;,,,I(aIDla')1 2 + 2Re (glg);a,l(a'IDla)1 2 ) 

aa' 

-p(a, t) (2Re (glg);'al(aIDla'W + 2Re (glg);;",I(a'IDlaW )) . 

Because the observable X is arbitrary, we obtain finally for the master equa
tion for p 

!p(a, t) = L (p(O"', t) (2Re (glg);;,,,I(aIDla')1 2 + 2Re (glg);",I(a'IDla)1 2 ) 

a' 

-p(O", t) (2Re (glg);,,,I(aIDla'W + 2Re (glg);;",I(a'ID la)1 2 )) • 

Let us note that if p(a, t) satisfies the detailed balance condition 

p(O", t)2Re (gig);;", = p(a', t)2Re (gig);", , 

(5.22.4) 

(5.22.5) 

which implies that p(O", t) is a stationary solution for (5.22.4) (in fact one can 
prove the uniqueness of this solution). 

Let us investigate (5.22.5) for the equlibrium state of the field. In this 
case 

2Re (glg);;a' =271" J dk Ig(kW8(w(k) + E(a') - E(a)) 1 _ e~ßW(k) 

=271" J dk Ig(kW8(w(k) + E(a') - E(a)) 1 _ e-ß[~(")-E(a')] 
C 

1 - e-ß[E(a)-E(a')] , 
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2Re (glg);;O",O" = eß[E(O")-~(O"')] _ 1 . 

From (5.22.5) we obtain 

p(a, t) _ p(a', t) 
1 - e-ß[E(O")-E(O"')] - eß[E(O")-E(O"')] - 1 

or 
p(a, t)eßE(O") = p(a', t)eßE(O"') . 

This means that the stationary solution (5.22.5) of (5.22.4) describes the 
equlibrium state of the system 

e-ßE(O") 
p(a, t) = L e-ßE(O"')· 

0"' 

In summary, for a system with decoherence, the density matrix will tend for 
t --+ 00 to the stationary solution (5.22.5) of (5.22.4), which is the Gibbs 
distribution. It is natural to identify this phenomenon with the quantum 
measurement procedure. Several phenomenological models have been pro
posed for this phenomenon, but in the stochastic limit everything is deduced 
from the dynamics. 

5.23 Control of Coherence 

In this section we discuss different regimes of qualitative behaviour for the 
considered model generalizing the considerations in Sects. 5.15 and 5.16. 

The master equation (5.22.4) at first sight looks completely classical. In 
Sect. 5.17 we derived this equation using quantum arguments. Now we will 
show that (5.22.4) in fact describes a quantum behaviour. To show this we 
consider the following example: Let us rewrite (5.22.4) using the particular 
form (5.14.8) of (glg)±. Using (5.20.14) and (5.14.8) we obtain 

:t p( a, t) = L 27r J dk Ig(k) 12 ((P( a', t) - p( a, t)) (5.23.1) 
0"' 

n(k) [8(w(k) + E(a) - E(a')) l(aIDla')1 
+ 8(w(k) + E.(a') - E(a))I(a'IDlaW] 

+ p(a', t)8(w(k) + E(a) - E(a'))I(aIDla'W 

- p(a, t)8 (w(k) + E( a') - E( a)) I (a'IDla) 12) . 

Thus we see that (5.14.7) describes a macroscopic quantum effect. To 
show this let us take the spectrum of the system Hamiltonian (the set of 
system states E = {a}) as folIows: let E contain two groups EI and E 2 of 
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states with an energy gap between these groups [or, for simplicity, two states 
al and a2 with E(a2) > E(al)]. Let the state ( . ) of the bosonic field be 
taken in such a way that the density n( k) of number of quanta of bosonic 
field is supported in those k satisfying 

k E Suppn(k). (5.23.2) 

This means that highly energetic bosons are absent. It is natural to consider 
the state ( . ) as a sum of an equilibrium state of the temperature ß-1 and 
a nonequilibrium part. Therefore the density n(k) will be nonzero for small k 
because the equilibrium state satisfies this property. 

Under the considered assumption (5.23.2), the integral of the o-function 
o(w(k) + E(ad - E(a2)) with n(k) in (5.14.7) identically equal to zero. 
Therefore the right-hand side of (5.14.7) will be equal to 

I: 21f J dk Ig(k)1 2 (p(a', t)o(w(k) + E(a) - E(a')) l(aIDla')1 2 

(7' 

- p(a, t)o(w(k) + E(a') - E(a)) l(a'ID1a)12) • 

It is natural to consider this value as small with respect to the corresponding 
integral with n( k) and to identify it with the spontaneous emission of bosons 
by the system. In this case the density matrix p(a, t) will be almost constant 
in time. We have found an effect of conservation of quantum coherence: in the 
absence of bosons with the energy w(k) equal to E(al) - E(a2) the system 
cannot jump between the states al and a2 (or, at least, this transition is very 
slow), because in the stochastic limit such a jump corresponds to a quantum 
white noise that must be on a mass shell. 

At the same time, the transitions between states inside the groups EI and 
172 are not forbidden by (5.23.2), because these transitions are connected with 
the soft bosons (with small k) that are present in the equilibrium part of ( . ). 
We find that under the above assumptions (5.14.7) describes the transition of 
a system to intermediate equilibrium, where the transitions between groups 
of states EI and 172 are forbidden. 

If the state ( . ) does not satisfy the property (5.23.2), then the system 
undergoes fast transitions between states al and a2. We can switch on such 
transitions by switching on the bosons with frequency w(k) = E(a2) -E(al). 
Therefore it is natural to identify the integrals with n(k) on the right-hand 
side of (5.14.7) with the induced radiation and absorption of bosons. 

We see that (5.14.7) describes a macroscopic quantum effect controlled by 
the distribution of bosons n( k) which is physically controlled, for example, 
by filtering. 
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5.24 Dynamics of Spin Systems 

Starting with the work of Glauber [Glau63] the dynamics of infinite dassical 
lattice systems has been considered by many authors and has led to the study 
of the ergodie and equlibrium properties of a new dass of dassical Markov 
semigroups (see [Lig85] for a general survey and for further references). 
Quantum analogues of these semigroups have also been considered by several 
authors (e.g. [MaBu], [Mats93], [MajZeg96a], [Spitz71], [SuIl75]). However 
the problem of deriving these Markovian semigroups, and more generally 
the stochastic flows, as limits of Hamiltonian systems, was open both in 
the dassical and in the quantum case. On the other hand the stochastic 
golden rules, provide a natural tool with which to associate a stochastic flow, 
driven by a white noise equation, with any discrete system interacting with 
a quantum field. Moreover another quite general result of the stochastic limit 
is that the Markov semigroup, canonically associated with the flow, leaves 
invariant the abelian subalgebra generated by the spectral projections of the 
Hamiltonian of the discrete system, so that the associated Markov process 
describes the jumps among these energy levels. 

Since a quantum spin system in a finite volume is obviously a discrete 
system, the above results naturally suggest the conjecture that by coupling 
such a system to a quantum field via a suitable interaction, applying the 
stochastic golden rule and taking the thermodynamic limit one might obtain 
a dass of quantum flows which, when restricted to an appropriate abelian 
subalgebra, gives rise to the dassical interacting particle systems studied in 
dassical statistical mechanics. 

In the present section we consider the open Ising model, describing the 
interaction of a system S of spins (or, more generally, 2-level systems) with 
a reservoir, represented by a bosonic quantum field. The total Hamiltonian 
is 

(5.24.1) 

The spin variables are labelIed by the lattice Zd, and for each finite subset 
A <;;;; Zd, the system Hilbert space is 

(5.24.2) 

and the system Hamiltonian has the form 

(5.24.3) 

where u:;, u~, u; are Pauli matrices (r E A) at the rth site in the tensor 
product. For any T, sE A, 

Jrr = O. (5.24.4) 
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In the present chapter we consider a system Hamiltonian that describes the 
interaction of spin with a finite number of other spins (finite range potential). 
The simplest example is the nearest-neighbour interaction (Ising model), 
discussed below. The interaction Hamiltonian H1 (acting in 1ls 0 F) has 
the form 

H1 = La: 0'I/J(gr), 
rEA 

'I/J(g) = A(g) + A*(g), A(g) = J dkg(k)a(k), 

(5.24.5) 

where'I/J is a field operator, A(g) is a smeared quantum field with cutoff func
tion (form factor) g(k). We denote E(r) the (finite) set of spins interacting 
with the spin r [so r i= E(r)]. When no confusion is possible, we use the same 
symbol E(r) to also denote the set of configurations of corresponding spins: 
a(r) = {es}(S E E(r)). 

We denote 

E(r,a(r)) = L Jrses = Hs(a: = -l,a(r)) - Hs(a: = -l,a(r)) 
sEL'(r) 

(5.24.6) 

the energy difference between two configurations with all spins fixed, and 
given by a(r), with the exception of er, which changes value from -1 to l. 
With these notations the free evolution of the interaction Hamiltonian takes 
the form 

H1(t) = L L J dkg(k)F;'CT(r)e -it[W(k)-E(r,CT(r»)]a(k) + h.c., 
rEA CT(r)EL'(r) 

where we denote 

Gr,CT(r) = Dr II les}{esl, Fr,CT(r) = G;,-CT(r) + Gr,CT(r) . 
sEL'(r) 

(5.24.7) 

(5.24.8) 

To prove (5.24.7) we used a suitable rearrangement of the indices a(r) and 
the property 

E(r, -a(r)) = -E(r,a(r)) , 

where -a(r) is the configuration of spins with all spins opposite to the spins 
in a(r), Le. 

es (-a(r)) = -es (a(r)) . 

The operator Fr,CT(r) flips the spin at site r (or kiUs a spin configuration). 
Let us denote RES the pair of indices (r, a( r) ), where r takes values 

in A. In these notations the free evolution of the interaction Hamiltonian 
(5.24.7) takes the form 
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HI(t) = L J dkg(k)FRe-it[w(k)-E(R)]a(k) + h.c. 
RES 

(5.24.9) 

The drift term is equal to 

G = " Jdk 19(k)12jO dr (F* F eir[w(k)-E(R)] 1 
~ R R 1 _ e-ß(w(k)-I-') 
RES -00 

+ F F* e-ir[w(k)-E(R)] 1 ) 
R R eß(w(k)-I-') _ 1 ' 

and therefore, from 

eitw = ~ = rr8(w) - iP.P.-, jO' 1 

-00 w - ~O w 
(5.24.10) 

we obtain the following expression for the drift G: 

"J 2( -iFRFR 1 ~ dk Ig(k)1 w(k) _ E(R) - iO 1 _ e-ß[w(k)-I-'] 
RES 

iFRFR 1) 
+ w(k) - E(R) + iO eß[w(k)-I-'] - 1 

= L (FRFR(glg)li + FRFR(glg)~) . (5.24.11) 
RES 

The drift term contains sums over R which are divergent for large A. There
fore in the Schrodinger picture there will be a divergence in the thermo
dynamic limit. In the present section we will consider the evolution in the 
Heisenberg picture (the Langevin equation), and we will see that in this 
context no divergence arises. The only nonvanishing products for quantum 
stochastic differentials are 

dBR(t)dBR(t) = 2Re (glg)lidt, dBR(t)dBR(t) = 2Re (glg)ildt. (5.24.12) 

The Langevin equation has the form 

(5.24.13) 
n=-l,l;RES+ 

where 

(5.24.14) 

(5.24.15) 
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Oo(X) = '"' (0(0,-1) + 0(0,1) + 0(-1) + 0(1») (X) (5.24.16) 
~ O,R O,R O,R O,R 
RES 

= L (-iIm(glg)R[X,FjWR] +iIm(glg)~[X,FRFR] 
RES 

+ Re (glg)R(2FRXFR - {X,FRFR}) 

+ Re(glg)~(2FRXFR - {X,FRFR})) 

is a quantum Markovian generator. Note that the factors Re (glg)~ are > 0 
only for R E S+ and vanish for R E S_. 

In the present section we apply the master equation (5.22.4) to deriva
tion of the (classical) Glauber dynamics. Glauber dynamics is the dynam
ics of a one-dimensional spin lattice with nearest-neighbour interaction (see 
[Glau63]). We will prove that the Glauber dynamics can be considered to 
be a dynamics generated by the master equation of the type (5.22.4) derived 
from a stochastic limit for a quantum spin system interacting with the bosonic 
quantum field. 

We take the bosonic reservoir space :F corresponding to the bosonic equi
librium state at temperature ß-1. Thus the reservoir state is Gaussian with 
mean zero and correlations given by 

(a*(k)a(k')) = eßW (;) _ 1 o(k - k'). 

We consider the system to be one-dimensional spin lattice (for the general 
case see [AcKoOOb]). We consider a system Hamiltonian that describes the 
interaction of spin with the nearest neighbours (Ising model). 

The eigenvectors 10") ofthe system Hamiltonian H s can be identified with 
the spin configurations (sequences of ±1), which label the natural basis in 1is 
consisting of tensor products of eigenvectors of a; (spin-up and spin-down 
vectors ler ), corresponding to eigenvalues er = ±1). We define the action of 
operator 0"; on spin configuration 0" using the action of 0"; on corresponding 
eigenvector IO"}: the operator 0"; flips the spin at the rth site in the sequence 
0" (maps ler) to I - er)). From the form of Hs and H 1, it follows that for 
each two eigenvectors corresponding to spin configurations a, 0"' the matrix 
element (O"IDIO"') from (5.22.4) will be nonzero only if the configurations 0", 
0"' differ exactly at one site. If configurations (J, a' differ exactly at one site 
then ((JIDIO"') = 1. Therefore from the master equation (5.17.3) we obtain 

:tp(O", t) = L [p(O"';O", t) (2Re (glg);;i!'a,a + 2Re (glg);,ai!'a) 
rEA 

(5.24.17) 

- p(O", t) (2Re (glg);i!'a,a + 2Re (glg);;,ai!'a) ] , 

which gives the Glauber dynamics of the system of spins (see [Glau63]). Here 
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2Re (glg);;,O"fO" = 27r J dk Ig(kW8(w(k)-Jr- 1,rC"r-l -Jr,r+1C"r+l) 1-e!ßW(k) ; 

(5.24.18) 

analogous representations are valid for all the other (glg)±. Let us consider 
for simplicity the case of a one-dimensional system with a translationally 
invariant Hamiltonian: 

Jrs = Jr,r+l = J > O. 

Then (glg)± given by (5.24.18) are nonzero only if C"r-l = C"r+l = 1; we 
obtain for (5.24.18) 

- J 2 1 C 2Re (glg)O",O"fO" = 27r dk Ig(k)1 8(w(k) - 2J) 1 _ e-2ßJ = 1 _ e-2ßJ . 

Therefore for (5.24.17) we obtain the following equation for the Glauber 
dynamics for a translationally invariant Hamiltonian (compare with [Glau63]): 

!p(a,t)=1_~-2ßJ ( L [e-2ßJp(a:a,t)-p(a,t)] 
rEA;E( 0") > E( O"f 0") 

(5.24.19) 

+ L [p(a:a,t)-e-2ßJp(a,t)]). 
rEA;E( 0") <E( O"f 0") 

The detailed balance stationary solution of (5.24.19) satisfy the following: 
for two spin configurations a, a: a that differ by the flip of spin at site r, 
the energy of the corresponding configurations differ by 2J. The expectation 
p(/L), /L = a, a;a, of the configuration with the higher energy will be e-2ßJ 

times less. 



Complementary Material 

5.25 Nonstationary White Noises 

Theorem 5.2.1 is applicable to states which are invariant under the free 
evolution; this indudes many examples of physical interest (vacuum, tem
perature, ground states), but not some non-gauge-invariant states, for which 
the field a~(t, k) = e±it(w(k)-w)ak is not necessarily stationary. We want to 
show that this dass of states leads to a dass of processes which could be 
called nonstationary white noises whose diagonal covariance is like a usual 
white noise, but whose off-diagonal covariance terms have a correlation of 
the form c5(t + t'), and which maybe can be used in the description of some 
nonequilibrium phenomena. The following result indicates that it should be 
possible to develop a theory of the stochastic limit, in which the reference 
reservoir state is not invariant under free evolution. 

Theorem 5.25.1. Let a(k), a+(k) (k E JRd) be a mean zero squeezing Gaus
sian quantum field in the sense of Definition 2.3.1 with respect to a given 
expectation value ( . ). For a fixed real valued function w(k) and real num
ber w, define the new field 

aw(t, k) := e-it(w(k)-w)a(k) 

and suppose that the covariance matrix, with respect to the time variable, of 
the process a±(t, k) satisfies condition {5.2.11} and that 

Then the limit {5.9.2} exists and is the Gaussian noise bw(t, k) [of the same 
Gaussian type as a(k)] whose covariance has diagonal elements 

(b~(t, k)b~,(t', k')) = c5w,w,c5(t - t')c5(w(k) - w) Gee, (k')c5(k - k') (5.25.1) 

{c =1= c'} and-off diagonal elements equal to 

(bw(t, k)bw,(t', k')) = c5w,w,c5(t + t')c5(w(k) + w)Gee,(k')c5(k - k'). (5.25.2) 

Proof 5.25.1. The diagonal terms of the covariance are gauge invariant, so 
they are dealt with by Theorem 5.9.1. Therefore we only have to deal with the 
squeezing terms (1/ ).2)(aw (t/).2, k )aw' (t' /).2, k')). Introducing test functions 
with compact support <PI and <P2, and amomenturn test function 9, this 
becomes 
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After the change of variables T --+ a = (T + t) / A 2 , this becomes 

J dt'Pl(t) J da'P2(aA2 - t)e-iwu+iwt/>.2 -iw't/>.2 e-iuw(k)G __ (k)t5(k - k'). 

For w #- w' this converges to zero by the Riemann-Lebesgue lemma. For 
w = w' it converges to 

and this proves the statement. 

Remark 5.25.1. Note however that the terms in (5.25.1) will be nonzero only 
for w > 0, and this implies that the terms in (5.25.2) will be zero. Conversely, 
if the terms in (5.25.2) are nonzero, w < 0 and the terms in (5.25.1) are zero. 

5.26 Notes 

Introduction to Chapter 5 

(1) The stochastic resonance is a phenomenon whereby an added noise helps 
to amplify a signal. If the noise strength is chosen properly then the power 
spectrum of the response of a system has a sharp peak at some input 
frequence [Gam98, Gri98]. An interesting study of stochastic resonance 
in a driven spin-boson system by using the stochastic limit has been per
formed in [Im YuOh99]. The stochastic limit for rapidly decaying systems 
has been considered in [KiYuImOO]. 

Section 5.5 

(1) First shown in the paper [AcGoLu95]. 
(2) Introduced in the paper [AcKoVo97]. 

Section 5.13 

(1) The Hamiltonian in this section was considered by J aksic and Pillet 
[JaPi94] using time-dependent perturbation theory and (5.13.5) gives 
precisely the decay rates found by them, which are the same as those 
predicted by the Fermi golden rule. These authors also give an estimate 
of the error for finite A, valid if the system space is finite dimensional. For 
a general discussion of the estimate of the error in the stochastic limit, 
see [ArVoOO]. The first rigorous investigation of the large time behaviour 
for a three-dimensional model of scalar field in the Euclidean formulation 
was given in [GlJa73]. 

(2) In the Fock case, if W- 1/2g E L 2(JR3) then the operator HA is dominated 
by HA ® 1 + 1 ® H, and therefore it is essentially self-adjoint on HA ® 
D(Hb ). In the finite temperature case, it is proved in [JaPi94] that if 
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w-1o: and wo: both belong to L2 (R3 ) then even if HI is not a relatively 
bounded perturbation of Ho the operator HA is essentially self-adjoint 
on 1lA®D(Hb)®D(Hb)' Note that, in the stochastic limit, we get a bona 
fide unitary evolution even without this condition, i.e. even if the original 
Hamiltonian is not essentially self-adjoint. 

Seetions 5.20-5.24 

These sections include the results obtained in the papers [AcKo99a, AcKo99b, 
AcKoOOa, AcKoOOb]. 



6. Measurements and Filtering Theory 

6.1 Input-Output Channels 

We consider the following problem: a field interacts with a system S and 
after this interaction no direct measurement is made on S, but one extracts 
information on S by measuring the field before (input) and after (output) 
the interaction. For example, in the case of an atom which decays emitting 
radiation, if one knows its initial state and detects the radiated photons, 
then one can deduce some information on its new state. The idea is to 
deduce information on the system emitting the radiation from the measured 
radiation. The emitted radiation is a typical example of an output process. 
Other typical examples of output fields are the field operators (quadratures) 
evolved at time t. More generally, one is interested in the statistics of the 
output field with respect to a given initial state. Often, e.g. in quantum 
optics, by signal one means the mean value of the output process and by 
noise its variance. Typical choices of input fields are Aj(t), Njk(t) or linear 
combinations thereof. The corresponding output fields are 

Aj,out(t) = ut Aj(t)Ut 

where Ut is an evolution operator involving the interaction between the sys
tem and the field. 

Example 6.1.1. The system is an atom, and the input field is a laser beam; 
the output field is the emitted fluorescence light. 

Example 6.1.2. The system is an optical cavity; the input and output fields 
are light beams. 

We know that, after the stochastic limit, the field is approximated by 
a quantum white noise and the interaction is described by a stochastic equa
tion. We want to show how the white noise description allows one to simplify 
the input-output scheme. Before discussing the problem in full generality, we 
want to illustrate its statement and solution in a simple example. This is 
done in the following section. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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6.2 The Filtering Problem in Classical Probability 

The problem of filtering in classical probability theory is the following: Given 
the two random processes X == (Xt} == process describing the state of the 
system (input process) and Y == (yt) == observed (output) process (e.g. radia
tion), which information on X is obtained by measurement of Y? Mathemat
ically this is translated into the following problem: evaluate the conditional 
distribution of the X -process given knowledge of the Y -process up to time t. 

One would like, moreover, to express the solution in a recursive way, i.e. 
given any new information on the Y -process, one has a rule to update the 
corresponding prediction on the X-process. 

In classical probability, the conditional expectation of a functional of the 
X-process given the past history of Y is the optimal estimate, with respect 
to the minimum mean quadratic deviation criterium of that functional given 
the past history of Y. 

If instead of a general functional of the X -process, one only considers 
functionals at a given time t [i.e. f(Xt}J, then one speaks of the prediction 
problem). Finally the interpolation problem is the estimate of f(Xt ) given 
y[t,u]; u > t. 

The mathematical formulation of the problem is as follows: let (Jl, F, P) 
be the probability space of the (X, Y)-process and (Jl, Fo, pO) the space of 
the Y-process. Denoting 

:F~ := (J - algebra generated by {Ys : s ::; t} , 

F X := (J - algebra generated by {Xs : s E lR}, 

the filtering problem is to calculate the conditional expectation value 

Et ] := E (-IF~) . 
One starts with an 1is-valued functional of the Y-process, Le. 'Pt(w) E 1is 
with 

'Pt E L2 (Jl, pO, 1is). 

Suppose that this process is given by a functional ofthe Y-process with values 
in the operators on 1is, 

and consider the expectation value 

('Pt, Ft(y°)(X @ l)'Pt) = J ('Pt(w), X 'Pt(w) )Ft(Y°)(w )dpo(w) 

= J (1/;, T:;;(t)XTw (t)1/;) Ft(yO)(w)dpO(w) 

= J dpo(w)Ft(YO)(w) (1/;, P~(X)1/;) . 
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To postulate a model for X t and yt is the same as postulating that X t and 
yt obey a differential equation (stochastic or not). Equivalently, this means 
that 

so that 

('Pt, Ft(y°)(X 0 l)'Pt) = ('Ij; 0 <P, ut Ft (Y0) (X 0 l)Ut'lj; @ <p) 
= ('Ij; @ <P, Ft(y)Xt'lj; 0 <p). 

6.3 Field Measurements 

In this section we illustrate the basic ideas of quantum filtering by considering 
a particular example: the measurement of the field process. To fix the ideas 
we consider the scalar boson case, Le. our state space has the form 1ls @ 

r(L2 (lR)) , where r(L2 (lR)) is the boson Fock space over L2 (lR) and 1ls is 
the system space. The vacuum vector is denoted <Po, and for the creation and 
annihilation processes we use the notations 

At = A(X[o,t]) At = A(X[o,t]) ; 

the field operator (process) is defined by 

Qt = At +At , (6.3.1) 

and we know that it is a classical process: 

v s, tE lR. (6.3.2) 

More precisely, if we define (for any t in lR) At] (Q) to be the von Neumann 
algebra generated by Qs with s :::; t and P to be the restriction ofthe vacuum 
expectation value on At] ( Q), then one has the identification 

(6.3.3) 

where ([2, F, P) is the Wiener probability space and (Ft ]) the associated past 
filtration. Let us fix some system operators K, L (i.e. acting on the space 1ls), 
and let us consider a unitary operator UOt = Ut , which satisfies the stochastic 
differential equation 

dUt = (-Kdt + LdAt - L+dAt)Ut. (6.3.4) 

It is known that under general conditions on Land K (say L, Kare bounded 
or polynomials in some creation and annihilation operators) (6.3.4) gives 
a unique unitary solution. 
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Now fix a vector 'lj; in the system space Hs and consider the vector 

Then, using the fact that dA commutes with Ut and dAPo = 0, we see that 
the vector 

(6.3.5) 

satisfies 

dXt = (-Kdt + LdA+)Ut'lj; 0 Po = (-Kdt + L(dA+ + dA)) Xt 

= (-Kdt + LdQt)Xt, (6.3.6) 

which shows that Xt is a functional of the Q-process. The initial condition of 
(6.3.6) is XO = P = 'lj; 0 Po, and its solution can be obtained in two steps: 

(i) First consider the operator equation 

(6.3.7) 

with initial condition 

Xo = 1 (the identity operator) . (6.3.8) 

(ii) Then apply the operator Xt to the initial state 'lj; 0 Po to obtain Xt: 

(6.3.9) 

Note the difference between the two expressions (6.3.5) and (6.3.9) of 
the same vector Xt: in (6.3.9) the operator Xt is a functional of the 
Q-processj therefore it can be identified to a multiplication operator using 
the identification (6.3.3). More precisely the space Hs 0r(L2(~)) can be 
identified to the square-integrable, Hs-valued functionals on the Wiener 
space, 

(6.3.10) 

and in this identification, Xt can be identified to a vector in the space 
L2 (fl, Ft], P)0Hs = L2 (fl, Ft], Pj Hs), Le. to a random vector, meaning 
by this an FWmeasurable function, 

Xt : W E fl -+ Xt(w) E Hs. 

As a consequence of this, if pQ is a functional of the Q-process and R is 
an arbitrary system operator, then one has the identity 

<Xt,R0PQXt) = In pQ(w)(Xt(w),RXt(w))P(dw) 

= E P (pQ (Xt(-), RXt(-))) , (6.3.11) 
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where now P is the usual Wiener measure. Using the identity (6.3.9) we 
can be even more explicit, in fact: 

since pQ commutes with Xt, this is equal to 

< 'Ij; 0 <Po, (1 0 pQ) X; (R 0 l)Xt'lj; 0 <Po) = (<Po, FQ ('Ij;, X; (R 0 l)Xt'lj;)<Po) , 
(6.3.12) 

where ('Ij;, (.)'Ij;) denotes the partial expectation value with respect to 
the system state 'Ij;. Recalling that the restriction of the <Po expectation 
on the functionals of Q gives the Wiener measure P and that in the 
identification (6.3.10) the operator Xt is identified to (the multiplication 
by) a function of w with values in the operators on 1ls, the right-hand 
side of (6.3.12) becomes 

(6.3.13) 

Now, in the above notations, let us define the output field process 

(6.3.14) 

and the output system process 

(6.3.15) 

It will be shown in the following section that, for any t' ~ t, 

(6.3.16) 

which implies that also the output field process X is commutative, and there
fore it malms sense to speak of a functional of the process X. Let Pt] be such 
a functional, adapted up to time t (i.e. depending only on X s with s :<:::: t). 
Then (6.3.16) implies (see the following section for a proof) that there exists 
a functional Pt~' of the Q-process, adapted up to time t, such that, for any 
t' > t - , 

(6.3.17) 

Therefore, recalling (6.3.5) and (6.3.9) any expectation value of the form 

(6.3.18) 

with t' ~ t and Pt], ytf given respectively by (6.3.17) and (6.3.15) can be 
written in the form 
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where we identify, here and in the following, Ftf with 18 ® Ftf. 
Now, because of (6.3.16), the random variables X s , with s :::; t, commute 

with the random variables yt, with t' ;::: t. Therefore the a~ebra generated by 
these random variables is commutative and we denote E(t( the probability 
measure obtained by restriction of the state ('IjJ ® Po, .'IjJ ® po) on this algebra. 
With these notations one has 

(6.3.20) 

In summary, if t :::; t' 

(6.3.21) 

Remark 6.3.1. If we compute E~ using classical probability, then we find 
some functional G of the Q-process: 

Therefore, because of (6.3.14) and (6.3.16), the right-hand side of (6.3.21) is 
simply G( {Xs}s<t), a functional of the output field process X. 

6.4 Properties of the Input and Output Processes 

To fix the ideas in this section, the field shall be supposed to be the standard 
boson Fock white noise, and we denote 1iR its state space, 1i8 the state space 
of the system, and 1i = 11.8 ® 1I.R the state space of the composite system. 
On 1I.R there is a time filtration of Hilbert spaces {1it ]} which generates the 
whole space 1iR: 

(6.4.1) 
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and we identify an operator At], acting on lit], to the operator At] 0 1 [t, 
acting on liR, i.e. we consider B(lit ]) as a subalgebra of B(liR) with the same 
identity. If Ut is the unitary solution of a stochastic differential equation with 
constant coefficients [e.g. (6.3.4)] and u~ is the time shiJt, then the family 

(6.4.2) 

satisfies the identity Us,tUr,s = Ur,t; it is a unitary evolution on the space. 
The evolution Ust is adapted in the sense that 

(6.4.3) 

Thus, if we define the new filtration 

(6.4.4) 

our models can be described by the general situation described in the follow
ing. 

Definition 6.4.1. Let A be a *-algebra and (As]) a past filtration in A in
dexed by s E ~. A localized left unitary evolution (also called a localized 
left unitary multiplicative functional) is a 2-parameter family Us,t (s :S t) of 
unitary operators in A such that 

r :S s :S t =} UstUrs = Ur,t , 

Ut,t = 1, Vt, 

Ust E At], V s :S t . 

(6.4.5) 

(6.4.6) 

(6.4.7) 

Given such an evolution, we define, for any fixed s E ~, the input algebra 
Bs ] to be the commutant of the family {Utt , : s:S t :S t'}, i.e. the family of 
alt operators F s ] such that 

(6.4.8) 

The family (Bs]) is increasing (s :S s' -+ Bs] ~ Bs'j) and its set-theory union 
(i.e. without closure) shall be called the input algebra (for a given Ust ). 

Remark 6.4.1. In the space 11. = 11.8 01iR, the typical elements of the input 
algebra are the adapted pure noise processes, i.e. those of the form: 180 X s . 

Lemma 6.4.1. Let (Us,t) be a localized leJt unitary evolution and let it be 
given that 

(i) An adapted process Q = (Qt): (Qt E Bt]) in the input algebra B (input 
process). 

(ii) An adapted process R = (Rt ) commuting with Q (input system process), 
i.e. 

(6.4.9) 
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Define the output process X = (Xt ) by 

X t := UOtQtUOt, Vt, 

and the output system process Y = (yt) by 

yt := UOtRtUot, V t . 

Then 

Xsyt = ytXs , Vt ~ s. 

1f Q is commutative, so is X. Finally denoting 

At] (X) [or At] (Q)] 

(6.4.10) 

(6.4.11) 

(6.4.12) 

(6.4.13) 

(6.4.14) 

the closure of the polynomial algebra generated by the X s (or Q s) with s :::; t, 
in any topology in which the maps z H uf}tzUOt are continuous for any t, 
then 

(6.4.15) 

Proof 6.4.1. Let T ~ t. Since Q is an input process, then using (6.4.5), (6.4.8) 
and the unitarity of Us,t, we find 

UOTQtUOT = UOtUtTQtUtTUOT = UOtQtUtTUtTUOT = X t , 

and this proves (6.4.12). Using (6.4.12) we find, for t ~ s, 

[Xs, Yi] = [Vo~QsUOt, UotRtUot] = UOt[Qs, Rt]Uot = 0, 

which is (6.4.13). Equation (6.4.15) follows from (6.4.10) plus continuity since 
z H U:tzUst is a *-isomorphism. If Q is commutative, we can choose R = Q, 
Le. X = Y, so X is commutative because of (6.4.13). 

Remark 6.4.2. Typical examples of families Q and R, satisfying the condi
tions of Lemma 6.4.1 are realized on an Hilbert space of the form 11.8 ® 1I.R 
by taking the output and the system process respectively as 

Qt = 18 ® Qt ( Qt acting on 1I.R) 

and Rt = R ® IR (R acting on 11.8) . 

(6.4.16) 

(6.4.17) 

Corollary 6.4.1. On the algebra of the input processes (Qt E Bt]), the wave 
automorphism 

woo(Qt):= lim U;;'QtUT =: x~ut =: X t (6.4.18) 
T--++oo 

exists and globally defines the output field Xout(t) in the sense that the limit 
exists and the equality holds. 

Proof 6·4.2. This is clear from (6.4.12). 

Remark 6.4.3. Formally Xout(t) = U~XtUoo, but this is only a formal nota
tion, since, while the limit (6.4.15) exists trivially, usually there is no limit 
such as limT--++oo UT = Uoo . 
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6.5 The Filtering Problem in Quantum Theory 

Let rp be astate on A and denote {1i,11",4>} the GNS triple of {A,rp}. In the 
following for simplicity we omit 11" from the notations. 

In the notations of the previous section, let be given a unitary evolu
tion (Ust ), an input process Q and a system process R. Define the output 
process X t and the output system process yt and the associated algebras 
A(Q), A(X) as in Lemma 6.4.1. Then yt, commutes with At] (X) for t' ?: t. 
Therefore [Sak71] there is an element, denoted Eff (yt,), in the commutant 
of At] (X) characterized by 

where EX denotes the restriction of the state (4), (-)4» on the algebra 

A(X) = strong closure of Ut~O At] (X) . 

(6.5.1) 

Defining in a similar way EQ, E~ (Rt , ), we are interested m expressing 

Eff (yt,) in terms of E~. This is the jiltering problem. 

Theorem 6.5.1. In the above notations suppose that, for each t ?: 0 there 
exist an adapted closed invertible operator Xt affiliated to At] (Q)' n At] such 
that 

UOt 4> = Xt4> . (6.5.2) 

Then, denoting ptf the orthogonal projection onto the cyclic space of At] ( Q), 
one has 

E X('J) u,* '*-lpQ ,* p , pQ '-lu, 
t] J.t' = OtXt t] Xt'.L11;,Xt' t] Xt Ot· (6.5.3) 

Remark 6.5.1. If the vector 4> is cyclic for At] (Q)' in the space 1it], then an 
operator Xt as above always exists [Sak71]. 

Proof 6.5.1. Given Ft] E At](X), since t' ?: t, using (6.4.10) we deduce the 

existence of Ftf E At] (Q) such that 

Ft] = Ufit,FtfUOt' ; 

therefore, using (6.4.12) with T = t' 

EX(Ft]yt,) = (Uot'4>,FtfRt"UOt4» = (Xt', FtfRt"Xt') , 

where the vector Xt' is defined by 

Xt' := Uot'4>, Vt'. 

(6.5.4) 

(6.5.5) 

(6.5.6) 
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By assumption there masts a closed operator Xt affiliated to Aej (Q)' such 
that 

Xt' = Uoe tfJ = xe tfJ . (6.5.7) 

Using (6.5.7) in (6.5.5) we find 

EX (Ftj yt,) = (tfJ, Ftf X;, Re Xe tfJ) . (6.5.8) 

Since by (6.4.13) Re is in the commutant of Atj(Q), it follows that x;,!lt'xe 
is also in Atj(Q)'. Denoting ptf the orthogonal projeetion onto the cyclic 
space of Atj(Q), (6.5.6) implies that 

EX (Ftjyt,) = (tfJ, Ftf ptfx;, Re Xe ptf tfJ ) 

/ FQ '*-lpQ ,* R ' pQ ,-1 ) = \Xt, tj Xt tj Xt' t'Xt' tj Xt Xt 

/Tr A; FQ'*-lpQ'*R ' pQ'-lTT ",) = \ UOt~, tj Xt tj Xe eXe tj Xt UOt"'" 

/ A; D [u.* '*-lpQ ,* R ,* pQ ,-lu. ] ",) = \~, rt OtXt tj Xe eXe tj Xt Ot "'" . 

Since t :::; t', it follows that Atj(Q)' :2 Aej(Q)' and, because of (6.4.13), the 
term in square brackets in (6.5.7) is in Atj(X)'. It follows that 

EX(V) u.* '*-lpQ ,* R ' pQ ,-lTT 
tj .le = OtXt tj Xt,·"";,Xe tj Xt UOt· 

6.6 Filtering of a Quantum System 
Over a Classical Process 

The analysis in the present seetion will help us to acquire a better insight on 
the meaning of (6.5.3), which is very general, but rat her abstract. 

Any experimentally realizable measurement must be performed on a set 
of mutually compatible observables. If this set is maximal, its commutant 
will coincide with the algebra generated by it, which is abelian and therefore 
corresponds to a classical stochastic process. This leads to the problem of 
analyzing the filtering process of a quantum system over a classical process. 
This means that the algebras Atj(Q) land therefore Atj(X), by (6.4.15)] are 
abelian. In the notations of Seet. 6.5, let us moreover suppose that Xt is 
bounded, Le. 

Xt E Atj(Q)' n Atj(Q). (6.6.1) 

Because of (6.4.13), this implies that Xt commutes with all the Re. Suppose 
that R t are normal operators. Then the von Neumann algebra generated by 
Atj (X) and yt is abelian, and for any t' ;::: t, the conditional expectation 
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is meant in the usual sense of classical probability. Denote B~vtl (Bffvtl) 
the abelian von Neumann algebra generated by At] (Q) and Re [At] (X) and 

yt/] and denote EQ the restriction of (<1>,(.)<1» to B~ve. Then, under the 
assumption (6.6.1) and recalling (6.4.9) and (6.5.5), 

EX (Ft]yt/) = EX (U;tIFtf ReUoe) = (Uoe,P, Ft]QReUot',p) 

= (<1>, x;,Ftf Rt'XtIP) = EQ(Ftflxt' 12 Rt,) , (6.6.2) 

which shows that the output measure is absolutely continuous with respect 
to the input measure and moreover 

(6.6.3) 

In particular IXtl 2 is a martingale. From this we deduce 

Therefore, recalling that X = U*QU, we find the basic filtering formula: 

(6.6.4) 

Recalling that X t = UOtQtUOt, we see that the basic filtering formula ex
presses a dynamical covariance property. 

Remark 6.6.1. Formula (6.6.4) above is a generalization of (6.3.21) to astate 
space not necessarily of the form lls ®llR. 

6.7 Nondemolition Processes 

Definition 6.7.1. A process (yt) is called a nondemolition process with re
spect to the process X t if for any fixed time t the t future of the X -process 
commutes with the t past of the Y -process. In symbols: 

, 'v's? t. (6.7.1) 
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Two processes X, Y are called mutually nondemolition processes if they com
mute, i. e. if 

[Xs,yt]=O, Vs,t. (6.7.2) 

A process (yt) is called classical (sometimes also self-nondemolition) if each 
yt is a normal operator, 

Y/yt = ytY/ , Vt, (6.7.3) 

and operators at different times commute, 

[Va, Y/] = [Va, yt] = 0, Vs, t. (6.7.4) 

Definition 6.7.2. A classical process Y which is nondemolition with respect 
to a process X is called a measurement of X. 

Remark 6. 7.1. In classical filtering theory, the output processes are also 
called observable processes. In the quantum case it might happen that even 
if each variable of a stochastic process (yt) is an observable (Le. a self
adjoint operator) the process as a whole is not observable, since observables 
at different times do not commute. For this reason, in the quantum case, an 
observable process is required to be a classical process by definition. 

Lemma 6.7.1. Let X == (Xt ) and Y == (yt) be commuting processes such 
that Y is nondemolition for X and (yt) is an output process in the sense of 
Lemma 6.4.1, i.e. 

[yt, Ut',V] = 0 , Vv ~ t' ~ t. (6.7.5) 

Then the output processes 

Xt := utXtUt 

are such that Y is nondemolition for X. 

Proof 6.7.1. Fix t < v. Then, by the same argument as in Lemma 6.4.1, 

Yt = utytUt = utUt~vytUt,vUt = U;ytUv . 

Hence 

The above Lemma is frequently used in the situation described in the 
following. 

Corollary 6.7.1. 

(i) If Y == (yt) is a classical process satisfying (6.7.5), then the output 
process (yt) is also classical. 
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(ii) 11, for each t, X t = X, X is an operator in the system space, and 
Y = (yt) is a process satisfying (6.7.5) and commuting with any operator 
in the system space, then (Yt) is nondemolition for (Xs ). 

(iii) In the assumptions of (ii), if Y == (yt) is a classical process then it is 
a measurement of X, in the sense of Definition 6.7.2. 

Proof 6.7.2. (i) Put X = Y in Lemma 6.7.1.(ii) Choose (Xt ) in Lemma 6.7.1 
to be the constant process equal to X. 

Note that in general (Xt ) is a noncommutative process even if X is normal. 

6.8 Standard Scheme to Construct Examples 
of N ondemolition Measurements 

From (6.4.16-17) we know that if Y == (yt) and X == (Xt ) are stochastic 
processes of the form 

X t : = U;,t(X ® l A )Uo,t, XEB(1ls) , 

yt : = Is ® ~o, YEB(1ltj) , 

and if the process yt satisfies 

U;,t(ls ® Ys)Us,t = Is ® Ys 

for any s < t, then the output process 

(6.8.1) 

(6.8.2) 

is nondemolition for (Xt ); if (yt) is a commutative process, then the same is 
true for (Ys ). 

The crucial condition (6.8.2) is always satsified when yt has the form 
(6.8.1) and the unitary evolution Us,t is the solution of a stochastic differential 
equation with coefficients living on the (system) space 1ls and noises living 
on 1lR with increments commuting with the past. 

6.9 Discrete Time Nondemolition Processes 

The following definition of simultaneous measurement of two operators was 
taken from [HaYa86]. 

Definition 6.9.1. A simultaneous measurement of two operators al, a2, act
ing on an Hilbert space H is defined by a map T /rom operators on H to 
operators on another Hilbert space 1l such that 

(6.9.1) 
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Typically a simultaneous measurement 01 al, a2 is realized by choosing an
other Hilben space HN , called the noise space and fixing two operators A, B 
acting on H N such that 

[al, a2] = [B, A]. (6.9.2) 

One then defines 11. = H 0 H N and 

T(at} = al 01 + 10 A , T(a2) = a2 01 + 10 B. (6.9.3) 

Because 01 (6.9.2), (6.9.1) is satisfied. 

Since T(at} and T(a2) commute, they can be simultaneously measured 
with arbitrary precision. A simultaneous measurment of the two quantities 
T(al), T(a2) is called a simultaneous measurement of al and a2. 

6.10 Notes 

The discussion of the filtering problem in this chapter is inspired by the 
approach of [BeI80, BeI85]. This approach has been used to construct phe
nomenological models of quantum measurement processes in the spirit of 
[Zur82] (see for example [BeMe95], [Di088], [Ex85], [Gis82], [GPR90], [Zur82]). 

The main point of the present chapter is to underline the possibility of 
a potentially fruitful application, to the quantum measurement problem, of 
a combination of the stochastic limit and the filtering technique. In fact, using 
the stochastic limit, the above-mentioned phenomenological models can be 
deduced from the first-principle Hamiltonians, thus giving a physical meaning 
(and structure) to the "noises" introduced by hand in these models. In this 
direction also the dependence of the rate of decoherence on the "macroscop
icity" of the system (i.e. the number of particles), discussed in Sect. 5.22, 
seems to confirm the accepted physical intuition of this phenomenon. 



7. Idea of the Proof and Causal Normal Order 

In this chapter we begin the proof of the main results discussed in Chap. 4 
by illustrating the first two new features which appear as a consequence of 
the interaction, with respect to the convergence of free fields, discussed in 
Chap. 3. These are: 

(i) the causal o-function; 
(ii) the time consecutive principle. 

These two notions are used to bring to normal order the white noise Hamil
tonian equation and to prove that this normally ordered form is equivalent 
to a quantum stochastic differential equation. 

This result constitutes the starting point of the white noise approach to 
(classical and quantum) stochastic caleulus (see [AcLuVo99]). 

7.1 Term-by-Term Convergence of the Series 

Theorem 7.1.1. Under the analytieal assumptions (4.5.5) and (4.9.3), the 
iterated series for the rescaled evolution operator utj12 , 

eonverges weakly on the standard domain (number plus eoherent vectors), 
uniformly for bounded t. Moreover the term-by-term limit, in the sense of 
matrix elements (see Seet. 1.15), of (7.1.1) exists and is equal to 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002



220 7. Idea of the Proof and Causal Normal Order 

where the series converges uniformly for bounded t on the standard domain. 
The operator Ut is unitary and is the iterated series solution of the white 
noise Hamiltonian equation 

(7.1.3) 

Proof 7.1.1. From Theorem 3.2.1 we know that (1/>')HI(t/>.2) converges to 
Ht = (D+bt + Dbt). Therefore the series on the right-hand side of (7.1.2) 
is obtained as the term-by-term limit of the right-hand side of (7.1.1). By 
taking the term-by-term derivative of this series we find (7.1.3). 

7.2 Vacuum Transition Amplitude: 
The Fourth-Order Term 

In this seetion we give an idea of the method of proof of Theorem 7.1.1 by 
checking directly (7.1.2) up to the fourth-order term of the series expansion. 
Even in the fourth-order approximation we shall not prove the convergence 
of all the matrix elements of the rescaled evolution operator Ut<;12 but only of 

the vacuum matrix elements, i.e. the vacuum transition amplitude (Utj~2). 
From Theorem 7.1.1 it follows in particular that 

l~ (Ut<;12) = (Ut) , 

where we use the same symbol ( . ) for the vacuum expectation of both the 
original a field and the master field. On the other hand, from (4.17.4) we 
know that 

l~ (Ut<;12) = (Ut ) = exp ( -tD+ D [°00 daG_+(a)) = e-t'Y- D + D, 

(7.2.1) 

where G_+ (for simplicity in the following we shall only write G) is the 
2-point effective vacuum correlation of the limit white noise, 

and 

"1- := /0 dtG_+(t) = /0 dt(g, Stg) = /0 dt r e-it(Wl(k)-wo ) 1 g(k) 12 . -00 -00 -00 JR.d 
(7.2.3) 

We shall proceed as follows: we truncate up to the fourth order the series ex
pansions (7.1.1) and find the limit ofthese terms; then we explain the rules to 
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compute the iterated integrals in the series (7.1.2) (Sects. 7.4 and 7.5); finaHy 
we apply these rules to calculate the iterated integrals in (7.1.2) (Sects. 7.4 
and 7.5) and we find that they coincide with the limits of the corresponding 
terms in (7.1.2). This computation also illustrates another important general 
feature oft he stochastic limit: only the time consecutive diagrams survive (see 
below for the definition). The proof of the analogue result for the general, 
nth term of the series, as weH as the proof of the fact that the term-by
term convergence implies the overall convergence of the series, is contained 
in Chap. 16. 

By truncating (7.1.1) up to the fourth order one finds: 

Since the vacuum expectation values of an odd number of operators aP,) and 
a(.>')+ vanish, the vacuum expectation of the above expression is equal to 

Using the Gaussian property of the expectation value this can be written in 
the form 
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By Lemma 1.8.1 the limit, as .>. -t 0, ofthe second-order term in (7.2.3) exists 
and is equal to the operator transport coefficient Sect. 1.8: 

-tD+ D [°00 dsG(s) = -tD+ D'Y- = -tY. (7.2.5) 

Now we consider the fourth-order terms in (7.2.4). This illustrates an impor
tant difference between vanishing and nonvanishing terms in the limit .>. -t O. 
Namely that when.>. -t 0 only the integral of G(t2-tdG(t4 -t3), correspond
ing to the time-consecutive pairings (iI, t2), (t3, t4) tends to a nonvanishing 
limit, while all the terms corresponding to the non-time-consecutive pairings 
(tl, t3), (t2, t4) and (tl, t4), (t2, t3) vanish in the limit; this gives the main idea 
of the time-consecutive principle discussed in detail in Sects. 11.11, 15.5-7. 
First let us consider the time consecutive term in (7.2.4), Le. (tl, t2), (fs, t4)' 

Lemma 7.2.1. The following limiting relation holds 

lim.>.4 t/>.2 dh t 1 dt2 t 2 dt3 t 3 dt4G(t2 - tdG(t4 - t3) 
>'-+0 10 10 10 10 

t; [[°00 d(TG ((T) r (7.2.6) 

Praof 7.2.1. In order to bring the integral 

(7.2.7) 

to a convenient form, we introduce new variables: t4 -t (T4 := t4 - t3' Then 
(7.2.7) becomes 

(7.2.8) 

Now change variable from t2 to a variable (T2: t2 -t (T2 := t2 -tl' Then (7.2.8) 
is equal to 

(7.2.9) 

After the rescalings 

(7.2.9) takes the form 

(7.2.10) 
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When .x ~ 0, by dominated convergence, (7.2.10) tends to 

1
t 
dal 1°00 G(a2)da21CTl da3 1°00 da4G(a4) 

= 1
t 

dal 1CT1 
da3 [1°00 daG(a)r t; [1°00 daG(a)r 

(7.2.11) 

and this proves (7.2.6). 

7.3 Vacuum Transition Amplitude: 
N on-Time-Consecutive Diagrams 

Now we prove that the non-time-consecutive terms (in square brackets) in 
(7.2.4), i.e. 

(7.3.1) 

vanish in the stochastic limit, i.e. in contrast to the previous case we will now 
obtain a vanishing limit when .x ~ o. 

Lemma 7.3.1. One has 

lim.x4 t/).,2 dtl t 1 dt2 t 2 dt3 t 3 dt4 G(b - t l )G(t4 - t2) = O. (7.3.2) 
),,-+0 Jo Jo Jo Jo 

Prao! 7.3.1. Let us change the variable t4 to a variable a4 := t4 -t2 in (7.3.2). 
Then (7.3.2) becomes 

(7.3.3) 

Now change from a variable t3 to a variable a3 = t3 -tl' Then (7.3.3) becomes 

(7.3.4) 

After the rescalings 

(7.3.4) takes the form 

(7.3.5) 
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The integral (7.3.5) is dominated in modulus by 

(7.3.6) 

(7.3.7) 

Therefore the whole expression (7.3.6) vanishes as >. ~ O. The relation (7.3.2) 
is proved. 

Lemma 7.3.2. One has 

(7.3.8) 

Proof 7.3.2. In (7.3.8) change the variable t4 to a variable 0"4 := t4 -tl. Then 
it becomes 

(7.3.9) 

Now change from a variable t3 to a variable 0"3 := t3 - t2. Then (7.3.9) is 
equal to 

(7.3.10) 

After the rescalings 

(7.3.10) takes the form 

(7.3.11) 

When >. ~ 0 (7.3.11) is dominated in modulus by 

(7.3.12) 
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Since G((T4) is an integrable function, one has, for almost every (Tl and (T2, 

Therefore the whole expression (7.3.12) vanishes as A -+ O. The relation 
(7.3.8) is proved. 

7.4 The Causal d-Function 
and the Time-Consecutive Principle 

The simplest model in which the stochastic limit can be performed, the 
spin-boson Hamiltonian discussed in Sect. 5.8, has led to the emergence of 
quantum white noise bt , bt and of the the white noise Hamiltonian equation 

(7.4.1) 

In the present chapter we begin to study this equation. 
From the right-hand side of (7.4.1), the formal unitarity of Ut is apparent 

because it has an Hamiltonian form with the formally Hermitean Hamiltonian 
Ht := (D+bt + Dbt). However, since bt , bt are operator-valued distributions, 
one has to specify how to interpret equation (7.4.1) or how to give a precise 
meaning to the iterated series (7.4.1), involving products of such operators. 
This is done using the fact that the linear space generated by the number 
vectors (smeared with some test function) is invariant under the action of 
both bt and bt. Therefore one can interpret (7.4.1) in a weak sense with 
respect to them, Le. considering the ordinary differential equation obtained 
by taking matrix elements of both sides of (7.4.1) with respect to these vectors 
and then exchanging the time derivative with the scalar product. 

Having interpreted in a rigorous way the distribution (7.4.1), the next 
step is to work with it, in particular to prove that it has a solution, that 
the solution is unitary and that it coincides with the limit (7.1.2). To this 
goal it is convenient to write the right-hand side of (7.4.1) in normal form Le. 
instead of the term btUt, we want to have the term Utbt . This shall give rise to 
a commutator that we are going to compute. In doing so an additional term 
shall arise in the equation: this is what, in the stochastic calculus terminology, 
is called the lto correction term (see Sect. 4.13) and it has a deep physical 
meaning being related to the fluctuation-dissipation theorem (see Sect. 4.16) 
and the dispersion relations (see Sect. 4.21). 

To carry on this calculation we develop a calculus for the operator-valued 
distributions bt , bt, i.e. for quantum white noise. The details of this calculus 
are in [AcLu V099]. In the present chapter we state without proofs its two 
main rules, namely: 
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(i) the causal commutator rule; 
(ii) the time-consecutive principle. 

Recall that the white noise operators bt , bt satisfy the commutation rela
tions (2.15.1a,b,c); however crucial rule in dealing correctly with the normal 
form of Ut is the causal commutator rule: When bringing to normal order 
the operators bt , bt in the iterated series for Ut , the need for commutation 
between bq and b:j:, arises only when a ;::: T, and in such a case we replace 
the usual commutation rule [bq,b:j:] = ,J(a - T) (see (5.2.13)) by the causal 
commutation rule, defined by 

(7.4.2) 

where J+ denotes the J-functions on the standard simplex, described in 
Sect. 7.5, and ,_ is given by (4.20.1). 

Remark 7.4.1. Note that the causal commutator is defined only for a (the 
time index of the annihilator ) greater than T (the time index of the creator); 
for a < T, the causal commutator (7.4.2) is not defined. So the causal commu
tator rule should not be interpreted as a new commutation relation, but only 
as a rule to bring to normal order the creation and annihilation operators 
which appear in the iterated series for Ut . 

Remark 7.4.2. The scalar products arising from commutators of creation 
and annihilation operators inside the iterated series, Le. those arising when 
putting in normally ordered form the products H t ! H t2 •.. H tn , are called 
intern al lines and those arising from the action of some annihilator on some 
vector are called externallines. Therefore the causal commutator rule can be 
rephrased as follows: all the internal lines correspond to causal commutators 
of the form (7.4.2); all the externallines correspond to standard white noise 
commutators with the usual J-function. 

Remark 7.4.3. This rule has its roots in the peculiar features of the theory 
of J-functions (and in general of distributions) on the simplex 

Ll~n) := {t;::: tl ;::: ... ;::: tn ;::: O}, (7.4.3) 

which is discussed in Sect. 7.5 and in [AcLu V099]. In fact the original Hamil
tonian theory can be considered as a regularized form of the limit white noise 
theory, and since the nth term of the iterated series is expressed as an integral 
over the nth simplex, the commutation rules performed under this integral 
give rise in the limit not to the standard commutator computed below but 
to the causual commutator (7.4.2). 

To get a feel of the origin of the difference between the ordinary commuta
tor and the causal commutator it is useful to compare the non-time-ordered 
limit: 
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l~ 1t 
dT 1t 

dT [~aTj'>'2' ~ a;j'>'2] cp(T)'Ij;(U) = "I 1t 
cp(T)'Ij;(T)dT (7.4.4) 

with the time-ordered limit 

l~ 1t 
dT 1T 

du [~aTj'>'2' ~ a;j'>'2] cp(T)'Ij;(U) = "I_1 t 
cp(T)'Ij;(T)dT, 

(7.4.5) 

where "I is defined by 

/ +00 /+00 /+00 f 
"1:= -00 dtG(t) = -00 dt(g, Stg) = -00 dt Jll!.d e-it (Wl(k)-wo) 1 g(k) 1

2 

(7.4.6) 

and "1- by (4.20.1). Both limits are meant in the sense of correlators, and 
their validity follows immediately from Lemma 1.8.1. 

Finally remember that the nth-order term in the iterated series is obtained 
by integrating over the simplex Ll~n), given by (7.4.3), the produet of opera
tors H1(td ... HI(tn) indexed by the ordered n-tuple t 2: h 2: ... 2: tn 2: O. 
We say that two times tj, tk in this n-tuple are consecutive if j = k + 1 or 
k = j + 1. By bringing the product HI(h) ... H1(tn ) to normal order, several 
scalar produets of the form (g, Stq-tpg) will appear and in faet they are in 
one-to-one correspondence with the above-defined internallines. 

The time-consecutive principle, which is probably the most fundamental 
principle of the stochastic limit theory, states that: if a term, obtained by 
bringing the product H1(tl)'" H1(tn ) to normal order, contains a scalar 
produets of the form (g, Stq-tpg) with q - 1 =f. p, then in the stochastic 
limit this term vanishes. Stated otherwise and slightly more generally: in 
the stochastic limit only those terms whose only internallines correspond to 
pairings between time-consecutive operators H1(tq ) and HI(tp ), survive. 

The proof of this principle depends on some estimates on Feynman di
agrams which are described in Seets. 15.1-4 and will be given in detail in 
Seets. 15.5-7. In the following section we show how this principle is reflected 
in the structure of the master field, but to this goal the usual theory of 
distributions has to be extended to the standard simplex Ll~n): this extension 
is nontrivial because the boundary terms here play a crucial role. 

7.5 Theory of Distributions on the Standard Simplex 

Here we state some simple rules to work with <l-functions on the standard 
simplex 

,t In) .,. > > t > 0 L...lt ' := t 2 tl _ ... _ n _ . 
r,.." I'!' 1 \ 
~ t.v . .l} 
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Such a o-function is called causal because, as it will be clear from the following 
developments, its emergence is the expression of the causality condition which 
is coded into the decreasing order (t 2: tl 2: ... 2: t n ) of the time variables 
in the iterated series (7.4.3). The distribution theory developed to handle 
this situation differs from the standard one [V183 , ChBr73] because the space 
of the test functions considered here is more irregular. By taking matrix 
elements with respect to an appropriate set of vectors, aH the identities in this 
section can be applied to the case when <p(t) is an operator-valued function. 
We shaH give proofs only in the simplest cases, and we refer to [AcLu Vo99] 
for a fuH mathematical treatment. If f is an integrable function on ~+ such 
that Jooo f(a)da = 1, then one has 

lim t ,12 f (t ~2h ) dtl = lim t/>.2 f(a)da = 1. 
>'--+0 Ja /\ /\ >'--+0 Ja 

This relation we write symbolically using o+-functions as 

l t 
o+(t - tl)dtl = 1. (7.5.2) 

For example, using (7.5.2) one has 

l t 
dh l tl 

dt20+(tl - t2) = l t 
dtl = t. (7.5.3) 

Similarly, using repeatedly (7.5.2) and an appropriate generalization of the 
standard rules for tensor products of distributions, one can write the expres-
sion 

in the form 

l t 
dtl l tl dt20+(tl - t2) l t2 dt31t3 dt40+(t3 - t4)' 

Then one finds 

l t dtlltl dt21t2 dt30+(tl - t3) = 0, 

(7.5.4) 

(7.5.5) 

because the dt3 integral (considered as a function of t2) is zero for all values 
of t2 with the exception of t2 = tl' 

It is instructive to prove the identity (7.5.5) by using a regularized version 
of 0+. In this case the identity (7.4.2) reads 
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(7.5.6) 

and it is clear that the right-hand side of (7.5.6) is zero for any integrable 
function f on ~ because h ~ t2. More generally, let us introduce the following 
definition: 

Definition 7.5.1. Let m be a natural integer and let the indices {pd, {qk} 
(k = 1. .. m) define a partition of the set {1, 2 ... 2m} such that for each k 

(7.5.7) 

An integral of the form 

(7.5.8) 

shall be called time-consecutive (type 1) if (7.5.8) is equal to 

i.e. if in (7.5.7) the equality holds for each k = 1. .. m. 
Otherwise, i. e. if there exists an index 0: E {1 ... m} for which 

(7.5.10) 

it shall be called non-time-consecutive (type II). 

In [AcLu Vo99] we proved the following: 

Lemma 7.5.1. For any mE N and t > 0 one has, for type 1 integrals, 

(7.5.11) 

while for type 11 integrals, i. e. if the indices {Pk} and {qd satisfy condition 
(7.5.10), it follows that 

(7.5.12) 
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7.6 The Second-Order Term 
of the Limit Vacuum Amplitude 

In Seets. 7.2 and 7.3 we eomputed the limit of the seeond-order term of the 
iterated series for uF') from the Hamiltonian form (7.1.1). It is instruetive 
to see how one ean obtain the same expression direetly from the white noise 
equation (7.1.3). More precisely, in this and in Seet. 7.7 we show that the 
seeond-order term in the iterated series expansion of Ut in (Ut ) gives the eor
reet (operator) deeay rate, Le. the exponent of the right-hand side of (7.2.1). 
The seeond-order term of the vacuum expeetation value of the iterated series 
(7.1.2) is 

(7.6.1) 

where we have used (7.4.2). Note that the seeond-order term in the iterated 
series of the limit equation is the limit as >.. -+ 0 of the seeond-order term in 

the expansion of Utjl2' 

7.7 The Fourth-Order Term 
of the Limit Vacuum Amplitude 

Now let us perform for the fourth-order term the ealculation made in the 
previous seetion for the seeond-order one. In this ease one has 

(-i)41
t 
dtlltl dt21t2 dt31t3 dtdD+D+DD<btlbt2b~b~) 

+D+ DD+ D (bt1 b~bt3b~)}. (7.7.1) 

Using the rules for Gaussian expeetation values, this is equal to 

t t 1 {t2 {t3 

(_i)4 Ja dh Ja dt2 Ja dt3 Ja dt41'~ {D+ D+ DD . [8+(t4 - t2)8+(t3 - td 

+8+(t4 - tl)8+(t3 - t2)] + D+ DD+ D8+(t2 - h)8+(t4 - t3)}' 

(7.7.2) 

We know from Lemma 7.5.1 that the terms in square braekets eontaining non
time-eonseeutive 8+-funetions vanish. Using (7.5.11) to eompute the integral 
of the produet oftime-eonseeutive 8+-funetions 8+(tl -t2)8+(t3 -t4), we find 
that (7.7.1) is equal to ~ 1'-(D+ D)2t2. This is equal to the limit eomputed 
in Lemma 7.2.1. 
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7.8 Higher-Order Terms 
of the Vacuum-Vacuum Amplitude 

One can proceed in this way, computing all the terms in the iterated expan
sion (7.1.2) and the check that they coincide with the corresponding terms 
in the limit (7.1.1). 

Using the results of Sect. 7.5 above, it is easy to verify that in the normally 
ordered form of the iterated series (7.1.2) for Ut all the non-time-consecutive 
(type II) integrals vanish identically and only the time-consecutive (type I) 
integrals survive. 

This suggests the natural conjecture that in the limit ). -+ 0 of the iter
ated series (7.1.1) for UD'l2 all the non-time-consecutive (type II) integrals 

vanish identically and only the time-consecutive (type I) integrals survive. In 
Chap. 15 we shall prove that this is in fact the case. 

7.9 Proof of the Normal Form 
of the White Noise Hamiltonian Equation 

Now we apply the rules introduced in the previous sections to the computa
tion of the commutator [bt, Utl. All the operator identities in this section are 
meant weakly in the number vectors. 

Lemma 7.9.1. Consider the boson Fock white noise Hamiltonian equation 
{7.1.3} i.e. 

(7.9.1) 

and suppose that the iterated series {7.1.1} converges to Ut weakly on the 
n-particle vectors and that the map t H Ut is weakly continuous on these 
vectors. Then, under the causal commutator condition {7.4.2}, i.e. 

the following identities hold: 

[bt , Utl = btUt - Utbt = -h_DUt , 

[U* b+l - U*b+ b+U* - .- U*D+ t, t - t t - t t - z"( - t , 

[bt , Ut] = h-Ut D. 

(7.9.2) 

(7.9.3) 

(7.9.4) 

Proof 7.9.1. Denote Ut(n) the nth iterate of the integral form of (7.9.1), Le. 

iUt(n+l) = i + l t (D+b(J"u~n) + Dbtu~n))da, Ut(O) = 1. (7.9.5) 
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For n = 0, uin ) = 1 and the identities 

17" dabq[bt , u~n)l = 17" dO"bt[bt , u~n)l = 0 (7.9.6) 

clearly hold for any T. Assuming by induction that (7.9.6) holds for n and 
using (7.9.5), one finds, for any t ~ T, 

[bt , iu$n+1)l = 17" D'Y_8+{t - O")u~n) + Dbt[bt , u~n)l + D+bq[bt , u~n)l dO". 

(7.9.7) 

Using the definition of 8+ we know that the right-hand side of (7.9.7) is equal 
to 

(7.9.8) 

By the induction assumption the integral term in (7.9.8) is zero. Therefore, 

(7.9.9) 

Taking matrix elements in the number vectors of both sides of (7.9.9) and 
letting n ---+ 00 with T = t, we obtain 

[bt , iUtl = 'Y-DUt, 

which is equivalent to (7.9.2). By taking the adjoints of both sides of (7.9.2), 
one finds (7.9.3). Finally, from 

ÖtU* = iutWi D + btD+) 

or 

we deduce 

[bt , Ut] = i 1t 
[bt. U:](b:D + btD+)ds + i 1t 

U: D'Y_8+(t - s)ds 

= i 1t [bt. Us](b:D + btD+)ds + i"{_ut D. 

By the same argument used for [bt, Utl, we conclude that 

[bt , Ut] = i"{_ut D, 

which is (7.9.4). 
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7.10 The Unitarity Condition for the Limit Equation 

Note that, while the Hamiltonian in (7.9.1) is formally self-adjoint, it has 
meaning only as a sesquilinear form, since it is not an operator but only 
an operator-valued distribution. The normally ordered form of this equation 
is not in Hamiltonian form; therefore the unitarity of its solution has to 
be proved. This is done in the present section. In fact here we prove only 
the isometricity condition (UtUt = 1), which is easy. The co-isometricity 
condition (UtUt = 1) is more delicate but can be proved on similar lines. 

Theorem 7.10.1. Let D be a bounded operator. Then the solution of 

(7.10.1) 

with 

(7.10.2) 

is isometrie, i.e. utut = 1, if and only if 

ß = -"(- + iA, (7.10.3) 

where A is an arbitrary real number. 

Remark 7.10.1. The equation found in Sect. 4.12 corresponds to the case 
A=O. 

Proof 7.10.1. Taking the adjoint of both sides of (7.10.1), we find 

wut = -biut D - UtbtD+ - ßut D+ D. (7.10.4) 

Therefore, differentiating the product Ut Ut by the usual Leibniz rule, 

W(utut) = Wut Ut + iUt8Ut 

= (-biut D - UtbtD+ - ßut D+ D)Ut 

+ Ut(D+Utbt + Dbiut + ßD+ DUt) 

- biut DUt - UtbtD+Ut - ßut D+ DUt 

+ ut D+Utbt + ut Dbiut + ßut D+ DUt. 

Since D commutes with the bi, this is equal to 

(7.10.5) 

We know from Lemma 7.9.1 that the commutator [bt, Utl is -i'Y_DUt. Using 
this we find 

i8(UtUt) = i'Y_ut D+ DUt + i"Y_Ut D+ DUt + (ß - ß)ut D+ DUt 

= (i"Y - + i'Y- + ß - ß)ut D+ DUt · 
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This shows that the isometricity condition 

at(Ut*Ut ) = 0, U;Uo = 1, 

is equivalent to 

ir- + i'Y_ + ß - ß = 0 {:} Re,_ = - Im ß 

and this is equivalent to (7.10.3). 

7.11 Normal Form 

(7.10.6) 

of the Thermal White N oise Equation: Boson Case 

In this seetion we outline the proof of the normally ordered white noise 
equation obtained in Seet. 5.9 by application of the stochastic golden rule. 
This normally ordered form in the nonFock case is a more delicate problem 
and we are going to discuss it in this seetion in the case of a gauge-invariant 
state. The white noise calculus for nonFock noises is reduced to the Fock case 
through the following two remarks. 

Remark 7.11.1. Since a finite temperature white noise is a sum of two in
dependent Fock white noises (see Sect. 2.18), the calculus for it follows the 
general rule described in Seet. 7.9. 

Remark 7.11.2. If an equation is driven by a family of independent thermal 
white noises, its normal form is the sum of the normal forms corresponding 
to each of the independent white noises. 

By analogy with (4.12.5) and in the notation of (2.18.3), let us introduce 
the semiscalar produets 

,1- := [°00 drT J dkeiaw(k)lg(kW(n(k) + 1) = ,2- + ,-, (7.11.1) 

,2- := [°00 drT J dke- iaw(k)lg(k)1 2n(k) = ,1- -,_. (7.11.2) 

Proposition 1.11.1. Let Ut be the iterated series solution of (7.9.1) where 
b(t) is a white noise of the form (5.9.4a,b) and bt = b1 (t) + b2 (t) is its 
representation as deseribed in Beet. 2.18. Then the following identities hold: 

[b1(t), Utl = -ir1- DUt, 

[b2(t), Utl = -ir2-D+Ut. 

Proof 7.11.1. Consider the integral form of (7.9.1), i.e. 

Ut = 1 - i l t 
ds(Db; + D+bs)Us. 

(7.11.3) 

(7.11.4) 

(7.11.5) 
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Using the canonical representation (2.18.3) of bt in terms ofFock white noises, 
one writes (7.11.5) in the form 

Therefore, using Lemma 7.9.1, one has 

[b1(t),Ut] = -i l t 
D[b1(t),bt(s)]Us 

= -i l t 
Dl'lb+(t - s)Usds = -i')'l_DUSl 

[b2(t), Ut] = -i l t dsD+[b2(t), bt(s)]Us 

= -i l t 
dsD+1'2-b+(t - s)Us = -i')'2-D+Ut, 

and this proves (7.11.3) and (7.11.4). 

Theorelll 7.11.1. The normal form of {7.11.5} is 

atUt = -i(Db+(t)Ut + D+Utb(t)) -l'l_D+ DUt -1'2_DD+Ut. (7.11.6) 

Proof 7.11.2. Using the canonical representation (2.18.3) of bt we write 
(7.11.5) in the form 

atUt = Dbt(t)Ut + DUtb2(t) + D[b2(t), Ut] + D+Utb1(t) 

+ D+[b1(t), Ut] + D+bt(t)Ut, 

and (7.11.6) follows from the identities (7.11.3) and (7.11.4). 

7.12 From White Noise Calculus to Stochastic Calculus 

A normally ordered white noise Hamiltonian equation can also be interpreted 
as a stochastic differential equation. The following is a simple formal rule 
which allows one to pass from one type of equation to the other: 

(i) Start from the normally ordered form of the white noise Hamiltonian 
equation: 

atUt = -i(DbtUt + D+Utbt ) - YUti 

(ii) replace at by 1t and multiply both sides of (7.12.1) by dt: 

dUt = -i(Dbt dtUt + D+Utbtdt) - YUtdt; 

(7.12.1) 

(7.12.2) 
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(iii) replace bfdt by dBf; 

dUt = -i(DdBtUt + D+UtdBt} - YUtdt. (7.12.3) 

(iv) In the Boson case one can, in addition to the above, use the commutation 
rule, 

(7.12.4) 

to obtain the final form of the stochastic differential equation 

dUt = (-iDdBt - iD+ dBt - Y dt)Ut . (7.12.5) 



8. Chronological Product Approach 
to the Stochastic Limit 

In this ehapter we give a proof of the eonvergenee of the resealed evolution 
operator utj12 eorresponding to the interaetion Hamiltonian eonsidered in 

Seet. 4.10. For these simple Hamiltonians (in particular with both dipole and 
rotating-wave approximation), the ehronologieal produet teehnique works 
weH, but for more eomplieated interaetions the eombinatorics beeomes in
tricate and the more powerful analytical teehnique developed in Part III is 
more effeetive. 

8.1 Chronological Products 

Definition 8.1.1. The ehronological (or time-ordered) product of n oper
ators X tl , ... ,Xtn depending on a parameter tj E ~ is defined by (see, for 
example, [BoSch87j) 

(8.1.1) 

where 7r is the unique permutation of {I ... n} such that 

(8.1.2) 

The uniqueness of 7r holds if in the n-tuple (h, ... , tn) there are no equal 
coordinates, but the set of n-tuples for which this condition is not satisfied 
has zero measure and products of the form (8.1.1) shall appear only under 
iterated integrals. Therefore in the following we shall consider 7r to be uniquely 
determined. 

Note that (8.1.1) is equivalent to 

T(Ah ... Atk ) = L O(t7rl > ... > t 7rk ) . At"l ... A t7Tk , 
7rE'Pk 

where Pk is the permutation group and 

if t 7r1 > t"2 > ... > t 7rk 
otherwise 

(8.1.3) 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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The chronological exponent is defined as the solution of 

i&tU(to, t) = HI(t)U(to, t), U(to, to) = 1, 

HI(t) := eitHo . H I . e-itHo . 

(8.1.4) 

(8.1.5) 

Its connection with the chronological product is obtained by writing the 
iterated series für the solution of (8.1.4), i.e. 

U(to,t) = 1 + ~)_i)n l t dtlltl dt2" .ltn dtnH1(tl)H1(t2)" . H1(tn) 
n~l ~ ~ ~ 

(-i)n l t l t 
= 1 + 2: -,- dtl'" T[H1(tl)'" H1(tn)] 

n~l n. to to 

= Texp (-i 1: H1(S)dS) . (8.1.6) 

So, at least formally, the exponential chronological product is defined by 

U(to, t) = Texp (-i 1: H1(S)dS) . 

We want to apply the chronological product technique to find the limit 
of the rescaled evolution operator 

8.2 Chronological Product Approach 
to the Stochastic Limit 

(8.1.7) 

Let H be an Hilbert space and tiR = r(H) be a corresponding bosonic Fock 
space. Let for any fEH be given a family of creation and annihilation 
operators AtU), AtU) depending on real parameter t with the commutator 

where G(t) = G(tlf, g) is a continuous integrable function 

J IG(tlf,g)ldt < 00. 

(8.2.1) 

(8.2.2) 
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Let D and D+ be bounded operators in an Hilbert space 1ls and let uF') 
be the evolution operator in the Hilbert space 1l = 1lR ® 1ls depending on 
a real parameter ). and satisfying 

(A) 

d~~ = -i)'{D+ ® At(g) + D ® At (g)}U?), 

Ut(A) = I. 

We will prove the existence and compute the limit 

1· U(A) U 
1m t/A2 = t. 

A-+O 

(8.2.3) 

(8.2.4) 

We understand the limit in the sense of matrix elements between collective 
vectors. In fact we first compute the expectation value of Ut<;'12 in the form 
of a T product and then compute the limit. We will show that the limit 
satisfies a quantum stochastic differential equation. To this goal we introduce 
the notation 

H1(t) = Dt At + DtAt, 
D t = D, Vt ~ 0, 

(8.2.5) 
(8.2.6) 

i.e. we introduce a fictitious time dependence also in the system operator D 
to keep into account the order of D and D+ in the iterated series expansion 
(8.2.7). Taking the vacuum expectation value we obtain 

( ) 
00 (i)2m t/A2 t/A2 

Utj~2 = J; ~m)! ).2m Jo dtl ... Jo dt2m (T(H1(h) ... H1(t2m))). 

Note that, from the identity 

H (t) H (t ) - D1- q Aq D1-€n A€n - D1-€1 D1-€n A€l A€n I 1 ... I n - tl tl . .. tn tn - tl . .. tn tl . .. tn , 

we deduce 

T(H1(tl) ... HI(tn)) = HI(t"'l) ... H1(t",n) = Di~€7rl A~;~ ... Di;n€7rn A:;~ 
= D 1 -€7rl D 1-€7rn A€7rl A€7rn 

t 7r l . . . t 7rn t 7r l . .. t 7rn 

= T(D1- q D1-€n)T(A€I A€n) tl . . . t n tl . .. t n . (8.2.7) 

Because of the vacuum expectation value, in the expression (T(H1(tl) ... 
H1(t2m))), only the factors with an equal number of creators and annihila-

tors survive. Since, given k = 1 ... 2m, there are exactly (2:) terms with 

k annihilators and 2m - k creators and since, because of the time-ordered 
product, all the terms with m = k have the same expectation, it follows that 
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By performing the vacuum expectation and keeping into account the identity 

m 

(T(At1 ... AtmA;l ... A;m)) = m! II G+(tk - Tk), 
k=l 

where we have introduced of the Feynman propagator 

(8.2.8) 

which by definition satisfies the causality condition 

(8.2.9) 

and the m! arises because, for any permutation 7f of the set {I ... m}, the 
permutation (tk,Tk) I--t (t7rk , T7rk ) leaves both the scalar and the time-ordered 
product invariant, we find 

(2m)! 2m l t/>.2 l t/>.2 l t />.2 l t />.2 
12m = --,- A dtl . . . dtm dTl . . . dT m 

m. 0 0 0 0 
m 

. T(D~ .. . Dt,DT1 •• • D Tm )· II G+(tk - Tk) 
k=l 

Using the fact that we can arbitrarily commute the D ta operators in
side the chronological product, we find for the rescaled vacuum-to-vacuum 
amplitude: 

Lemma 8.2.1. In the notation 01 (8.2.8) one has 

(u,~l,) ~ Texp (~ l <in 1'ff dTG+(TW; +,D ;, ) . (8.2.10) 
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Prao! 8.2.1. With the change ofvariables t1-t2 = 0"1, we obtain from (8.2.13) 

By the causality condition (8.2.9) this is equal to 

Texp (- t d0"2 /~~2 dO"l G+(O"l)D"h D~) , Jo Jo .\2 +0"1 :.\2 

and this is (8.2.10). 

Remark 8.2.1. Lemma 8.2.1 above suggests a natural guess for the limit 

(8.2.11) 

in fact, recalling from (8.2.6) that D t = D is independent of t, one might be 
tempted to rewrite the right-hand side of (8.2.10) as 

(8.2.12) 

which, as A -+ 0, converges to 

exp ( -tD+ D 1+00 G+(r)dr) . (8.2.13) 

Of course the naive replacement D t f-t D is not justified in the right-hand 
side of (8.2.10) (Le. for finite A), which is a time-ordered product. But in 
the following section, we show that this replacement becomes rigorous in the 
limit A -+ 0 at any order of perturbation theory [the estimates of Sect. 15.1 
will then imply that the limit (8.2.11) is effectively given by (8.2.13)J. This 
can be expected on the basis of the following heuristic arguments: Let us 
try to understand which terms in the expression of hm give a nonvanishing 
contribution in the limit A -+ O. Using (8.2.7) we see that the first operator on 
the left must be an annihilator (cl = 1). By the time-consecutive principle, 
A~; must be a creator (c2 = 0). Iterating this argument and using (8.2.6), we 
see that the time-ordered system part (corresponding to nonvanishing terms) 
is equal to (D+ D)m. So the replacement of (8.2.1O) by (8.2.12) is justified in 
the limit A -+ O. Now let us prove that these heuristic considerations lead to 
the correct result. In the foHowing section we shall give a fuH proof. 



242 8. Chronological Product Approach to the Stochastic Limit 

8.3 The Limit of the nth Term, Time-Ordered Product 
Approach: Vacuum Expectation 

Lemma 8.3.1. In the notations of (8.2.1), (8.2.8) and denoting G(t) .
B(t)G+(t), one has 

. (2m)! 2m i t />..2 i t />..2 lt />..2 l t />..2 
hm --,-.x dt1'" dtm dT1... dTm 
>"-+0 m. ° ° ° ° 
.T(D~ ... DtDTl ... DTm)!! G(tk-Tk) = (D+D)m:: [1.°00 G(O')dO']m 

Proof 8.3.1. By changing variables 

tk ---+ O'k = tk/.x2, k = 1 .. . m, 

one obtains 

(2m)! l t l t l t />..2 l t />..2 12m = --,- dO'1... dO'm dT1... dTm 
m. ° ° ° ° 

·T (D~ ... D~ DT1 ... DTm ) . G (~~ - Tl) '" G (:'; - Tm) . 

Now, changing 

O'k 
Tk ---+ Sk = .x2 - Tk, k = 1 ... m, 

12m becomes 

(8.3.1) 

where in the last m integrals in (8.3.1) we have used the causality condition 
G (0') = 0 for 0' < 0 to replace by zero the (negative) lower bounds (O'k - t) / .x 2 

k = 1 ... m of the integrals. 
We shall now prove that possibly only the integrand over the simplex 

0'1 0'1 0'2 > 0'2 - > - - 81 > - 82 > .x2 - .x2 - .x2 - .x2 - - .•. 

corresponding to the product 

survives as .x ---+ O. To this goal, first recall that by definition of the chrono
logical product 
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T (Dt.. D'!l_s ... ) = L () (O"~ ~ ... ) Dt"l .. . D~_ ... 
),2 ~ 1 E""' ),2 >:2 ~ 8"2 

7r r2m 

(8.3.2) 

Consider a term of the sum (8.3.2) 

and the corresponding integration domain 

O"7rl 0""1 -:\2 ~ ... ~ -:\2 - S"l ~ ... 

We shall use notations O"i = O"7ri' Si = S7ri and we shall say that for an index k 
there is a broken pair if between D;k!>-.2 and Dak!>-.Lsk there is some other 
operator, i.e. if one has one of the following situations: 

(8.3.3) 

(8.3.4) 

In fact one needs only to consider case (8.3.3), because in case (8.3.4) if 
D;ex!>-.2 is on the right of D;k!>-.2 then we are back to case (8.3.3); if it is on 
the left then we are again back to case (8.3.3) but with the roles of k and 0: 

exchanged. In case (8.3.3) one has ~~ ~ ~~ ~ ~~ - Sk, a.e. Therefore 

O"ex - O"k 
Sex ~ .x2 ~ 0 a.e. 

and the integral in (8.3.1) in case (8.3.3) becomes 

l t lak!>-.2 
dO"I ••• dskG(Sk)··· ~ 0, 

o (ak-aex)!>-.2 

where the dots denote other integrals from (8.3.1) which are uniformly 
bounded as .x ~ O. From (8.3.2) and the integrability of G(SI) it follows 
that (8.3.3) vanishes when .x ~ O. 

In summary, as .x ~ 0, the only nonvanishing terms in the integral of the 
sum (8.3.2) correspond to the integrals over the domains 

0"1 0"1 0"2 0"2 0"3 O"m O"m - > - - SI > - > - > > .x2 - .x2 - .x2 - .x2 - S2 - .x2 ... ~ - ~ - Sm· (8.3.5) 

In the domains (8.3.5) one has 

T (Dt1 D'!l-sl Dt. ... ) = D+ D ... D+ D = (D+ D)m. 
),2),2 ),2 

Each domain in (8.3.5) is equivalent to 0 ~ 0"1 ~ t, 0"2 ~ 0"1 - .x2 S 1 , 
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which tends to 

(8.3.6) 

Note that if one permutation in (8.3.2) gives a nonzero contribution in the 
limit then all the permutations with this property are obtained from this one 
by permuting the pairs D+ D considered as a single object. Since these pairs 
are m, this gives exactly m! terms of the form (8.3.6). The (2m)! in (8.3.1) 
is cancelled by the corresponding factor in the expansion of the time-ordered 
exponential. Therefore Lemma 8.3.1 is proved. 

8.4 The Stochastic Limit, 
Time-Ordered Product Approach: General Case 

In this section we shall compute the limit as A -+ 0 of the following matrix 
elements 

(8.4.1) 

where 'Ij;)..(cp @ f) is a collective coherent vector, i.e. a coherent vector in the 
Fock space 1iR of the form 

(8.4.2) 

where iJ> is the vacuum vector in 1iR, f is an element in the space J( (see 

Sect. 4.5) and cp is a test function. To write UY) in the T-product form, we 
introduce, as in (8.2.9), auxiliary functions D t = D and Dt = D. These func
tions are constant, but it is convenient to use such notations when presenting 
Ut()..) in the T-product form. 
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Lemma 8.4.1. One has the following equality 

Up·) = Texp ( -i).,lt (D; ® AT(g) + DT ® A;(g)) dr) 

= Texp ( -i).,l
t 

DTAT(g)dr) exp (-i).,l
t 
D; AT(g)) 

. Texp (_).,21t du 1t dVD;G_(v-ulg,9)Dv). (8.4.3) 

Proof 8.4.1. In (8.4.3) we bring the T-ordered product of operators AT and 
At to the normal form. The propagator G _ (v - ulg, I) is defined by means 
of the usual commutation relations 

(8.4.4) 

and the causality condition 

G_(tl f) = {G(tI9,1) if t ~ 0 
g, 0 if t 2: 0 

Theorem 8.4.1. If the function G(u) satisfies the causality condition, one 
has the following relation: 

limA-+o \ 'l/JA('P1 ® f1), utj12'I/JA('P2 ® 12)) 

= Texp [ -i 1t dr((hlg)'P1(r)DT + (glfz)'P2(r)D; 

- (glg)_D;+oDT + (hlh)'P1(r)'P2(r))] , 

where 

Ulg) = [: G_(tlf,g)dt, Ulg)- = [0
00 

G_(tlf,g)dt. 

Proof 8.4.2. By using (8.4.3) one has 

\ '1!JA('P1 ® h), utj12'I/JA('P2 ® 12)) 
t/A2 

= Texp { -i 1 dr J du ['P1(u)G(r - :2Ih,g )DT 

-'P2(U)G(:2 -rlg,h)D;] 

t/A2 t/A2 

-1 dU 1 dvD;G_(v_ulg,g)Dv 

+ J 'PI (a)'P2(a2) ;2 G ( u2 ; u1 ih, h) dU1du2 }. 

(8.4.5) 

(8.4.6) 

(8.4.7) 
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By rescaling time according to T -+ T /).2, one obtains 

(8.4.8) 

Since D7 />.2, D;p\2' D~/>.2' Dv />.2 are constant functions and the time 
label is only used to keep track of the order in the operator products, one 
can make 

D D D + -D+ 7/>.2 = T, 7/>.2 - 7' 

under the sign of the T product because this does not change the order. One 
therefore obtains 

(8.4.9) 

To evaluate the limit of (8.4.9) when ). -+ 0, one uses the following identity 
(see Lemma 1.9.1): 

l~J ;2 G (;2) F(eY)deY = F(O) J G(eY)deY, (8.4.10) 

which holds if G(eY) is a continuous integrable function on the realline and 
F(eY) is any continuous function. 



9. Functional Integral Approach 
to the Stochastic Limit 

This chapter is added for completeness; to read it is not essential for an 
understanding the remainder of the book. We shall illustrate here how the 
functional integral approach can be used to derive the stochastic limit. In 
other words, we consider the basic formula for the stochastic limit of a scalar 
field, 

1~~~(;2'x) = <P(t, x) , 
in the functional integral approach. We shall use freely the functional integral 
formalism, assuming that the reader is familiar with it. For some useful 
references on functional integrals see [ARK76], [RKPS93], [Ri01], [SmSh91], 
[AcVo98J. 

9.1 Statement of the Problem 

The free fields are related to the creation and annihilation operators through 
the identity 

~ (t, x) = 1 J d3 k (eitW(kl-ikXa+ (k) + h.c.) . 
(V27r) 3/2 J2w (k) 

In the stochastic limit one studies the asymptotic behaviour, as ). ---+ 0, 
of the rescaled quantum field ~(t, x), 

(9.1.1) 

[( t, x) being the time--space variables]. The basic result of the stochastic limit 
is 

. 1 (t ) hm \~ 2'X = <P(t, x) , 
>---+0 A ). 

(9.1.2) 

where <P(t, x) is a new quantum field. The crucial new property of the field 
<P which drastically simplifies the analysis is that <P is o-correlated with 
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respect to time, i.e. it is a quantum white noise. We will use (9.1.2) not 
only for free fields but also for interacting fields. On the other hand the 
functional integral is a powerful tool in quantum theory, and in particular, 
it is very convenient for making changes of variables such as the time-field 
rescaling (9.1.1). Therefore the way to apply this technique to receive insight 
into the form of the stochastic limit of quantum field theory is a natural 
one. 

In the rest of this chapter we will illustrate how this limit can be per
formed in the functional integral formalism by considering several examples. 
However, the reader should be warned that, in the presence of nonlineari
ties, a more detailed analysis should be performed. The functional integral 
approach gives a very quick answer: one makes a change of variables in the 
action functional, and after it apower of >. multiplies the time derivative in 
the action, which therefore disappears in the limit. The white noise character 
of the limit is indicated precisely by the absence of the time derivative in the 
limiting action functional (which gives the J-function in the calculation of the 
propagator). In this chapter we work with functional integrals at a formal 
level, without giving rigorous proofs. We use the following notations: the 
coordinates in the Minkowski space are (t, Xi), i = 1,2,3. 

9.2 The Stochastic Limit 
of the Free Massive Scalar Field 

The scalar field <p is a real-valued function (operator-valued distribution) with 
the Lagrangian 

(9.2.1) 

and associated action 

(9.2.2) 

In the stochastic limit we want to find the asymptotic behaviour of the 
rescaled field, 

(9.2.3) 

In the functional integral approach the correlation functions have the repre
sentation 

(9.2.4) 
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Theorem 9.2.1. For the free massive scalar field the limit of the rescaled 
correlators 

(9.2.5) 

exists and is 

(9.2.6) 

where 

(9.2.7) 

is the limiting (effective) action, corresponding to the propagator (k2 = kf + 
kf+k~): 

J eikot-ikx J e-ikx e-m1xl 
i k2 + m2 dkod3k = i2m5(t) k2 + m2d3k = i27r2Ö(t)-lx-I-. 

Proof 9.2.1. With the change of variables 

~~(;2'X) =~(t,x), 
one has 

and 

~(t) =)..~ ()..2 t ) , 

Ot~(t) = )..3~' ()..2 t ) 

J J 3 (1 2 1 2 m2 2) S = dt d x 2 [Ot4?(t)] - 2 [Oi4?(t)] - 2'P 

= J dt J d3x (~)..6 [~' ()..2t)f -~)..2 [Oi~()..2t)J2 _ ~2 )..2~()..2t)2) . 

Then, with the further change of variables )..2t = i ---+ t, this becomes 

Therefore the correlation function G from (9.2.5) becomes 

G = ~ J "p(Xl)··· "p(xn ) exp [i~ J [)..4 (Oo~)2 - (Oi"p)2 - m2~2] d4 X] 'D~, 

and its limit as ).. ---+ 0 exists and is equal to (9.2.6). Note that the functional 
Jacobian, arising under the above change of variables, is a constant and 
therefore it cancels with the normalization factor Z in (9.2.5). 
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Remark 9.2.1. One can compute the correlators (9.2.6) by using the Gaussian 
generating functional 

(9.2.8) 

where 

Z(J) = jexp [- j ~ ([8i 4>(t,xW + ~2 4>(t,X)2 + J(t, X)4>(t,X))dtdX] V4> 

= exp (~ j J(h, xl)V(h - t2, Xl - X2)J(t2, X2)dhdt2dXldX2) 

(9.2.9) 

and 

1 1 eiPot-ipx 
V(t, x) = (2 )4 2 2 dpodp 

7r ]Rl x]R3 P + m 

1 1 e-iPXdp 1 e-m1xl 
- -- c5(t) - - c5(t)--
- (27r)3 ]R3 p2 + m2 - 27r lxi' (9.2.10) 

which is the correlator for a white noise (in the t variable). 

9.3 The Stochastic Limit 
of the Free Massless Scalar Field 

Let us consider the correlations of the free massless scalar field: 

1= j ~~(~,x) ~~(~,y) ... exp (ij~(81'~)2dx4)V~. (9.3.1) 

The usual change of variables 

1 (Xo _) _ 
v'>.~ "I" , x = <li(xo, x) 

gives 

~(xo, x) = V':X<li(>'xo, x) 

and 

f'l8 ~(xo,x) = V':X>'<li'(>'xo,x). 
uXo 

Making also the change of variables in the action 

>'xo = Xo 

J >.3<li,2(XO, x) d~o = >.2 j[80<li(xo,xWdxo, 

(9.3.2) 

(9.3.3) 

(9.3.4) 

(9.3.5) 

(9.3.6) 
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one obtains 

1= J p{x)p{y)exp (~J[).,2{80P)2 - (8kP?ldx4 ) 1}P. (9.3.7) 

Therefore the effective action for the theory in the limit A -+ 0 will be 

(9.3.8) 

(k = 1,2,3), corresponding to the white noise propogator 

{9.3.9} 

9.4 Polynomial Interactions 

In this section we shall show how the functional integral approach can be used 
to derive the stochastic limit for a model with interaction. In the limit we 
will obtain an interacting white noise. We consider the basic formula (9.1.2) 
for the stochastic limit of the scalar field, 

et ~ ~ (;2 ,X) = cP{t,x), 

in the functional integral approach. Let us take the following classical action: 

S)..{~) = J dtdx (~[8t~{t,X)12 - ~[8i~(t,XW - ~m2~(t,x)2 - 9Ak~(t,xt), 
(9.4.1) 

where m, g, k, n are real parameters of the model, x = (Xl ... Xd), and 8i = 
8/8xi. 

Theorem 9.4.1. 1f k = 2 - n in {9.4.1}, then the following limiting relation 
holds fOT formal junctional integrals: 

(9.4.2) 

where the action 

(9.4.3) 

defines an interacting white noise. 
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Proof 9.4.1. The change of variables 

~ ~ (;2 ,X) = ~(t,x) 
gives 

and 
at~(t,x) = >.3~/(>.?t,X). 

Making also the change of variables in the action 

>.2t = r, 

one obtains 

Therefore 

where 

s>.(~) = J drdx(~ >.2[~/(r,xW - ~ [ai~(r,xW 

_ ~m2~(r,x? _>.k+n-2g~n(r,x)). 

! 1 (tl ) t (tl ) iSJ\(rp)-n 
~~ >.2,Xl •.• ~<p >.2'xp e J./~ 

= J ~(t1. Xl) ... ~(tp, xp)eiIJ\(t»1)~, 

1>.(~) = J dtdx(~>.2[at~(t,xW - ~ [ai~(t,xW 

_ ~m2~(t,x)2 _ >.k+n-2g~n(t,x)). 

Now if k = 2 - n, then 
lim 1>.(~) = I(~), 
>.-t0 

and we obtain the relation (9.4.2). 

Example 9.4.1. As an example one has that interactions of the form g>.~, 
g~2 and g>. -2<p4 lead in the stochastic limit to interactions of the form g~, 
g~2 and g~4, respectively. 

Remark 9.4.1. From Proof9.4.1 it follows that ifin the action (9.4.1) instead 
of g>.k~n one has a more general interaction of the form 

V(~) = Lgi>.ki<pni 
i 

then after the change of variables one obtains 

V(~) = Lgi>.ki+2-ni~ni . 
i 



9.5 The Stochastic Limit of the Electromagnetic Field 253 

Remark 9.4.2. The expressions on the right-hand sides of (9.4.1) and (9.4.3) 
are formal ones. In particular the second one defines an interacting white 
noise with the free covariance 

In order to give a precise meaning to the interacting white noise land to 
(9.4.1)], one has to introduce a regularization. 

9.5 The Stochastic Limit 
of the Electromagnetic Field 

The same method can be used for the electromagnetic field whose action is 

1 J 2 4 S = 4 FI-'vd x, 

where summation over the J.L, v indices (which run from 0 to 3) is understood 
and 

FI-'v = 0l-'Av - ovAl-' 

are the field operators; AI-' is the vector potential of the electromagnetic field, 
and we have to add to the action a gauge-fixing term that we shall discuss 
later. Now let us consider the following correlation functions: 

G J 1 A (x~ -) 1 A (x~ -) iS = ~ P,I >.2,x1 ~ ... p'n >.2,xn e VAp,. 

With the change of variables 

one obtains 

Hence by using 
F;,v = F;i + Fi; , 

where i,j = 1,2,3, one obtains 
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where 

s = ~ f dxod3 x[).2 B:().2XO , x) - ).OiBO().2xO , x)f 

+).2 [OiBj ().2 xO' x) - OjBi().2 XO , xW + gauge fixing. 

So one has 

G = f BP.l (Xl) ... Bp.n (Xn ) 

. exp ~ f [().2 0o Bi - OiBO)2 + (OiBj - OjBi)2 + gauge fixing] 'DBp.. 

The gauge-fixing term can be taken to have the form 

After the change of variables it is equal to 

(9.5.1) 

Therefore, if we want the limit). -+ 0 to exist, we must choose 

(9.5.2) 

which corresponds to the effective action 

with the gauge condition (9.5.2). This Seff leads to the following white noise 
type propagators: 

(BoBi) = 0 

(Bo(x)Bo(Y)) = i8(xo - Yo) I 1 I 
X-Y 

(Bi(x)Bj(y)) = i8(xo - Yo) (8ij - O~j) I X ~ y I' 

where Ll = OiOi and 8ij is the Kronecker symbol. 



10. Low-Density Limit: The Basic Idea 

In this chapter we consider the low-density limit and the associated equations, 
including the Boltzmann equation. Here we limit ourselves to a quick outline 
of the main ideas underlying the emergence of the number process in the 
stochastic limit and its connection with the 2-particle scattering operator. 
A fuH discussion of the low-density limit and of the associated transport 
equations (see [AcLu91a-b-c], [AcLu92]) will be given in aseparate book, 
entirely devoted to this problem. 

10.1 The Low-Density Limit: Fock Case, No System 

We will work in the same contmct and notations as in Sect. 4.11, in particular 
the at field is boson and referred to the Fock representation. For simplicity 
we begin by considering the case when the system operators are the identity 
(D = 1), so that the equation for the evolution operator is 

By applying formally the first two steps of the stochastic golden rule of 
Sect. 4.14, we would be led to conclude that the equation for the limit 
evolution operator is 

(10.1.1b) 

where bt (go), bt (gI) are the boson white noises obtained, through Theo
rem 3.2.1, as limits of the rescaled fields (1/ >.)at />-.2. We obtain a quadratic 
form in the white noise operators which is the density of the number process. 

Note the important difference between the Hamiltonian considered in this 
section, in which the quadratic term has a factor (1/>.)2, and the polynomial 
Hamiltonians considered in Chap. 11, in which the quadratic term has a factor 
(1/>'). This difference infers that after writing (10.1.1a) in integral form and 
changing variables the (smaH) factor >. no langer appears in front of the 
integral, but only in the time rescaling: 
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tl)..2 
utj12 = 1 - i 1 ds [a;(go) as (gI) + a;(gl)aS (go)] U~)..). (1O.l.1c) 

Therefore this type of quadratic expression is quite different from the type-N 
blocks discussed in Chap. 11. On the other hand, by inspection of (lO.1.lc), 
one would expect a connection with some kind of wave operator. Another 
difference is that now we have a quadratic analogue of the (first-order) white 
noise Hamiltonian equations of the type (4.11.11), already discussed in the 
weak-coupling limit case. We will give a rigorous meaning to (lO.1.lb), which 
involves an Hamiltonian that is a formal quadratic expression in the operator
valued distributions bt (gj) (j = 0, 1), by bringing it to its normally ordered 
form using the causal commutator of Sect. 7.4: 

Lemma 10.1.1. Suppose that (goigi) = 0, then: 

[bt(gt), Ut ] = -i(gllg1)_bt(go)Ut , 

[bt(go), Ut] = -i(golgo)-bt(gt)Ut , 

(lO.1.ld) 

(10.1.2) 

(10.1.3) 

in the sense that these identities hold identically for each term of the iterated 
series solution of (lO.1.lb). 

Proof 10.1.1. The integral form of (lO.1.lb) is 

Ut = 1 - i l t 
Ht1 Ut1 dtt. (10.1.1') 

Replacing the right-hand side of (10.1.1') in the commutator, one finds 

[bt (gl), Ut] = -i l t 
[bt (gl), Ht1]Ut1 dt1 + (-i) l t 

Ht1 [bt (gl), Ut1]dtt. 

The commutator [bt (gl)' Ht1 ], easily computed using (lO.1.ld), is equal to 
8+(t - tO)(gllg1)_bt (go). The commutator [bt (gl), Ut1 ] is a non-time-consecu
tive term (as one immediately sees by writing Ut1 in its integral form); 
therefore it vanishes identically because of the time-consecutive principle. 
Now, for simplicity, let us introduce the notations 

bt(gt) == b1, bt(go) == bo, Ut == U, (golgo)- == ,0, (gllg1)- == ,1· 
(10.1.4) 

Thus (lO.1.lb, 2, 3) become respectively 

atU = -i(btb1 + btbo)U, 

[bI, U] = -irlbOU, 

[bo, U] = -irObl U. 

(lO.1.lb') 

(10.1.2') 

(10.1.3') 
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Lemma 10.1.2. In the assumption of Lemma 10.1.1 and in the notations 
of (10.1.4), the normally ordered form of the product blU is 

blU = 1 (Ubl - h1UbO). (10.1.5) 
1 +/'0/'1 

Similarly, the normally ordered form of the product boU is 

1 . 
boU = 1 (Ubo - z/'oUbt). 

+/'0/'1 

Proof 10.1.2. Using (10.1.2') we find 

b1U = [bI, Uj + Ub1 = -h1bOU + Ubl , 

and using (10.1.3') we find 

(10.1.6) 

blU = -i/'l([bo, Uj + Ubo) + Ub1 = -h1( -i/'ob1U + Ubo) + Ub1· 

Therefore 
b1U(1 + /'0/'1) = -h1UbO + Ubl , 

which is equivalent to (10.1.5). Exehanging the roles of 0 and 1 in (10.1.3), 
one obtains (10.1.6). 

Theorem 10.1.1. The normal form of (10.1.lb) is 

1 
iOtU = (1 ) [btU(b1 - h1bO) + btU(bo - hobi)], 

+/'0/'1 

or coming back to the original notations: 

8tUt =1+( 1(-/\ 1 ) [bi(go)Ut (bt (g1)-i(g1Ig1)_bt (go)) 
go go - g1 g1 -

+ bi (gl)Ut(bt(go) - i(golgo)_bt (g1))]. 

Proof 10.1.3. Clear from Lemma 10.1.1. 

10.2 The Low-Density Limit: 
Fock Case, Arbitrary System Operator 

Keeping the assumptions of Seet. 10.1, we eonsider the ease of an arbitrary 
system operator D. 

Theorem 10.2.1. The normal form of the stochastic evolution equation 

8tU = L Dcb-;bl-cU = (Dobtb1 + D1btbo)U (10.2.1) 
c=O 

is 

8tU = Dobt(l - /'0/'1DlDO)-1(')'lD1Ubo + Ubt) 

+ D 1bt(1 - /'0/'1DOD1)-1(')'oDoUbl + Ubo). (10.2.2) 
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Proof 10.2.1. As in the proof of Theorem 10.1.1 

[bI, U] = "YIDIbOU 

[bo, U] = "YoDObIU, 

From this we deduce 

Therefore 

or 

blU = [bI, U] + Ubl = "YIDIbOU + Ubl 

= 'YlDI([bo, U] + Ubo) + Ubl 

= "YIDIboDobIU + Ubo) + Ubl 

= "YO"YIDIDObIU + "YIDIUbO + Ubl · 

Similarly one can show that 

boU = (1- "Yo"YIDoDd-lboDoUbl + Ubo). 

From (10.2.3) and (10.2.4), (10.2.2) immediately follows. 

10.3 Comparison of the Distribution 
and the Stochastic Approach 

(10.2.3) 

(10.2.4) 

From the earlier results in the low-density limit (10.1.1b) [AcLu91a] we know 
that the stochastic equation associated with the interaction Hamiltonian 
(1O.1.1a) is 

dUt = (~Re,l-e(0)dNt(ge91-e) + Re,e(O)dNt (ge, ge)) Ut , 

where 

Re,l-e(O) := Dg(c)De, Re,e(O):= "Y1-eDeDI-eDg(C), 

Dg(c) := (1- "Ye"Yl-eDeDI-e)-I. 

(10.3.1) 

The practical rule to pass from the stochastic to the distribution equation, 
and vice versa, is to perform the following replacements: 
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These replacements bring the stochastic equation (10.3.1) to the form 

dUt ~ 
dt = ~ Re,1-e(0)b~Ub1-e + Re,e(O)b~Ube 

e 

= (1 - 'YO'Y1DOD1)-1 DobtUb1 + 'Y1DOD1(1 - 'YO'Y1DOD1)-lbtUbo 

+ (1 - 'YO'Y1D1DO)-1 D1btUbo + 'YoDOD1(1 - 'YO'Y1DOD1)-lbtUb1. 

Using the identity 

which is proved by expanding (1 - x) -1 = L: xn , one can verify that the 
right-hand side of (10.3.1) is equal to the right-hand side of (10.2.2). 

The connection with the scattering operator is given by the identities 

Se,e(O) - 1 = -27TiRe,e'(0) 1 ge)(ge I, 

so that (10.3.1) becomes 

e e 

To make a connection with the notations used in the papers [AcLu90], 
[AAFL91], [AcLu91a, AcLu91b, AcLu91c], [AcLu92], recall that 

- 2~i [S(O) - 1] = T(O). 

10.4 LDL General, Fock Case, 
No System Operator, w = 0 

The extension of the above discussion to the case in which the assumption 
of Lemma 10.1.1 is not satisfied leads to the consideration of an interaction 
Hamiltonian of the form (here too we assume D = 1) 

(10.4.1) 
mn 

where (gn) is an orthogonal basis of the 1-particle space and the free evolu
tion is 
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The white noise Hamiltonian equation associated with this interaction is 

dUt 

dt = -i (~wmnbt(gm)bt(gn) +h.C-) Ut 

= -i (~wmnb~bn +wmnb;tbm) Ut , (10.4.2) 

and the commutator, computed with the same arguments as in Lemma 10.1.1, 
is 

n 

therefore 

n 

or equivalently 

(10.4.3) 
n 

Introducing the matrix 

(10.4.3) becomes 

(10.4.4) 
n 

Assuming that the matrix t = (tkn) is invertible, from (10.4.4) one has 

bnU = L t;;1Ubk. (10.4.5) 
k 

From (10.4.2) and (10.4.5) we find the normal form of white noise Hamilto
nian equation 

OtU = -i L b~TmkUbk, (10.4.6) 
mk 

where 

Tmk = L(Wmn + Wnm )t;;1· (10.4.7) 
n 

In terms of stochastic differentials, (10.4.6) can be written in the form 

dU(t) = dNt(T)U(t), (10.4.8) 

where 
Nt(T) = N(X[o,t) 0 T). 
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Strongly Nonlinear Regimes 



11. Six Basic Principles of the Stochastic Limit 

All the relevant results concerning the stochastic limit in the weak coupling 
case can be obtained by applying the following principles: 

• the stochastic universality dass principle, 
• the block principle, 
• the stochastic bosonization principle, 
• the orthogonalization principle, 
• the stochastic resonance principle, 
• the time-consecutive principle. 

The proofs of these principles are based on a few basic results: the connected 
component theorem of Seet. 15.1, the jactorization theorem of Seet. 15.2, the 
multiple integml lemma of Seet. 15.10 and the multiple simplex theorems of 
Seets. 15.9 and 15.11, which have been abstracted from a multiplicity of re
sults concerning specific models. In this chapter, starting from Sect. 11.3 we 
shall state these six principles. 

We discuss their main implications starting from the stochastic limit in 
the general framework of polynomial interactions. By this we mean that the 
interaction Hamiltonians considered are polynomials in the smoothed fields, 
e.g. A(g)4 + A+(g)4. The more interesting case of polynomials in the field 
densities will be deal with in Part 11. For (boson) polynomials of degree 
greater than 2 the convergence results have to be interpreted in the sense of 
term-by-term convergence of the iterated series for the propagator. However 
it should be noted that, after the stochastic limit, the iterated series will be, 
in general, convergent. 

In particular we shall discuss: 

(i) The canonical form of the interaction Hamiltonians to which our tech
nique can be applied and the notion of stochastic universality class (i.e. 
the dass of all the interaction Hamiltonians which give rise to the same 
stochastic limit). This motivates the introduction of the notion of an 
asymptotically effective intemcting Hamiltonian, which roughly speaking 
corresponds to the simplest choice in the universality dass. From it we 
deduce the form of the rescaled fields (collective vectors), and from them 
the structure of the master space is obtained by applying the block, 
orthogonalization and stochastic resonance principles. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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(ii) The extension of the stochastic golden rule of Sect. 4.14 to general poly
nomial interactions. In this chapter we shall only formulate the results, 
giving no proofs. 

11.1 Polynomial Interactions with Cutoff 

We shall work, as in Chap. 4, in the system-reservoir (S, R) framework, 
described by the following: 

(i) The state space 1ls of the system S, and the 1-particle state space 11.1 

of the reservoir R which are both pre-Hilbert spaces. 
(ii) The state space of the composite system (S, R): 

1l ®1ls = r(1ld ® 1ls , 

where 1l is a Gaussian second quantized space (Fock, finite temperature, 
squeezed, etc.) based on 1l1 . An operator L, acting on the Hilbert space 
1ls (1l) will be often identified with 1 ® L (L ® 1). 

(iii) The initial state of the reservoir: cp(.) := (<J>,.<J> ). 
(iv) The system Hamiltonian Hs and the field (or reservoir) Hamilto

nian H R , so that the total free Hamiltonian is 

(v) The interaction Hamiltonian H 1 is a polynomial Hamiltonian, i.e. a finite 
sum of terms of the following type: 

[a polynomial of (smeared) creators and annihilators] 

® [an operator on 1ls]. 

The role of the cutoff is played here by the test functions, "smearing" 
the creators and annihilators, whose physical meaning has been discussed 
in Sect. 4.9.3. For a given coupling constant >., between the system and the 
reservoir, the total Hamiltonian H().) is defined as usual, Le. 

H s + H R + >.HI = Ho + >.HI =: H().) 

The object to be investigated is the evolution operator in the interaction 
picture, Le. 

U .- itHo -itH(A) 
t.- e e , (11.1.1) 

which satisfies the Schrödinger equation in the interaction picture, 

U().) - 1 o - , (11.1.2) 

where H1(t) denotes the time-evolved (with the free evolution) interaction 
Hamiltonian, 
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The iterated series solution of the integral form of the differential equation 
(11.1.2) is 

Similarly, if X E B (H) 0Hs is any operator of the composite system, then 

satisfy respectively the backward and forward Heisenberg equations in the 
interaction representation whose iterated series solution are respectively 

X_(t) = 1 + (-i-X) lt[HI(tl),Xldtl 

+(-i-X)21
t l t1 [H1(t1), [HI(t2),Xl]dtldt2 + ... (l1.1.5a) 

X+(t) = 1 + i-X l t 
[X, HI(tl)ldtl 

+(i-X)21 t l t1 [[X,HI(t2)],HI(tl)]dtldt2 +... (l1.1.5b) 

Remark 11.1.1. In (11.1.4) and (l1.1.5a,b), the equalities are formal. We do 
not investigate here the convergence of the series appearing on the right-hand 
sides of these equations. In many interesting cases (e.g. for Fermi fields), once 
the precise form of the interaction H1 is given, this convergence can be proved. 
When the series does not converge, our results will be interpreted in the sense 
of term-by-term convergence. 

11.2 Assumptions on the Dynamics: Standard Models 

Following the general scheme of Chap. 4 the description of the system
reservoir model is completed by assigning the specific form of the free system, 
free reservoir and interaction Hamiltonian. In this chapter we shall make three 
types of assumptions: 

(I) The free reservoir Hamiltonian HR is the second quantization of a 1-par
tide evolution (see Definition 2.4.2) denoted by 
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where Wl is a positive function and p is amomenturn operator. For any 
contraction A, in the 1-particle reservoir space, we shall denote by r (A) 
the second quantization of Aso that the free reservoir Hamiltonian HR 

is 

H R :=:!:.-I r (e- itH1 ) =:!:.-I r (e- itw1 (P)) . dt t=O dt t=O 

Moreover all the test functions that appear in the inter action Hamil
tonian belong to a subspace K of the 1-particle space L 2 (R3 ) [more 
generally L 2 (Rd )] such that any pair of functions J, 9 E K satisfies the 
basic analytical condition (4.5.4), Le. 

Llu,stg)ldt< +00. 

(II) The interaction Hamiltonian has the following general structure: 

(11.2.1) 

where 
(i) Pj(A+,A) is a polynomial, without a constant term, in the non

commutative indeterminates given by creation and annihilation 
operators. Moreover the polynomials Pj(A, A+) will always be 
assumed to be normally ordered. If this is not the case, one can 
always put them in normal order, still obtaining a polynomial in 
the creation or annihilation operators and absorb the constant 
term, coming from the normal ordering procedure, into the free 
Hamiltonian. 

(ii) {D j } is either a family of bounded system operators or satisfies 
the following two conditions: 
• there is a dense subspace Vs of the system space Hs such that 

for any j, V s <;:;; Dom(Dj ); D/Ds <;:;; Vs; 
• there are two constant a > 0, ß > 0 such that for any j and 

for any~, ry E Vs, 

00 (~, D;(l) ... D;(n)ry) 

[(;) } 
< 00. (11.2.2) Lan L 

n=l cE{O,l}n 

These conditions are automatically satisfied if D j are bounded 
operators or if the system space is also a second quantized space, 
the D j are creation or annihilation operators (or polynomials in 
these variables) and Vs is the algebraic span ofthe number vectors. 

(iii) The free system Hamiltonian Hs is related to the D j operators as 
follows: for any j, there exist a set of system self-adjoint operators 
{Wj,d and a set of system operators {Dj,d such that 
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• 1) C Dom(Dj,k) n Dom(Wj,k); 

• 
eitHs D ·e-itHs = '"' D· keitwj,k . 

] ~], , (11.2.3) 
k 

• [wj,k,Djl,k/]isascalar. 

(lU) These (8, R) models are called quasi-standard. If all the Wj,k are real 
numbers, they are called standard. In Sect. 5.1 we showed that when
ever the system Hamiltonian H s has discrete spectrum the model is 
standard. The same is true if D j commute with the system Hamiltonian 
Hs. So standard models include many interesting examples: N-Ievel sys
tems; Hs is the Laplacian on a compact Riemannian manifold, etc. The 
stochastic limit can also be performed for non-quasi-standard model 
(e.g. quantum electrodynamics [QED] without the dipole approxima
tion); however, in this case additional technical difficulties and totally 
new features arise: the breaking of the usual Bose-Einstein (or Fermi
Dirac) statistics and the emergence of new statistics, the emergence of 
Hilbert modules, rather than Hilbert spaces, as natural state spaces of 
composite systems and the associated new (entangled) commutation 
relations, etc. These features will be discussed in the Chaps. 12-14. 
From now to the end of this chapter we shall assume, unless other
wise specified, that the model considered is standard. Given the above 
conditions, the time-evolved interaction Hamiltonian is 

H1(t) = eitHo Hle- itHo = L eitHo {Pj(A+ ,A) @ Dj } e-itHo + h.c. 
j 

= L [eitHR Pj (A +, A)e-itHR ] @ eitHs Dje-itHs + h.c. 
j 

= L L Pj(At , At) @ Dj,keitWj,k + h.c. 
j k 

(11.2.4) 

For a standard model Wj,k = Cj - Ck, where the system energy levels Cj 

are as in (4.6.1) and we have introduced the notation 

At(f) := A(8; 1). (11.2.5) 

Moreover, introducing the set of all resonance frequencies 

(11.2.6) 

so that for any pair of indices q i=- q' one has 

(11.2.7) 
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HI(t) becomes 

H1(t) = L eitwq L Pj(At , At) 0 Dj,k + h.c. 
Wq {j,k : Wj,k=Wq} 

Thus, defining the new operator 

we write the interaction Hamiltonian in standard form 

H1(t) = Leitwq LPj(At,At) o Dj,q +h.c., (11.2.8) 
Wq j 

where the sum over the index j is extended to the set 

Iq := {j : there exists a k with Wj,k = wq} . 

In summary, for a standard model one has 

HI(t) = L {eitwj,kr (Si) Pj(A, A+)r (S:'t) 0 Dj,k} + h.c. 
j,k 

So, also in the case of general polynomial interactions, the time variable, 
which appears originally both in the field and system parts, can be 
moved to the field part and the system part becomes time independent. 

11.3 Polynomial Interactions: 
Canonical Forms, Fock Case 

For a quasi-standard model, without loss of generality, we can assume more 
about polynomials Pj . Each Pj can be assumed to have the form 

L Cj,n,m' [a product of n creators] . [a product of m annihilators] , 

where, Cj,n,m E C and the condition n + m ~ 1 is a consequence of 
Pj(O, 0) = O. Moreover, by moving the constant Cj,n,m to the system part, 
we can suppose that 

H1 = L (L Pj,n,m (A, A +) 0 Dj,n,m + h.C') , 
n,m J 

n+m2':l 
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where, any Pj,n,m(A, A+) is an operator of the form 

[a product of n creators] . [a product of m annihilators]. 

Furthermore we can always suppose that n ~ m (the annihilators are 
not more numerous than the creators). In fact if this is not the case we 
simply exchange the roles of the j-summation in (2) with its hermitean 
conjugate. More precisely, if n < m, we replace Pj,n,m(A, A+), Dj,n,m by 

(Pj,n,m(A, A+))*, (-Dj,n,m)*. 
By denoting 

p. (AA+)-A+(f· l) .. ·A+(f· )A(g· l) .. ·A(g· ) ],n,m, - ),n, ],n,n J,m, ],ffi,ffi , 

where fj,n,l' ... ,fj,n,n, gj,m,l,' .. ,gj,m,m are test functions in 1i1, we can sep
arate, in the interaction Hamiltonian, the pure creation terms and the pure 
annihilation terms (A- and A+ -type blocks) from the mixed terms (N-type 
blocks) and rewrite it in the form 

H I = I: (I: A+ (jj,n,l)'" A+ (jj,n,n) Q9 Dj,n,o + h.C') 
n~l j 

+ I: (I: Pj,n,m(A, A+) Q9 Dj,n,m + h.C') . (11.3.1) 
n,1'n J 

n~m~l 

Therefore, the time-evolved Hamiltonian has the following form: 

H I (t) = I: (I: r (Si) A+ (jj,n,l)'" A+ (hn,n) r (S~t) 
n~l j,k 

D itw· k h ) Q9 j,n,O,ke ),n, + .c. 

+ ~ (~r (Si) Pj,n,m(A,A+)r (S',) 
n~m~l 

D itw· k h ) Q9 . k e ),n,m, + .c. ],n,ffi, 

I: (I: A+ (Sihn,l) ... A+ (Si hn,n) Q9 Dj,n,O,keitwj,n,k + h.C') 
n~l j,k 

+ ~ (~r (Si) Pj,n,m(A,A+)r (S',) 
n~m~l 

D itw· k h ) Q9 J. n m ke ),n,m, + .c. . , , , (11.3.2a) 
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Moreover, for each n ~ 1, we can relabel the (countable) set {Wj,n,dj,k' 
replacing the pair of indices (j, k) by a single index h so that this set is 

denoted {w~n) t where, for any n, if h =I=- r, one p.as 

w~n) =I=- w~n) . 

With these notations, 

HI(t) = L[LA+ (Sihn,l) .. ·A+ (Sihn,n) 
ne:: 1 h,j 

( '" ) -t (n) 1 Q9 7 Dj,n,O,kX{ w~n)} (Wj,n,k) e' Wh + h.c. 

+ ~ (t:r (Si) P;,n,=(A,A+)r (S:,) 
ne::me:: 1 

,0, D - keitwj,n,m,k + h.C.) 
\()I J,n,ffi, 

and, adding together all the coefficients belonging to the same Bohr frequency 

D(n).- "'X (w- )D-j,h .- 7 {w~n)} J,n,k J,n,O,k 

[X{w~n)} (x) = 0 if x =I=- w~n) and = 1 if x = w~n)], the interaction Hamiltonian 

becomes 

H1(t) = L (L A+ (Sihn,I) .. ·A+ (Sihn,n) Q9Dt~eitw~n) +h.C') 
ne:: 1 h,j 

+ L (L L eitwj,n,m,k F (Si) Pj,n,m(A, A+)F (B.:. t ) 
n,m h j,k ne::me:: 1 

Q9Dj,n,m,h + h.C) . (11.3.2b) 

When it will not be relevant for OUf discussion, we will specify in the time
evolved Hamiltonian (11.3.2b) neither the number of operators in each block, 
nor the precise forms of the test functions, nor the operators in the system 
part, nor the frequency terms. In these cases, for (11.3.2b), we will use the 
symbolic notation 

H1 (t) = i (A+ (t) Q9 D + h.c.) + iN (t) Q9 D' , (11.3.3) 

which underlines the role of the A-type and N-type blocks. Since the adjoint 
of an N-type block is still an N-type block, we denote all of them with the 
single symbol N (t). 
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11.4 Polynomial Interactions: 
Canonical Forms, Gauge-Invariant Case 

Formula (l1.3.2b) is useful if the reference state is the Fock state, but if 
the reference state is a general gauge-invariant state, e.g. a Gibbs state at 
a certain temperature, a more refined analysis is required which keeps into 
account the possibility to describe, by means of a Bogoliubov transformation, 
the representation associated with such astate as a product of a Fock rep
resentation and an anti-Fock representation. To obtain, for these states, the 
analogues of the canonical forms, discussed in Sect. 11.3 above, we proceed 
as follows: 

First of all, using a Bogoliubov transformation, we write the reservoir 
reference state as a vector state in its cyclic (GNS) representation: 

introducing the parity operator () on the Fermi Fock space, Le. 

we write the creator with test function 9 as 

A+ (Q+g) 0 1 + 10 A (LQ_g) for the büson case and 

A+ (Q+g) 0 1 + () 0 A (LQ_g) für the Fermi case, 

where Q± are operators on the 1-particle space satisfying 

IQ+1 2 -IQ_1 2 = 1 für the bosün case, and 

IQ+1 2 + IQ_1 2 = 1 for the Fermi case. 

Therefore the annihilator with test function 9 is 

A (Q+g) 01 + 10 A+ (LQ_g) for the büson case and 

A (Q+g) 01 + () 0 A+ (LQ_g) für the Fermi case, 

where L is the conjugation operator (LI := f) which embeds a test function I 
of the 1-particle space 111 into its dual space 111 (if the elements üf 111 are 
thought of as ket vectors, then the elements of 111 are bra vectors). In this way 
any polynomial Pj(A+, A) is a sum of polynümials üf the form Pj,l(A+, A) 0 
Pj ,2(A+,A) in the bosün case and Pj,l(A+,A,()) 0 Pj ,2(A+,A) in the Fermi 
case; Pj,l(A+,A,()) is a polynümial in the variables A, A+ and (). Moreover 
because of the relations (where {., .} denotes the anticommutator) 

()2 = 1, ()* = (), {A(f) ,()} = {A+ (f) ,()} = 0, für any test function I, 
(l1.4.1a) 

we can write Pj,l (A+, A, ()) either as ()Pj,l (A+, A) or Pj,l (A+, A). In this case 
all polynomials Pj,h(A+, A) can be assumed tü be normally ordered. 
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By the same arguments used to deduce the canonical form (11.3.2b), we 
can assume that the interaction H1 in the boson case has the form 

H1 = 2: (2: A+ (!J,n,l)'" A+ (!J,n,n) @ 1 @ Dj,n,+ + h.C.) 
n~l j 

+ 2: (2: 1 @ A+ (lgj,n,l)'" A+ (lgj,n,n) @ Dj,n,- + h.C') 
n~l j 

+ n,~~l ( ~ A+ (li,n,l) ... A+ (li,n,n) 

@A+ (lgi,m,l) '" A+ (lgi,m,m) @ Dj,n,m + h.C) 

+ 2: (2:Pj,n,m(A,A+)@Lj,n,m+h.c.), (11.4.lb) 
n,m J 

n,m~l 

where Pj,n,m(A, A+) is a normally ordered product of n creators and m 
annihilators. In the Fermi case, 

H 1 = L (LFj,n,+ (0) A+ (!J,n,l)'" A+ (!J,n,n) @ 1 @Dj,n,+ + h.C') 
n~l j 

+ L (L Fj,n,- (0) A+ (lgj,n,l)'" A+ (lgj,n,n) @ Dj,n,- + h.C') 
n~l j 

+ L (L Fj,n,m (0) A+ (li,n,l) ... A+ (li,n,n) 
n,m~l j 

@A+ (lgi,m,l) ... A+ (lgj,m,m) @Dj,n,m + h.C.) 

+ L (L Qj,n,m(A, A+, 0) @ Lj,n,m + h.C') , 
n,m J 

n,m~l 

(11.4.2a) 

where Qj,n,m(A, A+, 0) is a normally ordered product of n creators, m an
nihilators and the functions Fj,n,m (0) , Fj,n,± (0), of the parity operator, are 
either the identity or the parity operator itself. More explicitly 

Fj,n,+ (0) = 1 Fj,n,- (0) = on . 

(11.4.2b) 

At the end of this section we shall prove these formulae. 
The evolved interaction Hamiltonian then has the following form in the 

boson case: 
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HI (t) = L (L A+ (Si hn,l) ... A+ (si hn,n) 0 1 
ne:: 1 j,k 

0Dj,n,+,keitwj,n,+,k + h.C) 

+ L (L 10 A+ (~Sigj,n,l) ... A+ (~Sigj,n,n) 
ne:: 1 j,k 

D itw- k h ) o J' n - ke ),n,-, + .c. , , , 

+ L (L A+ (Si fj,n,l) ... A+ (si fj,n,n) 
n,me::1 j,k 

0A+ (~sigj,m,l) ... A+ (~Sigj,m,m) 0 Dj,n,m,keitwj,n,m,k + h.C) 

+ ~ (~r (si) P;,n,m(A,A+)r (S',) 
n,me::1 

(11.4.3a) 

U sing the explicit form of the action of the free evolution on A(g), A * (g), we 
can write 

H I (t) = L (L A+ (Si hn,l) ... A+ (Si hn,n) 010 Dt~,+eitwt~ + h.C') 
ne:: 1 h,j 

+ L(L 10A+ (~Sigj,n,I) ... A+ (~Sigj,n,n) 0Dt~,_eitwt~ +h.c.) 
ne:: 1 h,j 

+ L (L A+ (Si fj,n,l) ... A+ (Si fj,n,n) 
n,me::1 h,j 

0A + (~Slg'_ ) ... A + (~Slg' ) 0 D(n,m) eitwhn,m) + h.C') 
t J,m,l t J,m,m J,h 

+ ~ (~r (Si) P;,n,m(A, A +)r (SC,) 
n,me::1 

(11.4.3b) 
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where for any n, m and h i= r 

In the Fermi case, 

H 1 (t) = L (LA+ (st hn,l) ... A+ (st hn,n) @ 1 
n~l j,k 

D itw' k h ) @ j,n,+,ke J,n, + .c. 

+ L (L on @ A+ (~stgj,n,I) ... A+ (~stgj,n,n) 
n~l j,k 

@Dj,n,_,keitWj,n,k + h.C) 

+ L (L A+ (st fj,n,l) ... A+ (st fj,n,n) om 
n,m~l j,k 

@A+ (~stgj,m,l) ... A+ (~stgj,m,m) @ Dj,n,m,keitwj,n,m,k + h.C) 

+ ~ (~r(sl) Q;,n,={A,A+)r(So,) 
n,m~l 

@L . keitwj,n,m,k + h.C') . J,n,m, , (11.4.4a) 

with the same argument as above, this is equal to 

HI (t) = L (L A+ (st hn,l) ... A+ (st hn,n) @ 1 
n h,j 

,o,D(n) itwhn~ + h ) 
161 j,h,+e, .c. 

+ L (L on @ A+ (~stgj,n,l) ... A+ (~stgj,n,n) 
n h,j 

@D(n) itwhn~ + h ) 
j,h,_e, .c. 

+ L(LA+ (SUj,n,l)" ·A+ (Stfj,n,n) Om 
n,ffi h,j 
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A+ ( SI I ) A+ (SI ') D(n,m) itw(n,m) h ) o i tgj,m,1 ... i tgj,m,m 010 j,h e h + .c. 

+ ~ (it r (Si) Qj,n,m(A,A+,O)r (S:t) 

n,m;::1 

0L· keitwj,n,m,k + h.C') J,n,m, , (11.4.4b) 

where w~nl satisfy the same relations as in the boson case. , 

Remark 11.4.1. In some cases we will write HI (t) in a finer form, separating 
each term on the right-hand side of (11.4.4b) according to the number of 
operators in any block, Le. 

H I (t) = L(LA+ (Sih2n,l) .. ·A+ (Sih2n,2n) 01 
n h,j 

o D 2n ttwh - + h ( ) . (2n) ) 
j,h,_e, .c. 

+ L (L A+ (Silj,n,l) ···A+ (Silj,n,n) 
n even ) m even h,j 

A + ( 1 I ) + ( 1 ') (n m) itw(n,m) ) o iSt gj,m,1 ... A iSt gj,m,m 0 1 0 Dj,h e h + h.c. 

+ L (L A+ (Si Ij,n,l) ... A+ (Si Ij,n,n) 0 
n odd , m odd h,j 

o A+ (iS1g l ) ... A+ (iS1gl ) 010 D~n,m)eitw~n,m) + h.C') 
t J,m,1 t J,m,m J,h 

+ L (L A+ (Si Ij,2n-l,l) ... A+ (Si h2n-l,2n-l) 01 
n h,j 

fV, D 2n-l) ttwh + + h ( . (2n-l) ) 
'<Y j,h,+ e, .c. 
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+ L: (L: 0 Q9 A+ (tSlgj,2n-l,d ... A+ (tSlgj,2n-l,2n-l) 
n h,j 

Q9 D(2n-l) ttwh - + h . (2n-l) ) 
j,h,- e, .c. 

+ L: (L:A+ (Sl!j,n,l)·· ·A+ (Sl!j,n,n) 
n odd , m even h,j 

Q9 A+ (tS1g'. ) ... A+ (tS1g l ) Q91 Q9 D(n,m)eitwhn,m) + h.C.) 
t J,m,l t J,m,m J,h 

+ L: (L:A+ (Slfj,n,l)· ··A+ (Slfj,n,n) 0 
n even , m odd h,j 

Q9 A + (tS1g l ) ... A + (tS1g l ) Q9 1 Q9 D~n,m) eitwhn,m) + h.C.) 
t J,m,l t J,m,m J,h 

+ ~ (t,::r (Si) Qj,n,m(A,A+,O)r (SO,) 
n,m2:1 

Q9 Lj,n,m,keitwj,n,m,k + h.C) . 

Similar to what was done at the end of Sect. 11.3, if in the time-evolved 
Hamiltonian Hr (t) the number of operators in each block, the precise form 
of the test functions, the operators in the system part, the frequencies and 
the space structure are not relevant, we write both in the boson and Fermi 
cases 

Hr (t) = i [F (0) A+ (t) Q9 D + h.c.] + iN (t) Q9 L, (11.4.5) 

where F (0) is simply the identity if the boson field is considered. 

In summary, in the stochastic limit problem, for a standard model, the 
most general time-evolved interaction Hamiltonians are given by (l1.4.3a,b) 
and (l1.4.4a,b). In particular, if the reference state is the Fock vacuum, the 
most general form of the time-evolved interaction Hamiltonian is given in 
(l1.3.2a,b). 

Our last goal in this section is to derive the explicit form (l1.4.2b) of 
the functions Fj,n,m (0), Fj,n,± (0). We are interested only in the coefficient 
F(O) of the A-type blocks as in (11.4.5). By taking conjugates this gives the 
coefficient of the A-type blocks. Of the other ones we say that they "do not 
contribute". To this goal first note that the term A+ (fj,n,l) ... A+ (!J,n,n)Q91 
comes from the expansion of 
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n 

A+(xd···A+(xn ) = II [A+(Q+Xk)01+80A(~Q-Xk)] 
k=l 

n 

= II A+ (Q+Xk) 0 1 + other terms; 
k=l 

(11.4.6) 

the other terms in (11.4.6) do not contribute to the product A+ (h,n,d··· 
A+ (h,n,n)01. Therefore Fj,n,+ (8) = 1. Similarly, the term 10A+ (%,n,d··· 
A+ (~gj,n,n) comes from the expansion of 

n 

A(xd··· A(xn ) = II [A (Q+Xk) 0 1 + 8 0 A+ (~Q-Xk)] 
k=l 

n 

= II () 0 A+ (~Q-Xk) + other terms 
k=l 

n 

= (r 0 II A+ (~Q-Xk) + other terms; (11.4.7) 
k=l 

the other terms do not contribute. Therefore Fj,n,- (0) = on. Finally, since 
we have assumed that any term of the polynomial Pj (A, A +) is normally 
ordered, one knows that the term 

A+ (I' 1)··· A+ (I' ) 0 A+ (~g/ 1)··· A+ (~g'. ) J,n, J,n,n ),m, J,m,m (11.4.8) 

comes from the expansion of 

n m 

= II A+ (Q+Xk) om 0 II A+ (~Q-Xn+h) + other terms; (11.4.9) 
k=l h=l 

the other terms do not contribute. Applying the commutation relations 
(l1.4.1a) one obtains 

n n 

II A+ (Q+Xk) om = om (-ltm II A+ (Q+Xk) , 
k=l k=l 

Le. Fj,n,m (0) in (l1.4.2a) is given by 

om (-Itm. 

11.5 The Stochastic Universality Class Principle 

In the general form (11.2.1) oft he interaction Hamiltonians, the polynomials 
Pj can be arbitrary; however it may be that different interaction Hamiltonians 
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give rise to the same stoehastie limit. Therefore we can divide the possible 
polynomial interactions into equivalenee dasses in whieh all the elements 
inside a single dass have the same stoehastie limit. It is therefore natural to 
ask oneself if oue ean make the dassification by choosing within each dass 
the simplest possible representative. The answer to this question is positive, 
and it allows one to assoeiate with each interaction Hamiltonian of the form 
(11.2.1) an asymptotically effective interaction Hamiltonian, which is simpler 
and gives rise to the same stoehastic limit (i.e. both the same master fields and 
the same evolution equation). Note that these effective Hamiltonians depend 
on the state not only beeause the rigorous definition of the Hamiltonian 
depends on the state but also because the limit dass depends on the initial 
state of the field. 

To achieve this goal we have to single out, in the given interaction Hamil
tonian, those terms whieh are essential and those whieh are negligible. Of 
course the universality dass, and therefore the choiee of the asymptotieally 
effective interaction Hamiltonian, also depends on the type of stochastie limit 
one is eonsidering (weak coupling, low density, anisotropie, etc.). In the weak 
eoupling case this choiee is made by means of a rule whieh is a corollary of 
the following: 

Theorem 11.5.1. Given a normally ordered polynomial interaction Hamil
tonian HI of the form (11.2.1), the interaction Hamiltonian obtained from 
HI by keeping only the pure creation and pure annihilation monomials (the 
A- and A+ -type blocks in H I ) is in the same (weak coupling) universality 
class as H I . If there are more independent jields, the blocks should be meant 
globally, i. e. a block containing an annihilator of one jield and a creator of 
another is of N-type (hence irrelevant). 

Proof 11.5.1. See Seet. 16.1. 

Example 11.5.1. The interaction Hamiltonians 

(11.5.1) 

and 

H{ = i [A+ Ud A+ (12) - A (12) A (11)] 01, (11.5.2) 

where A+ U) is a Bose field, give rise to the same stochastie limit. The same 
is true if the field is Fermi. 

Remark 11.5.1. The case for more independent fields indudes the case in 
whieh a single field in a nonFock representation onee one goes to the canonieal 
representation in terms of tensor products of Fock and anti-Fock fields. 

The Hamiltonian obtained by applying the rule of Theorem 11.5.1 above is 
ealled the asymptotically effective interaction Hamiltonian assoeiated to the 
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given interaction Hamiltonian HI. An interaction Hamiltonian HI(t) which is 
a sum of purely creation and purely annihilation monomials will be said to be 
in standard form. The meaning of Theorem 11.5.1 is that the asymptotically 
effective interaction Hamiltonians which parametrize the universality dasses 
of polynomial interactions are sums of terms of the form: 

J dk1 ..• J dknFJ(k1 ••. kn )at1 .•• at 

. exp {it (t wl(ka ) - Wq) } DJ,q + h.c., (11.5.3) 

where each sum can run over 

• the natural integer n (degree of monomial); 
• the frequency index q = (ql ... qn) is a multi-index running into a finite or 

infinite set In and wq is different from wp if q -=I- p; 
• F J are test functions; 
• D J,q are system operators; 
• the index J runs into a finite or infinite set. 

The associated rescaled fields are then 

a(.>-) (t, k1 ... kn ) =: ~ ak1 ... akn exp { -i (t Wl (ka ) - WJn) t/).,.2 } . 

(11.5.4) 

In terms of test functions, a typical asymptotically effeetive interaction 
Hamiltonian will have the form 

H (t) ="" "" A + (Slf(n)) ... A + (Slf\n)) eitwq D(n). + h.c. I ~ ~ t J1 t Jn J1 ... Jn,q , 

n il ... Jn,q 

(11.5.5) 

where Si = eitW1 (k) (j = 1 ... n), fjn) are test functions, D)~! .. jn are system 
operators and wq are real numbers. In Beet. 14.8 this general principle will be 
applied to the Yukawa interaction showing that it is in the same universality 
dass of the tri-linear interaetion considered in Beet. 14.2. 

11.6 The Case of Many Independent Fields 

If instead of considering a single field ak, one considers many fields ak', each 
with its own energy funetion w? (k), then if the fields are independent all 
the results of the previous seetion remain valid without any change in their 
proofs. In fact, in all the proofs in the previous seetion, the only property of 
the expeetation functional we have used is its Gaussianity, Le. the faet that 
expectations of products of creation and annihilation operators are sums of 
products of 2-point functions. Therefore if we replace: 
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(i) the reference vector iP by a tensor product of a certain number, say M, 
of reference vectors (one for each field): iP1 Q9 iP2 Q9 ... Q9 iP M; 

(ii) any product of annihilators by an M-tuple tensor product of (products 
of) annihilators according to the scheme: 

where B j are blocks of products of annihilators of the same field and 
different blocks may have a different number of factors; 

(iii) any product of creators by an M-tuple tensor product of creator blocks 
according to the same scheme as in the previous item; 

(iv) any N-type block by an M-tuple tensor product ofblocks in which either 
in a single block or in different blocks both creators and annihilators 
appear; 

then all the above results, in particular Theorem 11.5.1, are still valid. 

By a block we mean a product of the form A j (S~j) fi j )) ... Aj (S~j) f~j)) , 
where j is the index of the field and each creator has its own test function. 
If this is not the case, as, for example, in the operator 

corresponding to the product of the two independent fields ak and bk, then 
the block principle no longer holds and the picture changes drastically with 
the emergence of the Hilbert module and the interacting Fock spaces (see 
Chap. 14 and, in particular, the remark after (14.8.8), for furt her discussion 
of this point). 

Once the interaction Hamiltonian has been put in standard form, the 
general principles of the stochastic limit, whose formulation will be completed 
in the remainder of this chapter, allow one to immediately write down the 
master field and the limit white noise equation. 

11. 7 The Block Principle: Fock Case 

The block principle is a nonlinear generalization of Theorems 11.5.1 and 
3.2.1. It states that any monomial block in a polynomial interaction such as 
(l1.3.2b) or (ll.4.4a), even if a product of many creators (annihilators) is 
before the limit, asymptotically, in the limit A ~ 0, acts on the master space 
like a single linear creator (annihilator ), with a test function which depends 
on a number of variables equal to the degree of the block. 

Because of the universality class principle, we can restrict ourselves to the 
case in which all the blocks consist of products of only creation or only annihi
lation operators [for more general Hamiltonians of this type see (11.4.5)]. We 
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also restriet ourselves, to begin with, to the Fock case, so that the statistics 
of the field is uniquely determined by the commutator (or anticommutator, 
in the Fermi case). The Hamiltonian has the form (11.5.3), i.e. 

I dk1 ..• I dknFJn (k1 , •.. , kn)ak1 ... akn 

. exp [-it (~Wl(ka) - WJn) ] D}~ + h.c., (11.7.1) 

where Jn = (jl ... jn) is a multi-index (the sum over n can run over a finite or 
infinite set of natural integers), FJn are test functions, and Dt) are system 
operators. 

Lemma 11.7.1. Defining 

a}~ (t, k1 ..• kn) := ~akl ... akn exp [-it (t Wl (ka ) - WJn) / A2 ] , 

(11. 7.2) 

one has, as A -+ 0, 

(11. 7.3) 

where b{n(k1 ..• kn) is the white noise on IRdn with a covariance depending 
on the reference state of the a field. Moreover the quantum white noises 
{b(n(k1 ... kn) : Jn} are mutually independent in the sense of (2.1.7). 

Remark 11.7.1. For example, in the Fock case the master fields are uniquely 
determined by the conditions 

and by the commutation relations 

J' 
[b{n(k1 ... kn) , bt,n' (k~ ... k~)l (11. 7.4) 

=8n,n,8wJn,wJ,8(t-t') L 8(kl-k~1)···8(kn-k~m) 
n <IESn 

Proof 11.7.1. See Sect. 16.2. 
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11.8 The Stochastic Resonance Principle 

We have already met in Sect. 5.2 the stochastic resonance principle in the 
case of interaction Hamiltonians linear in the a field. In the present section we 
extend the stochastic resonance principle to the nonlinear case as folIows: Any 
two terms in the interaction Hamiltonian (11.7.1), corresponding to different 
resonance frequences wJn , in the stochastic limit, become independent white 
noises. More precisely: 

(i) blocks corresponding to different frequencies wJn give rise to independent 
white noises; 

(ii) blocks corresponding to the same frequency give rise to the same white 
noise, possibly integrated over different test functions. 

11.9 The Orthogonalization Principle 

Let HI(t) be an interaction Hamiltonian in standard form (11.7.1). The 
orthogonalization principle states that for any two terms in HI ( t), if one 
is a product of m creators (annihilators ) and the other is a product of n 
creators (annihilators), then in the limit they become independent master 
fields if n =1= m. The orthogonalization principle can be equivalently formu
lated as folIows: Blocks 0/ different length give rise, in the stochastic limit, to 
independent white noises. 

Lemma 11.9.1. Dejining the rescaled jields a}~(t, k1 ... kn ) as in (11.7.2), 
then i/ either m =1= n or Jn =1= Jm one has 

a}~(t,kl'" kn ) -+ bfn(k1 ..• kn ) 

a}~) (t, k1 ... km) -+ bfm (k1 ... km) , 
n 

where bfn (k1 ... kn ) and bfm (k1 ... km) are independent white noises. 

Proo/ll.9.1. See Sect. 16.2. 

11.10 The Stochastic Bosonization Principle 

The basic idea of bosonization is that a quadratic (or, more generally, even) 
polynomial in the fermion operators behaves like a boson operator. Up to now 
it has been difficult to substantiate this idea in more than one dimension, in 
the sense that several inequivalent proposals exist, but due to the absence 
of adefinite proof in favour of one or the other, it is difficult to choose 
among them. The existing approaches to the problem are algebraic and exact 
but a satisfactory theory exists only in one dimension; the new approach 
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suggested by the stochastic limit(3) is complementary to the existing ones, in 
the sense that it is an approximation (its basic idea being that bosonization 
does not take place exactly, but only after the scaling t ~ tl)..2 and the limit 
).. ~ 0), but it has the advantage of working independent of the dimension 
provided this is greater than or equal to three. 

Stochastic bosonization is a refinement of both the block and the orthog
onalization principle for Fermi fields. Stochastic bosonization can be realized 
in any dimension greater than or equal to 3 (this is a common feature of 
the stochastic limit method). So we have here a situation complementary to 
algebraic bosonization, which is well understood only in one dimension. 

Keeping in mind the universality dass principle, which allows one to 
reduce the interaction Hamiltonian to a sum of pure creation blocks and 
their adjoints, the stochastic bosonization principle can be formulated as the 
following modification of the block principle: if the interaction Hamiltonian 
is expressed in terms of Fermi fields then, in the stochastic limit, 

(i) any even monomial in the creation~annihilation operators in the original 
Hamiltonian gives a boson noise; 

(ii) any odd monomial in the creation~annihilation operators in the original 
Hamiltonian gives a fermion noise; 

(iii) any two monomials of different degrees in the creation~annihilation op
erators in the original Hamiltonian give two independent noises; 

(iv) if, in the original model, the state of the field is nonFock but a general 
mean zero gauge-invariant Gaussian state (e.g. finite temperature), then 
in the master field superalgebra there exists a parity operator, called 
superparity, which acts nontriviallyon the boson part. 

Example 11.10.1. We shall see that for a general polynomial interaction the 
master field and the corresponding evolution equation can be rather complex. 
However the basic new feature of stochastic bosonization can be illustrated 
in the simplest nontrivial case, in which the interaction Hamitonian has only 
one quadratic annihilation block and a trivial system part, Le. it has the form 

(11.10.1 ) 

We shall prove in Sect. 16.2 that, as ).. ~ 0, the time-rescaled evolution 
operator Ut)>.2 converges to a unitary operator U (t) which is the (unique) 
solution of the white noise Hamiltonian equation 

d . 
dt U (t) = -2 {bt (ft, 12) l8l 1 + bt (ft, 12) 18l1} U (t), U (0) = 1, (11.10.2) 

where {bt (ft,h) ,bt (ft,h)}t>D is the boson Fock white noise with covari
ance given by (11.10.5) below. fhus we can see that the original time-rescaled 
Schrödinger equation 

~ U' . 1 H {tl' 2\ U TT 1 Gt t/>.2 = -2~ I ~ A-} t/>.2, VD = , (11.10.3) 
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is approximated by the white noise equation (11.10.2) and that the time
rescaled evolved interaction fermion Hamiltonian H I (t / A 2 ) is approximated 
by the boson white noise Hamiltonian 

{bi (11,12) 01 + bt (11,12) 01} . 

Using the causal commutator rule of Sect. 7.4, we rewrite the white noise 
Hamiltonian equation in the form of a stochastic Schrödinger equation: 

U(t) =1 + l t {dA~ (11,12) 01- dA~ (11,12) 

01-((11,12) I (11, h)L 01ds} U (s) , (11.10.4) 

where 

(i) {U (t)}t>o lives on r (L2 (lR+) 0 K 2 ) 01is and r (L2 (lR+) 0 K 2 ) is the 
boson Fock space over the Hilbert space L 2 (lR+) 0 K 2 ; 

(ii) for any F E K2 ,{At(F)L;:::o := {A+(X[o,s) 0F)L>o is the boson 
creation process and dAt (F) ,dAs (F) are the associated stochastic dif
ferentials; 

(iii) K2 is the Hilbert space obtained by completion of the space 

{(gl,g2) : gj E K, j = 1, 2} 

endowed with the scalar product 

((gl,g2) I (g~,g~)) 

:= l ((gI, S;gD (g2' S;g~) - (g2' S;gD (gI, S;g~)) dt; (11.10.5) 

(iv) the coefficient of the drift (Ito correction term) in the stochastic Schrö
dinger equation (11.10.4) is given by 

( (gI, g2) I (g~, g~) ) _ 

:= [1
00 

((gI, S;gD (g2' S;g~) - (g2' SigD (gI, Sig~)) dt 

= [1
00 

det ((gi,S;gj)) dt. (11.10.6) 

11.11 The Time-Consecutive Principle 

The time-consecutive principle, already formulated in Sect. 7.4, states that 
the chronological order of the time variables in the n-simplex Ll~n), which 
appears in the nth term of the iterated series [see (7.4.3)], allows one to 
separate those terms which contribute in a nontrivial way to the stochastic 
limit (the time-consecutive ones) from those irrelevant terms which in the 
limit give zero contribution. It holds also for polynomial interactions (see 
Sects. 15.5-7 for the proof). 



12. Particles Interacting with a Boson Field 

In the general scheme of interaction, described in Sect. 4.8, the techniques 
described in Part I do not apply to the case when not only the reservoir R but 
also the system S has a continuous speetrum. The usual way to handle these 
more complex interactions consists in replacing the response term by the first 
few terms in its series expansion. For example, in the case of nonrelativistic 
quantum electrodynamics (QED) (e.g. in nonlinear optics, laser theory, etc.) 
this amounts to replacing the dipole approximation by a multipole expansion. 
These approximations however break momentum conservation, and we shall 
see that by introducing them one loses information on some subtle cancella
tions which occur due to fast oscillations. 

In the present section these approximations are not introduced: we con
sider two interacting systems with a continuous spectrum (e.g. free particles 
coupled to a quantum field, two interacting fields, etc.) and we just keep the 
response terms. We work with translation-invariant Hamiltonians. 

In this case the rescaled fields depend on the degrees of freedom of both 
interacting systems. For example, in the case of a particle coupled to a quan
tum field, the rescaled field depends not only on the quantum field but also 
on the coordinates and the momenta of the particle. As a consequence of this, 
after the stochastic limit, three new qualitative features arise: 

(i) Only the noncrossing diagrams survive (see Seet. 12.4 for their definition 
and main property); in this case the master field, which approximates 
the quantum electromagnetic field in the stochastic limit, is no longer 
a boson or fermion or supersymmetric white noise, but a nonlinear gen
eralization of the Boltzmannian (or jree) white noise (see Seet. 12.9 for 
its definition). As explained in Seet. 2.2, the main difference between 
the usual (in particular, the boson) Gaussianity and the Boltzmannian 
(or free) Gaussianity is that in the Boltzmannian case the vacuum ex
pectation values of products of creation and annihilation operators are 
obtained by summing the produets of pair correlation funetions not over 
all the pair partitions, as in the usual (boson or fermion) Gaussian case, 
but only over the non crossing pair partitions. In terms of graphs this 
means that the summation does not run over all graphs, but only over 
the so-called rainbow graphs. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
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(ii) The state space of the master field is not a usual Fock space, but a new 
object, called an "interacting Fock space" because the quanta in the n
particle spaces are not independent but interact nonlinearly. 

(iii) The canonical commutation relations (boson or fermion) are broken 
and replaced by the so-called "entangled commutation relations". From 
a mathematical point of view this means that the state space of the 
master field has a nontrivial structure of Hilbert module (in the non
relativistic QED case this is a module over the momentum algebra of 
the electron). The module structure reflects the fact that, after the 
stochastic limit, the two interacting systems become entangled into one. 
This phenomenon has some analogies with the stochastic bosonization, 
described in Sect. 11.10. 

These new features are experimentally observable because they imply new 
statistics given by quite explicit formulae and accounting for new phenomena 
which are not accessible with the usual asymptotic techniques (e.g. pertur
bation theory). For example, in the nonrelativistic QED case, the vacuum 
(coherent) statistics of the field (number operator) is non-Gaussian (Pois
sonian), but a nonlinear modification of the Wigner semicircle law (of the 
Poisson law), to which it reduces exactly when the nonlinear factor arising 
in the interacting Fock space is put equal to a positive constant. 

We shall prove, by considering an ample variety of different models, that 
these features are quite universal under the above assumptions (continuous 
spectrum and conservation of momentum), but we shall begin by illustrating 
their emergence in the case of a free particle, say a free atom (electron), 
minimally coupled to the nonrelativistic quantum electromagnetic (phonon) 
field. 

This includes the cases of the QED Hamiltonian and the Frölich polaron 
Hamiltonianj the latter is obtained from the interaction Hamiltonian (12.1.2) 
below when one makes p = 1 and takes the dispersion of the field w(k) = 1. 
Therefore the results below are also applicable, with inessential modifications, 
to this case. Up to Sect. 12.21 the free Hamiltonian of the particle is just its 
kinetic energy. Starting from Sect. 12.21 we discuss how the picture changes if 
the particle Hamiltonian includes a potential depending only on the position 
of the particle. From the point of view of the new phenomena mentioned 
above, the transition from one to many particles makes no difference (pro
vided that the relevant wave operators exist). 

Since the dipole approximation is effective at low frequencies and small 
atomic dimensions, it is reasonable to expect that this equation will shed 
some light on a class of phenomena in which high frequencies and finite 
atomic dimensions play an essential role. 
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12.1 A Single Particle Interacting with a Boson Field 

In this section we describe the model of a single particle interacting with 
a boson field. We consider the simplest case in which matter is represented 
by a single particle, say an electron or a free atom, whose position and 
momentum we denote respectively by q = (ql ... qd) and P = (Pl ... Pd) and 
satisfy the commutation relations 

[qh,Pk] = iOhk. 

The EM field is described by the usual boson operators (in fact, operator
valued distributions) 

satisfying the canonical commutation relations 

The Hamiltonian of a free atom interacting with a nonrelativistic quantum 
electromagnetic field is, neglecting polarization, 

H = Ho + AHr = J w(k)a+(k)a(k) dk + ~p2 + AHr , (12.1.1) 

where A is a small constant, w(k) is a dispersion law (a positive function on 
~d) and, for photons, w(k) = Ikl. 

The interaction between the particle and the EM field is expressed in 
terms of a potential A(x), describing the field strength at the space point 
x ERd, more precisely A(x) is the potential feIt by the particle in position 
x as a consequence of its interaction with the field. The explicit form of the 
interaction Hamiltonian is, neglecting a quadratic term in A, 

Hr = p. A(q) + A(q) . P := J d3 k [g(k)p. eikqa+(k) + g(k)p· e-ikqa(k)] + h.c., 

(12.1.2) 

where p, q are as above and 

A(q) = J dk [g(k)eik .q . a+(k) + g(k)e-ik.q . a(k)] (12.1.3) 

Denoting uF') = eitHoe-itH the solution of the Schrödinger equation in 
the interaction picture associated with the Hamiltonian H, after the time 
rescaling t -+ t / A 2 , we obtain the rescaled equation 

with HI(t) = eitHo Hle-itHo (the evolved interaction Hamiltonian). The 
time dependence is defined by letting the original interaction Hr, given by 
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(12.1.2-3), evolve under the free Hamiltonian Ho and then performing the 
time rescaling t -+ t /).. 2 . We want to study the limits 

l~ ~ HI (;2) =: Ht = J d3k [g(k)p. b+(t, k) + g(k)p· b(t, k) + h.c.] , 

(12.1.4) 

r u(),) - u 
),~ t/),2 - t, 

and the corresponding white noise equation 

Uo = 1. (12.1.5a) 

A simple calculation shows that the rescaled Hamiltonian is equal to 

~ H I (;2) = J d3k [g(k)p. at(t, k) + g(k)p· a),(t, k) + h.c.] , 

where the operators a~(t, k) are the rescaled fields 

a)..(t, k) = ~ei[W(k)+kPlt/)..2 e-ikqa(k). (12.1.5b) 

We will consider the limit of the correlation functions 

(12.1.6) 

where c = {EN ... Ed E {l,O}N, E E {l,O} (E = 0 for a, E = 1 for a+) and ( . ) 
denotes the Fock state of the reservoir, Le. the mean zero boson Gaussian 
state with pair correlations vanishing on the off-diagonal terms and, on the 
diagonal ones, equal to 

(akat,) = J(k - k'), 

(at,ak) = O. 

The other correlators can be calculated using Gaussianity. We will prove 
convergence of the correlators (12.1.6) and show that in the stochastic limit 
we have nontrivial cancellations, as a consequence of which in the limit the 
crossing diagrams vanish. More precisely we show that the above limit exists 
and has the form 

In Chapter 4 we saw that if one introduces the dipole approximation then 
the master field is the usual boson Fock white noise. Without the dipole 
approximation, the master field is a new type of white noise whose algebra 
is described by the relations 

b(t,k)p= (p+k)b(t,k) , (12.1.7) 

b(t, k )b+ (t', k') = 2m5(t - t')J (w(k) + E(k + p) - E(p)) c5(k - k'), (12.1.8) 
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where E(p) = ~p2 is the energy of a free nonrelativistic particle and therefore 
the argument of the 8-function of energy is equal to 

w(k)+kp, 

where 

w(k) := w(k) + ~ k2 • (12.1.9) 

Recalling that p is the atomic moment um, we see that the relations (12.1.7-8) 
show that the atom and the master field are not independent even at a kine
maticallevel. This is what we call entanglement.(l) From (12.1.7), by con
sidering polynomials in p and limits thereof, it is easy to see that, for any 
Schwartz function f one has 

b(t, k)f(p) = f(p + k)b(t, k). (12.1.10) 

The relation (12.1.8) is a generalization of the algebra of Boltzmannian or 
free creation-annihilation operators with commutation relations 

(12.1.11) 

and the corresponding statistics becomes a generalization of the Boltzman
nian (or free) statistics. This generalization is due to the fact that the right
hand side of (12.1.7-8) is not a scalar but an operator (a function of the 
atomic momentum). This means that (12.1.7-8) are module commutation 
relations. For any fixed value p of the atomic moment um we obtain a copy 
of the free (or Boltzmannian) algebra. Therefore, the basis of the emergence 
of the new non-free statistics is the module commutation relation (12.1.10). 
Given (12.1.7-9), the statistics of the master field is uniquely determined by 
the condition 

b(t, k)tP = 0, (12.1.12) 

where tP is the vacuum of the master field, via a module generalization of 
the free Wick theorem (Theorem 12.4.2). Therefore, just as the typical Gaus
sian statistics is coded into the typieal bosonie (or fermionie) commutation 
relations through the Wick theorem, the new non-Gaussian (i.e. nonlinear ) 
statistics is coded into the new (module) commutation relations through the 
module Wiek theorem. 

12.2 Dynamical q-Deformation: Emergence 
of the Entangled Commutation Relations 

In order to determine the limit (12.1.4) one rewrites the rescaled interaction 
Hamiltonian 



290 12. Particles Interacting with a Boson Field 

~ HI (;2) = ~ A(t/,x2) + h.c. = J d3kp (g(k)a>.(t, k) + g(k)at(t, k)) + h.c. 

(12.2.1) 

in terms of the dynamically q-deformed (or entangled rescaled:) fields a>.(t, k) 
defined by 

1 i t H·k -i t H 
a>.(t, k) : = ~ e ~ °e-t qa(k)e A2" ° 

= exp { -i ;2 [w(k) + E(k + p) - E(P)]} e-ikqa(k) , (12.2.2) 

where the term entangled reflects the fact that the new "fields" a>.(t, k) 
include both the particle and the field degrees of freedom. The algebra of 
the rescaled fields in the stochastic limit will give rise to the algebra of the 
master field. Using the standard commutation relation [p, q] = -i, it is now 
easy to prove that the operators a>.(t, k) satisfy the following q-deformed 
module relations: 

a>.(t, k)at(t',k') =at(t', k')a>.(t, k) . q>.(t - t', kk') 
1 + ,x2 q>.(t - t',w(k) + E(k + p) - E(p))~(k - k'), 

a>.(t, k)f(p) = f(p + k)a>.(t, k), 

a>.(t,k)~ = 0, 

where f is any Schwartz function and 

( ') (.t -t' ) q>. t - t ,x = exp -~~ x 

(12.2.3) 

(12.2.4a) 

(12.2.4b) 

(12.2.5) 

is an oscillating factor. The above considerations show that the module q de
formation of the commutation relations arise here as a result of the dynamics 
and are not put artificially ab initio. Now let us suppose that the master field 

b(t, k) = lim a>.(t, k) 
>'--+0 

(12.2.6) 

exists. It is natural to conjecture that its algebra shall be obtained as the 
stochastic limit (,x -+ 0) ofthe algebra (12.2.3-4). Since the factor q>.(t-t', x) 
is an oscillating exponent, one easily sees that in the sense of distributions 

lim q>.(t,x) = 0, 
>'--+0 

lim ,12 q>.(t, x) = 27r~(t)~(x). 
>'--+0 /\ 

It is natural to expect that the limit of (12.2.4a,b) is 

(12.2.7) 
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b(t, k)p = (p + k)b(t, k) (12.2.8) 

and the limit of (12.2.3) gives the module-free relation 

b(t,k)b+(t',k') = 27r8(t - t')8(w(k) + E(k + p) - E(p))8(k - k'). (12.2.9) 

Remark 12.2.1. The operators a)..(t, k) also obey the relation 

a).. (t, k )a).. (t', k') = a).. (t', k')a)..(t, k )q;:l (t - t', kk') . (12.2.10) 

One can show that (12.2.10) disappears after the limit. In fact, if (12.2.9) 
would survive in the limit then, because of (12.2.5), it should give b(t, k) . 
b(t',k') = 0, hence also b+(t,k)b+(t',k') = 0, so all the n-particle vectors 
with n ~ 2 would be zero. But we shall prove that this is not the case. Note 
that we can omit (12.2.10) even before the limit. For simplicity let us explain 
this fact for the example of a finite dimensional bosonie algebra. Consider 
the algebra A with generators ai, aj, relations 

(12.2.11) 

and the state ( . ) on this algebra, given by the vacuum expectation in the 
Fock representation. It is easy to prove the following lemma. 

Lemma 12.2.1. In the Fock representation of the algebra A with respect to 
the state ( . ), we have the extra relation 

[ai,aj] =0, 

which is meant for the total set of number vectors. 

Proof 12.2.1. The thesis follows from the identity 

(ath ,atk )E{1...n}2 

CXh =lCXk 

(12.2.12) 

whieh is symmetrie in i and j. Here the notation a means that this operator 
is omitted in the product. 

We have to prove the existence of the stochastie limit of the n-point 
correlators. In the next section we begin by considering the 2-point function. 

12.3 The Two-Point and Four-Point Correlators 

In the present section we calculate the 2-point and 4-point correlation func
tions of the rescaled fields (12.2.2) in order to show how to make use of the 
dynamieal q deformation and to illustrate the mechanism through which the 
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crossing diagrams vanish in the limit. The 2-point correlator for the entangled 
quantum white noise b( t, k) can be obtained by calculating the stochastic limit 
of the dynamically q-deformed relation (12.2.3): 

(b(t, k)b+(t',k')) = lim \12 q).,(t - t',w(k) + E(k - p) - E(p))I5(k - k') 
).,~o/\ 

= 27rI5(t - t')I5(w(k) + E(k - p) - E(p))I5(k - k'), 

according to (12.2.7). Let us now calculate the 4-point correlation function 
for b(t, k) and, using this example, show that (12.2.10), i.e. 

a).,(t, k)a).,(t', k') = a).,(t', k')a).,(t, k)q;:l(t - t', kk') , 

disappears in the stochastic limit. Note that the limit, as A -+ 0, of the 
left-hand side ofthis equation is b(h, k1 )b(t2, k2) and that, using (12.2.7) in 
a formal way, i.e. calculating the limit of the product on the right-hand side 
as the product of the limits, we would find zero [i.e. b(h, k2)b(h, k1 ) times 
zero]. But we will prove that this is not the case and in fact the limit of the 
right-hand side of (12.2.10) is the same as that of the left-hand side. In other 
words, the limit of (12.2.10) is the trivial identity 

(12.3.1) 

To this goal, let us consider the 4-point correlator 

(a)"(h, kda).,(t2, k2)at(t~, k~)at(t~, kD) . (12.3.2) 

This corresponds to taking the matrix element of (12.2.10) between vacuum 
and two creation operators. According to (12.2.3) this correlator is equal to 
the sum of two terms: 

;2 q;.. (t2 - t~, w(k2) + k2(p + k1 ) )15(k2 - k~) 

. ;2 q;..(h - t~,W(kl) + k1P)I5(k1 - kDq).,(t2 - t~, k2k~) 

+ ;2 q;..(h - t~,W(kl) + k1P)I5(k1 - k~) 

. ;2 q;.. (t2 - t~, w(k2) + k2P)I5(k2 - kDq).,(t2 - t~, k2k~). 
In the stochastic limit A -+ 0; only the first term survives. The second term 
vanishes because lim;..~o q;..(t2 -t~, k2k~) = O. The first term survives because 

A~ q;..(t2 - t~,W(k2) + k2(p + k1)) q)., (t2 - t~, k2k~) 

= ;2 q;..(t2 - t~,W(k2) + k2(p + k1 ) + k2k~). 

Let us now consider the behaviour of (12.2.10) in the stochastic limit. Ac
cording to (12.2.10) the correlator (12.3.2) is equal to 
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( a>. (t2, k2)a>. (tl, kdat (t~, k~)at(t~, kD) q>: I (t2 - t~, k2k~) 

= q>:l(t2 - t~, k2k~) (;2 q>. (h - t~, w(kd + kl(p + kd )8(kl -k~) 

. ;2 q>.(t2 - t~,W(k2) + k2P)8(k2 - kDq>.(tl - t~,klk~) 

+ ;2 q>.(t2 - t~,W(k2) + k2P)8(k2 - k~) 

. ;2 q>. (tl - t~, w(kl ) + kI P)8(kl - kDq>.(h - t~, klk~)) . 

We see that due to the term q>:l(t2 - t~,k2k~) only the second component 
of this correlator survives after the stochastic limit. Therefore the stochastic 
limit of 

(a>.(t2, k2)a>.(tl, kl)at(t~, k~)at(t~, kD)q>:l(t2 - t;, k2k~) 

is not equal to the product of the limit of the correlator and the limit of 
q>:l(t2 - t~, k2k~) (i.e. to zero). We have proved that at least for the 4-point 
correlation function the identity (12.3.1) is the stochastic limit of the relation 
(12.2.10). To finish the proof we have to prove the existence of the stochastic 
limit of arbitrary n-point correlators. This is the subject of the next section. 

12.4 The Stochastic Limit of the N-Point Correlator 

In the present section we prove the existence of the limit of the q-deformed 
correlators 

(12.4.1) 

where aC means either a or a+ (10 = 0 for a, 10 = 1 for a+) and ( . ) denotes 
vacuum expectation. We also will prove that the limit of this correlator will 
be equal to the corresponding correlator of the master field: 

(12.4.2) 

In the product a~l (h, kd ... a~N (tN, kN) let us enumerate the annihilators 
as a>.(tmj,kmj ), j = 1. .. J, and the creators as at(tml,kml), j = 1. .. I, 

J J 

I + J = N. This means that if Cm = 0 then a~m(tm,km) = a>.(tmj , km) for 
m = mj (and the analogous condition for Cm = 1). Recall that a pair partition 
{(mj < mj) : j = 1 ... n}, of the set {I ... 2n} is called a non crossing pair 
partition if, whenever [mj, mj] n [mk, m~] -=I- 0 ([mk, m~] denotes the interval 
{x: mk::; x::; mU), theneither [mj,mj] ~ [mk,m~] or [mk,m~] ~ [mj,mj]. 

Note that if ml < m2 < ... < m n is a subset of the set {I ... 2n} then 
either there is a unique noncrossing pair partition { (mj < mj) : j = 1 ... n} of 
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{1 ... 2n}, or there is none. This is easily seen by induction on the number n. 
In fact, if such a partition exists, then 2n must be one of the mj, say mjn. 
Denote (mjn' mjn) the corresponding pair. Then the interval [1,2n] splits 
into disjoint intervals, one of which is [mjn' mjnl, and to each of them one 
applies the induction hypothesis. For more information on noncrossing pair 
partitions, see Seet. 15.12. 

Theorem 12.4.1. The stochastic limit of the dynamically q-deformed cor
relator (12.4.1) exists. Moreover, 

(i) if the number of creators is not equal to the number of annihilators, then 
the correlator (12.4.1) is equal to zero (even before the limit); 

(ii) if the number of creators is equal to the number of annihilators (N = 
2n), then the limit is equal to the following: 

n rr 8 (kmh - km;,) 211"8 (tmh - tm;,) 
h=l 

(12.4.3) 

where {( mj, mj) : j = 1 ... n} is the unique noncrossing partition of 
{1 ... 2n} associated with c = {cl ... cN}. 

Proof 12.4.1. The proof of this theorem is by induction. We need to prove 
(12.4.3) for N = 2n. For n = 1 this relation is dear. Let us ass urne (12.4.3) 
for N = 2n - 2 and prove that the same is true for N = 2n; let m n be the 
first annihilation index in (12.4.1) starting from the right. Then (12.4.1) is 
equalto 

(a).(tm1 , km1 ) ••• a).(tmn , kmn )at(tmn+1' kmn+l ) ... at(t2n, k2n ») . 

Using the commutation relation (12.2.3), this is equal to 

q).(tmn - tmn+1, kmnkmn+l) 

. (a).(tml' km1 )·· . at (tmn+1 , kmn+1)a).(tmn , kmn)at(tmn+2, kmn+2) ... ) 
1 _ 

+ >.2 8(kmn -kmn+l)(a).(tml' km1 )··· q).(tmn - tmn+I' w(kmn)+kmnp)···) . 

(12.4.4) 

Using the adjoint of the commutation relation (12.2.4a,b), we commute 
q). (tmn - tmn+bw(k) + kmnp) with all the annihilators on its right. Doing 
so the second term in (12.4.4) becomes 

(a).(tml' km1 ) ... ci,>. (tmn ,kmn)at(tmn+b kmn+1) ... at (t2n, k2n ») 

. 8(kmn -kmn+l ) ;2 q). (tmn -tmn+l'w(kmn)+kmn (P+ I L kmj )) 
mj>mn+l 
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As usual a means that we omit this operator in the product. Iterating this 
procedure [moving a).. (tmn , kmn ) further to the right 1 we find that 

(a)..(tml , kml )··· at(t2n, k2n )) 

~ (a)..(tml'kml)···a)..(tmn,kmn)···at(tm' ,km' ) ... at(t2n,k2n )) L....J ß ß 
mß>mn 

II q).. (tmn - tmj , kmn kmj ) 
mn<mj<mß 

where we make the convention that the product 

II q).. (tmn - tmj , kmn kmj ) (12.4.5) 
mn<mj<mß 

is equal to 1 if ß = j. Taking the stochastic limit of this recurrence relation 
we see that if the product (12.4.5) is nontrivial (not equal to 1) then the 
stochastic limit will be equal to zero. If the product (12.4.5) is equal to 1 
then we obtain the recurrence relation for the stochastic limit of the correlator 
(12.4.1 ): 

lim (a).. (tml' kml ) ... at (t2n, k2n )) 
),,-+0 

= lim (a)..(tml' kml )··· a).. (tmn , kmn)at(tmn+l, kmn+d··· at(t2n, k2n )) 
),,-+0 

. c5(kmn - kmn+l ) ;2 q).. (tmn - tmß,w(kmn ) + kmn (p + L km6)) 
m6>mß 

(12.4.6) 

Using this recurrence relation and the induction assumption, we obtain the 
statement of the theorem. 

Theorem 12.4.2. The correlators for the master field satisfying {12.2.8} 
with ( .) equal to the vacuum expectation in the free Fock space are equal 
to the stochastic limit of the corresponding correlators for the dynamically 
q-deformed field {calculated in Theorem 12.4.1}. 

Praof 12.4.2. The proof is made by computing the correlation functions 

(bq (tl, kl )bE2 (t2, k2) ... bEN (tN, kN)) 

using the commutation relations (12.2.9) and showing that they satisfy the 
same induction relation (12.4.6) ofthe stochastic limit of the rescaled correla
tors oft he original system. As in the Proof 12.4.1 we begin from the first an-
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nihilator from the right. Using (12.2.9) the pairing b(tm, ,km' )b+(tmh' kmh ) 
h h 

gives the factor 

8(km, - kmh )27r8(tm, - tmh )8(w(kmh ) + kmhP) , 
h h 

which has to be brought onto the right of the remaining product of b+(t, k) 
using the commutation relation (12.2.8). This gives the factor 

L km« . kmh (phase shift) 
a:m« <mh<m::' 

in the argument of the 8-function [see (12.4.3)]. The recurrence relation for 
the correlator thus obtained coincides with (12.4.6). This finishes the proof 
of the theorem. 

Remark 12.4.1. Using the recurrence relation for the correlator we iterate 
this procedure until the product of creators and annihilators in the correlator 
is reduced to its normally ordered form. Since the expectation value ( . ) is 
taken with respect to the Fock vacuum, only the "scalar" term (which in this 
case is a product of atomic operators) will survive. 

12.5 The q-Deformed Module Wiek Theorem 

In the present section we find a q-deformed module extension of the Wiek 
theorem. This will allow us to find the exact form of the q-deformed n-point 
correlators, Le. the correlators before the stochastic limit: 

(a ~ 1 (tl, k1 ) ... a ~N (t N , k N )) . 

Lemma 12.5.1. In the notations 01 Beet. 12.2 one has 

aA(t, k)a~l (tl, k1 ) ... a~N (tN, kN) 
I J -rrq~l (t-tmi,kkmJ rr qA (t-tmj,kkmj ) 

i=l j=l 

. a~l (h, kd ... a~N (tN, kN )aA(t, k) 

(12.5.1) 

I 1 
= L 8 (k - kmj ) ,\2 qA (t - tmj,w(k) + kp) rr qA (t - tmj,kkmi ) 

j=l mi<mj 

. rr q~l (t-tmj,kkmJ rr q~l(t-tmi,kkmJ 
~<~ ~<~ 

(12.5.2) 

As usual the notation at means that we omit the operator at in this produet. 
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Proof 12.5.1. We prove this lemma by induction over N. The first induction 
step is given by the relations (12.2.3) and (12.2.1O). Now, assuming the 
validity of (12.5.2) for N, we will prove this formula for N + 1 using the 
commutation relations (12.2.3), (12.2.4a,b) and (12.2.10). 

(i) First case: CN+1 = O. In this case using (12.5.2) for N and (12.2.1O) 
we obtain 

a",{t, k)a~l {tl, kd ... a~N (tN+1' kN+1) - q;:l{t - tN+l, kkN+1) 
I J 

. II q;:l{t - tmi , kkmi ) II q", (t - tmj' kkmj ) 
i=l j=l 

. a~l (tl, kd ... a",{tN+1, kN+1)a",{t, k) 

I 1 
=LO(k-kmJ ,\2 q",(t-tmj,w{k)+kp) II q",(t-tmj,kkmi ) 
~l ~~ 

. II q;:l(t-tmj,kkmJ II q;:l{t-tmi,kkm.} 
m~<mj mi<mj 

. II q", (t-tm~,kkmJa~l{tl,kd ... at (tmj,kmJ ... a~N{tN,kN), 
m~<mj 

which is exactly (12.5.2) for N + 1. 
(ii) Second case: CN+1 = 1. In this case using (12.5.2) for N and (12.2.3) 

we obtain 

a",{t, k)a~l {tl, kd ... a~N (tN+I, kN+1) 

~ TI 0,' (. ~ '>n;, kk...) Q [0' (. ~ .~;,kk,.;) 
. a~l {h, kl ) ... a~N (tN, kN)] 

. (at {tN+1 , kN+1)a",{t, k)q",{t - tN+1, kkN+1) 

+ o{k - kN+d ;2 q",(t - tN+1,w{k) + kp)) 

I 1 
=LO(k-kmj) ,\2 q",(t-tmj,w{k)+kp) II q",(t-tmj,kkmi ) 

j=l m;<mj 

. II q;:l (t-tmj,kkm~) II q;:l{t-tmi,kkm.} 
m~<mj mi<mj 
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. J:L [q, (t - 'm"~ kkmJ 
, J 

.a~l(tl,kl) ... at (tmj,km.J ... a~N(tN,kN)at(tN+l,kN+l)l. 
Now we use the commutation relation (12.2.4a,b) to move the factor 

Ö(k - kN+1) )..~q)..(t - tN+1,w(k) + kp) 

to the left of the remaining product of creators and annihilators. This gives 
(12.5.2) for N + 1 and thus finishes the proof of the lemma. 

The following theorem uses the above result to describe the form of the 
N-point correlators. 

Theorem 12.5.1. 

(i) 1f the number of creators is not equal to the number of annihilators, then 
the correlator (12.5.1) is equal to zero; 

(ii) if the number of creators is equal to the number of annihilators (N = 
2n), then the correlator (12.5.1) is equal to the following sum over pair 
partitions: 

L fr Ö (kmh - km;,) 
a(e) h=l 

. ;2 q).. ((tmh-tm~)'(W(kmh)+kmhP+ L, kma.kmh)) 
ma<mh<m a 

TI q).. (tmi - tmj' kmi . kmj ) (12.5.3) 

(mj,mj) ,(mi,m~);i,j 
=l ... n:mj<mi<mj<m~ 

where 0'( t) = {( mj < mj) : j = 1. .. n} is the set of all partitions of 
{1 ... 2n} associated with t = (tl ... t2n). 

Proof 12.5.2. The proof of this theorem is by induction over n. The first 
induction step is obvious. Let us assurne that (12.5.1) is expressed by (12.5.3) 
for N = 2n - 2 and prove that the same is true for N = 2n. We consider the 
2n-point correlator 

(a~l (tb kl ) ... a~2n (t2n, k2n )) . 

It is easy to see that if this correlator is not equal to zero, then the first 
operator is an annihilator and the last one a creator. Therefore, without loss 
of generality, we can consider the case when the correlator is as follows: 

(a).. (tm!' kml )a~2 (t2, k2) ... a~2n-l (t2n-l, k2n- l )at (tmri' krn~J) . (12.5.4) 
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From Lemma 12.5.1 it follows that (12.5.4) is equal to 

n 1 
L6(kml -kmJ >..2 q).. (tml -tmj,W(kml)+kmlP) 
j=1 

TI q).. (tml - tmj' kml kmi ) TI q~1(tml - t mi , kml km;) 

~<~<~ ~<~ 

(12.5.5) 

where the expectation value in (12.5.5) contains a product of 2N - 2 cre

ators and annihilators. The product TImi<m'<m' q).. (tml - t m" kml kmi ) in 
J , J 

(12.5.5) arises from the products 

TI q).. (t - tmj, kkmi ) TI q~1 (t - tmj, kkmJ 

~<~ ~<~ 

in (12.5.2), because of cancellations of the corresponding terms due to the 

6-functions 6 (kmi - km;) in the correlator (12.5.3). By the induction as

sumption, for N = 2n - 2 we have 

TI q).. (t - tmj, kkmi ) TI q~1 (t - tmj' kkm;) 

~<~ ~<~ 

TI q).. (t - tmj, kkmi ) TI q).. (t - tmj, kkmi ) 

~<~ ~<~<~ 

TI q~1 (t - tmj' kkmi ) 
m~<mj 

TI q).. (t - tmj , kkmi ) . 
mi<mj<m~ 

Using this let us now prove that (12.5.5) is equal to (12.5.3). This will prove 
the theorem. We have 

TI q~1 (tml -tmi,kmlkmJ TI q).. (tm! -tm;,kmlkm;) 

~<~ ~<~ 

TI q).. (tml - t m;, kml kmJ (12.5.6) 
m~<7nj 
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because mi < m~. From (12.5.3) for 2n - 2 we have km; = km" Using this 
and combining the first product with the third, we obtain t 

II q).. (tm; - tm;, kmi km;) II q-;:l (tmi - tm;, kmi km;) 
~<~ ~<~<~ 

Using, in the second product in (12.5.7), the change of variables 

tmi - tm; = (tmi - tmj) - (tmj - tm; ) 

and the property kmi = kml, we find that (12.5.6) is equal to 
J 

(12.5.7) 

II q).. (tm; -tm;,kmIkm;) II q-;:l (tmi -tmj,kmIkm;) 
~<~ ~<~<~ 

II q).. (tm; - tmj, kmjkm;) . 
mi<mj<m~ 

Substituting this into (12.5.5) we obtain 

n 1 
LO(kml -kmJ >..2 q).. (tmi -tmj,W(kml)+kmIP) 
j=l 

. II q).. (tm; - tm; , kmi km; ) 
m~<mj 

(12.5.8) 

II q).. (tm; - tmj, kmjkm;) \a)..(tmp kml )··· at (tmj, kmJ .;. ) , 
m;<mj<m; 

where ( ... a ... ) means that a is omitted in this correlation function. For the 
(2n - 2)-point correlator in (12.5.8) we use (12.5.3) for c \ {ml, mj}, Le. 

\a).. (tmp kml ) ... at (tmj, kmJ ... ) 

U('-IEm,JX Hk., -k.J 
J 

. ;2 q).. ((tnh - tn~), (W(knh) + knhP+ L, kna · knh ))] 
na<nh<n a 

rr q).. (tn; - tnj, kn; . knj) (12.5.9) 
(nj ,nj),( n; ,ni);;,j=I, ... ,n-I: 

nj<n;<nj<nj 
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where U(e\ {mI, mj}) = {(nj < nj) : j = 1. .. n-1} is the set ofall partitions 
of {I ... 2n} associated with e - {mI, mj} without the pair {mI, mj}. Recall 
that the indices mh correspond to annihilators and m~ correspond to creators. 
Substituting (12.5.9) into (12.5.8) we obtain 

n 1 
L8(km1 -kmJ >..2 q>. (tm1 -tmj,W(kml)+kmlP) 
j=1 

. rr q>. (tm i - tm: ' km1 kmi ) rr q>. (tmi - tmj' kmj kmi ) 
~<~ ~<~<~ 

. ;2 Q>. ((tnh - tn;J ' (W(knh) + knhP + L, kno ' knh)) 1 
no<nh<n 0 

rr q>. (tni - tnj,kni · knj) . (12.5.10) 
(nj ,nj ),(ni ,n:);i,j=l, ... ,n-l: 

nj<ni<nj<nj 

But it is easy to see that 

n 

L -'" -~. 

j=IO'(e-{ml,mj}) O'(e) 

(12.5.11) 

Using (12.5.11) and combining the first product in (12.5.10) with the third 
and the second product with the fourth we obtain (12.5.3). This finishes the 
proof of the theorem. 

12.6 The Wiek Theorem for the QED Module 

Now we will prove the following module analogue of the Wick theorem, which 
shows that the limiting correlation functions (12.4.2-3) define a master field 
b(t, k) satisfying the following QED module relations: 

b(t, k1 )b+(T, k2 ) = 27f8(t - T)8(w(k1 ) + k1P)8(k1 - k2 ), 

b(t, k)p = (p + k)b(t, k), 

b(t,k)P=O, 

which are an operator generalization of the Boltzmannian relations. 

(12.6.1) 

(12.6.2) 

(12.6.3) 

Let <p be the vacuum vector and denote ( . ) the vacuum expectation. 
With these notations, let us consider the following correlation function 

'b'" (t k )b€N 1" • , b€l (t k)) 
\ -JV N, N - ~tN-l, "'N-l}··· 1, 1 . (12.6.4) 
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Theorem 12.6.1. 

{i} 11 the number 01 creators is not equal to the number 01 annihilators, then 
the correlator {12.6.4} is equal to zero; 

{ii} il the number 01 creators is equal to the number 01 annihilators {N = 2n}, 
then the correlator {12.6.4} is equal to the lollowing: 

n rr 8 (kmh - km~) 2rr8 (tmh - tmJ 
h=l 

·8 (W(kmh) + kmhP + L kmo . kmh) , 
a:mo <mh <m6, 

(12.6.5) 

where {( mj < mj) : j = 1 ... n} is the unique noncrossing pair partition 
01 {1 ... 2n} associated with €. The indices mh correspond to annihila
tors, mi, correspond to creators. 

ProoI12.6.1. In Seet. 12.4 we proved that (12.6.5) is the limit of the n
point correlators of the rescaled field. Therefore they satisfy automatically 
all the compatibility conditions of the reconstruetion theorem of [AFL82] and 
therefore there exist an Hilbert space, operators b(t, k), b+(t, k) and a cyclic 
vector cjj such that the correlators of these operators are given by (12.6.4). 
The strueture of the master space and the commutation relations (12.6.1-3) 
are now a simple consequence of the induction relation (12.4.6). 

12.7 The Limit White Noise Hamiltonian Equation 

We investigate the limit white noise Hamiltonian equation for the evolution 
operator uFo) in the interaction picture by means of the following general
ization of the stochastic golden rule: 

. (A) (A) (A) 
Usmg UHdt = Ut,HdtUt we find for dt > 0: 

Ut~~t = (1 + (-iA) 1
t
+

dt 
Hr(tt)dtl 

+ (_iA)21
t+dt 

dtl 1 t1 dt2Hr(h)Hr(t2) + .. 0 ) Ut(A) 

(the dots correspond to the remaining terms of the iterated series expansion 

of Ut(,~~dt). Thus, writing dU?) = Ut~~t - U?), we obtain 
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which, after the rescaling t -7 tj)...2, becomes 

To find the limit white noise Hamiltonian equation, we need to collect all 
the terms of order dt in the iterated series (12.7.1). But these terms of order 
dt are contained only in the first two terms of the iterated series. Let us 
investigate the first two terms. For the first term of the perturbation theory 
we find 

[t+dt 1 (tl) 
lt dt1:X HI )...2 

[t+dt J = lt dtl dk [g(k)(2p + k)a>.(tl, k) + g(k)at(h, k)(2p + k)] . (12.7.2) 

In the stochastic limit )... -7 0 this term gives 

J dk [g(k)(2p + k)dB(t, k) + g(k)dB+(t, k)(2p + k)] , 

where the stochastic differential dB(t, k) is the stochastic limit of the field 
a>.(t, k) in the time interval (t, t + dt): 

I
t+dt It+dt 

dB(t,k) = lim dra>.(r,k) = drb(r,k). 
>.~o t t 

The second term of the perturbation theory series is equal (up to terms of 
order (dt)2) to 

due to the q-module commutation relations on the a>.(t, k) and p (see 
Sect. 12.2). Integrating over h, t2 and using the formulae 

I
t+dt Itl 1 (t -t ) I t+dt jO . dh dt2 )...2 exp -i~)...2 2 X = dh dr et'T"X , 

t t t -tl/>.2 

jo . 1 
itx -t . 

dte = x _ iO = m5(x) - z P.P.;;, 
-00 
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we obtain for the second term 

-idt / dklg(kW(2p + k)2 w(k) _ kp ~ ~ k2 - iO . 

Let us denote 

./ 1 (glg)-(p) = -z dklg(k)1 2(2p + k)2 w(k) _ kp + ~ k2 _ iO (12.7.3) 

= / dklg(kW(2p+k)2 [-ms (W(k) - kp + ~ k2) - i P.P. w(k) _ ~p + ~ k2] . 

Combining together all the terms of order dt we get the following result: 

Theorem 12.7.1. The white noise Hamiltonian equationforUt = lim Ut(/A;2 
A-+O 

has the form 

d~t = (-i / dk [g(k)(2p + k)b(t, k) + g(k)b+(t, k)(2p + k)]) Ut (12.7.4) 

and its normally ordered form is equivalent to the quantum stochastic differ
ential equation: 

dUt = - i(/ dk[g(k)(2p + k)dB(t, k) + g(k)dB+(t, k)(2p + k)] 

- (glg)-(p))Ut. (12.7.5) 

Proof 12.7.1. (12.7.4) follows from the above discussion. (12.7.5) will be 
proved in the Remark after Theorem 12.12.1. 

12.8 Free Independence of the Increments 
of the Master Field 

In this section we prove that the stochastic differential dB(t, k) and the evolu
tion operator Ut are free independent. In fact we will prove a weaker property 
which, however, is sufficient for the applications discussed in Sect. 12.14 
and 12.15. In the bosonic case independence follows from the commutation 
relation 

[dB(t, k), Utl = 0, (12.8.1) 

which implies that, for an arbitrary system observable X, 

(X dB(t, k)Ut ) = 0, (12.8.2) 

where ( . ) is the stochastic limit of the vacuum expectation of the boson field. 
In the case of Boltzmannian statistics (12.8.1) does not hold, but (12.8.2) 
does. This is a consequence of free independence: roughly speaking it means 
that dB(t, k) kills all creators in Ut . 
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Lemma 12.8.1. The stochastic differential dB(t, k) and the evolution oper
ator Ut satisfy (12.8.2). 

Proof 12.8.1. We will prove this result by analyzing the iterated series ex
pression of Ut . We have 

/ [Hdt [ t 1 (t) 
(XdB(t,k)Ut ) = l~\X 1t dTa>.(T,k) l+(-i) Jo dt1").Hr A~ + ... 

+( _i)n l t 
dtl .. . l tN

-
1 

dtN ~ Hr (~~ ) ... ~ Hr (~ ) + ... ]), 

where ± Hr (~) is given by (12.8.2). The Nth term of the perturbation 

series is the linear combination of the following terms (we omit integration 
over k, kn ): 

Let us shift a>.(T, k) to the right using the dynamically q-deformed relations 
(12.2.3). As in Sect. 12.4 we enumerate the annihilators in the product 
a~l(h,kd ... a~N(tN,kN) as a>.(tmj,kmj ), j = 1. .. J, and the creators as 

at (tm' , km')' j = 1. .. I, 1+ J = N. This means that if Cm = 0 then 
J J 

a~rn(tm,km) = a>.(tmj,km) for m = mj (and the analogous condition for 
Cm = 1). 

We will use the following recurrence relation for the correlator: 

I [Hdt t tN-1 
= L 8 (k - kmJ (X 1t dT 10 dtl'" 10 dtN 

j=l t 0 0 

. a~l (h, k1 ) ... a:t (tmj, kmJ ... a~N (tN, kN )) 

. ;2 q>. (T - tmj,w(k) - kp+ ~k2) rr I q:;:l (T - tmj,kkmi ) 
mi>mj 

II q>. (T-tmj,kkm:) rr q:;:l(T-tm;,kkm;} rr q>. (T-tm~,kkm~) , 
m~>mj mi<mj m~<mj 

(12.8.3) 

where as before a:t means that we omit the operator at in the product. 
If we could be sure that the limit of the products of the q>.-factors is the 
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product of the limits, it would be dear from (12.2.7) that (12.8.3) tends to 
zero. However, due to the exponential nature of q>" some cancellations might 
arise. The following calculation shows that this case does not happen. The 
right-hand side of (12.8.3) is equal to 

. a~l (tl, kd ... Cir(tm" km'.) ... a~N (tN, kN)) 
J J 

. ;2 q>. ( -tmj, w(k) - kp + ~k2) II, q-;l ( -tmj, kkmi ) 
m,>mj 

II q>. (-tmj,kkm;) II q-;l(-tmi,kkmJ II q>. (-tm;,kkm:) 
~>~ ~<~ ~<~ 

·lt+dt 
dTq>. (T,W(k) - kp + ~k2) II, q-;l (T, kkmJ P I q>. (T, kkm;) 

mi>mj mi>mj 

. II q-;l(T, kkmJ II q>. (T, kkm;) 
mi<mj m;<mj 

(where we have used the fact that q>. is an exponential function). The first 
three lines of this formula do not depend on T and the last two lines do 
not depend on h ... tN. Therefore the stochastic limits for these values can 
be made independently (the limit of the product is equal to the product 
of the limits). It is easy to see that the stochastic limit for the multiplier 
that depends on T (of the last two lines) is equal to zero because under our 
assumptions T > t. This finishes the proof of the lemma. 

12.9 Boltzmannian White Noise Hamiltonian Equations: 
Normal Form 

Before studying the limit evolution equation for our model we describe some 
general rules showing how to deal with Hamiltonian evolution equations 
driven by Boltzmannian white noises. Let us consider the equation 

(12.9.1) 

where bt,bi is the standard free Fock (or Boltzmannian) white noise, char
acterized by the relations 

btb; = c5(t - T), 
b/l> = 0 

(12.9.2a) 

(12.9.2b) 
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(cI> is the Fock vacuum). We will use the following regularization of (12.9.1): 

(12.9.3) 

where c is an arbitrary complex constant, Le. we write (12.9.1) as 

(12.9.4) 

To make notations shorter we will not write the regularization (12.9.3-4) 
explicitly each time but we will use it to obtain, für example, the following 
relation: 

which is proved as folIows: 

bt t dftb~ = lim(cbt _ c + (1 - c)bt +c ) t dftb~ 
~ c~O ~ 

= lim t dtl[c8(t - c - tl) + (1- c)8(t + c - ft)] = c. 
c~oJo 

(12.9.5) 

Definition 12.9.1. The operator p(-) is dejined on the algebra F of all 
operators A which can be represented as series in normally ordered products 
of the creators and annihilators. We dejine p( -) on all such formal series, 
but we shall use it only for convergent series. If A E F then p( -) A is the 
operator obtained from the series of A by setting all the terms which contain 
(or, equivalently, begin with) a creator equal to zero. Moreover, by dejinition 

(12.9.6) 

It is clear that p( -) maps the algebra F into itself; moreover it is a linear 
projector, 

p(-) p(-) = pH , (12.9.7) 

with the property that, for any A E F, 

(12.9.8) 

Theorem 12.9.1. The white noise Hamiltonian equation (12.9.1) with the 
regularization (12.9.3-4) is equivalent to the normally ordered free equation: 

(12.9.9) 
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Proof 12.9.1. To prove the theorem, i.e. (12.9.9), one has to prove the relation 

(12.9.10) 

Let us start with the relation 

Ut = 1 - iF+ l t 
dhbtl Ut1 - iF l t dtlb~ Ut1 . (12.9.11) 

Multiplying (12.9.11) from the left by bt and using (12.9.5): 

btUt = bt - iF+bt l t 
dt1bt1 Ut1 - icFUt · (12.9.12) 

By comparing (12.9.10) and (12.9.12) we see that (12.9.10) is equivalent to 
the identity 

btP(-)(Ut ) = bt - iF+bt l t 
dt1bt1 Ut1 . (12.9.13) 

But, by applying p(-) to both sides of (12.9.11) we obtain 

p(-)(Ut ) = 1- iF+ l t 
dhP(-)(btl Ut1 ). (12.9.14) 

Multiplying (12.9.14) from the left by bt we find: 

btP(-)(Ut ) = bt - iF+bt l t 
dt1P(-) (bt1 Ut1 )· (12.9.15) 

By comparing (12.9.13) and (12.9.15) we see that if we prove 

bt l t 
dt1bt1 Ut1 = bt l t 

dt1P(-) (bt1 Ut1 ) (12.9.16) 

then (12.9.10) follows. To prove (12.9.16) let us consider the nth term of the 
expansion for Ut1 in the normal form: 

(12.9.17) 

If (12.9.17) contains two or more creators, i.e. 
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Therefore the nonvanishing contributions to the integral on the left-hand 
side of (12.9.16) will be given only by the scalar term in the normal expansion 
of Ut1 and by those terms of the form of (12.9.17) with exactly one creator 
b~ and any number of annihilators. From this remark (12.9.16) immediately 
follows. Therefore the theorem is proved. 

Remark 12.9.1. One may write (12.9.9) as the quantum (Boltzmannian or 
free) stochastic differential equation 

dUt = -i[FdBt + F+ dBt - ieF+ FdtlUt , (12.9.18) 

where dBt = btdt. In fact, if we interpret dBt as B(X[t,t+dtJ)' then it is dear 
that dBtUt = dBtP(-)(Ut ) because Ut is adapted. This proves that, also in 
the Boltzmannian (free) case, a stochastic differential equation is a normally 
ordered white noise equationj however, in this case, the normal order has to 
be interpreted in the Boltzmannian sense. 

12.10 Unitarity Conditions 

Theorem 12.10.1. For the solution Ut of (12.9.9) the following statements 
are equivalent: 

(i) e = ! + ix, where x is an arbitrary real number. 
(ii) Ut is isometrie, i.e. one has 

lim Ll(UtUt ) = 0, 
Llt-+O+ Llt 

(12.10.1 ) 

where the limit is meant weakly on the number vectors and, for Llt > 0, 

Ll(utUt} = Ut~LlPt+Llt - utut . 

Proof 12.10.1. We have 

Ut = 1- i l t du[Fb;Ua + F+baP(-) (Ua) - icF+ FUal, 

ut = 1 + i l t dT[U:brF+ + p(-)(Ur)*b; F +icU: F+ Fl. 

Introducing for any function Ft the notation 

Llt> 0, 

using (12.10.3) and the algebraic identity 

(12.10.2) 

(12.10.3) 

(12.10.4) 
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Now one uses the following corollary of the fact that Ut is adapted: 

i l t+..1t 
lim A dTU: P+brUt = iUt+ P+btP(-)(Ut ). 

..1t-+O+ "-1t t 

and 

lim ~~ Ut+ daPb;Ua = -iP(-) (Ut}*bt PUt . 
(') lt+..1t 

..1t-+O+ "-1t t 

In conclusion 

(12.10.5) 

(12.10.6) 

(12.10.8) 

(12.10.9) 

The last expression vanishes if and only if c = ~ + ix. The theorem is thus 
proved. 

12.11 Matrix Elements of the Solution 

In this section we use the normally ordered form of the white noise equation 
(12.9.9) to compute some matrix elements of the evolution operator. We will 
use the following: If 
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where Ut(i) contains i annihilators, then one has 

moreover, 

(OIUt(n)l/n, In-t,·.·, Ir) = (OIUtl/n, In-t,···, Ir) , 

where I/n, In-t, ... , Ir) = b+(fn) ... b+(Ir)IO). 

Lemma 12.11.1. The vacuum expectation value 01 Ut is 

Ut(O) = (OIUtIO) = e-cF+Ft . 

(12.11.1) 

(12.11.2) 

(12.11.3) 

(12.11.4) 

(12.11.5) 

ProoI12.11.1. Taking the vacuum expectation value of (12.9.9), we obtain 

d(OIUtIO) = -cF+ F(OIUtIO). 
dt 

The solution of this equation gives (12.11.5). 

Lemma 12.11.2. One has 

(OIUtlf) = _ie-cF+FtF+ l t dttft!. 

ProoI12.11.2. Taking the matrix element of (12.9.9) one finds 

! (OIUtlf) = -iF+ (OlbtP(-)(Ut)l/) - cF+ F(OIUtlf). 

Now 

(12.11.6) 

(12.11.7) 

(12.11.8) 

(OlbtP(-)(Udlf) = (Olbt [Ut(O) + UP) + ... ] I) = (Olbtl/)Ut(O). (12.11.9) 

Denoting X t = (OIUtlf) and using (Olbtlf) = ft, one obtains from (12.11.8-9): 

d~t = -iF+Ut(O) It - cF+ FXt , (12.11.10) 

where Ut(O) is given by (12.11.5). The solution of (12.11.10) with Xtlt=o = 1 
is 

X t = _ie-cF+ Ft F+ l t dttft! . (12.11.11) 

The lemma is thus proved. 
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(12.11.12) 

Proof 12.11. 3. One has 

(OlbtPH (Ut ) 1/, g) = (Olbt [Ut(O) + UP) + U?) + ... ] 1/, g) 

= (OlbtUP) 1/, g) = (Olbt Ig) (0 IUP) I I) = gtXt, 

where X t is given by (12.11.11). Now denote 

Yt := (OIUtl/, g) . 

Using the normal form (12.9.9) of the white noise equation for Ut , we obtain 

dYt . + + dt = -zF gtXt - cF FYt. (12.11.13) 

Since X t is given in (12.11.11), the solution of (12.11.13) is given by (12.11.12). 

12.12 Normal Form 
of the QED Module Hamiltonian Equation 

In this section we consider the evolution equation 

d~t = (/ dk [g(k)pb(t, k) - g(k)b+(t, k)p] ) Ut . (12.12.1) 

This is obtained from (12.7.4), the limit equation for the model described in 
Seet. 12.1, by replacing the factor (2p + k) in it with p (and -i with 1 in the 
first term and with -1 in the second). The additional term is put in normal 
order using the techniques developed in Seet. 12.9. Here we concentrate on 
the new feature arising from the nontrivial commutation relations between p 
and b(t, k) (the module commutation relations (12.1.7-8)). We bring (12.12.1) 
to normal form starting from its iterated series solution 

(12.12.2) 

+ fot dh fo t1 dt2 [pbt1 (g) - b~ (g )p] [pbt2 (g) - b~ (g )p] + ... 

Lemma 12.12.1. 11 U(t) is the solution 01 the Boltzmannian white noise 
equation {12.12.2}, then one has 

bt(g)U(t) = bt(g)P(-) (U(t)) + (glg)_pU(t) , 

where p(-) is the projection defined Definition 12.9.1. 

(12.12.3) 
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Proof 12.12.1. The proof is analogous to the Proof 12.9.1. 

Theorem 12.12.1. The normally ordered form 01 the quantum evolution 
equation (12.12.1) is 

8tU(t) = pbt(g)P(-) (U(t)) - bt(g)pU(t) + p(glg)_pU(t). (12.12.4) 

Proof 12.12.2. It follows from Lemma 12.12.1. 

Remark 12.12.1. Notice that, as remarked at the beginning of Sect. 12.8, the 
stochastic differential dB(t, k) kills all the creators in Ut (i.e. dB(t, k)Ut = 
dB(t, k)P(-)Ut ). Moreover, if in (12.12.1) we replace 9 by ig and symmetrize 
in p (pb --+ pb + bp; b+p --+ b+p + pb+), then we find precisely (12.1.5a), 
(12.1.4). Therefore the normally ordered form of (12.1.4) is obtained from 
(12.12.4) by the same replacement and symmetrization. The furt her replace
ment b(t, k)dt = dB(t, k) and use of (12.1.7) now gives (12.7.5). 

In other words: also in the Boltzmannian case it is true that a stochastic 
differential equation is equivalent to a normally ordered white noise equation. 

12.13 Unitarity of the Solution: Direct Proof 

In this section we prove the isometricity for the stochastic limit Ut of the 
evolution operator satisfying (12.7.4), i.e. 

utut = 1. 

To prove this we calculate the difference 

(>')+ (>') (>')+ (>') 
UHdtj >.2 UHdtj >.2 - Utj>.2 Utj>.2 

up to the first order in dt. Using the evolution equation, iterated up to second 

order as in Sect. 12.7, we express the product Ut~~:j>'2 Ut~~tj>.2 in the form 

+ ( l t
+

dt ! UiÄ2 l+i t dh dk[g(k)(2p+k)a>.(tl,k)+g(k)at(ts,k)(2p+k)] 

_lHdt 
dtl lt1 dt~ ! dkexp {+itt;t~ [W(k)-kP+~ k2]} 19(kW (2P+k)2) 

. (1 - i l Hdt dt2 ! dk' [g(k')(2p + k')a>.(t2, k') + g(k')at(t2, k')(2p + k')] 

_lt+dt dt21t2 dt; ! dk' exp {_i t2 ; t~ [W(k') - k'p + ~ k,2]} 

·lg(k'W(2p + k l )2) Utjl2 . 
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Therefore 

It is easy to see that, as A ~ 0, the terms in the above difference cancel each 
other, because in the limit one has 

I t+dt Itl { tl - t2 [ 1 ] } 
t dh t dt2 exp i~ w(k) - kp+ 2. k2 

= I
t+dt 

dh l:+dt 
dt2 exp { _i t1 ; t2 [W(k) - kp + ~ k2]} 

and therefore the last two terms add up and cancel the first one. This proves 
the isometricity of Ut . 

12.14 Matrix Elements of the Limit Evolution Operator 

Now we start the investigation of the evolution of matrix elements of Ut . 

From the white noise differential equation of Ut we obtain the equation for 
the matrix element: 

d 
dt (b(h, kt) ... b(tn, kn)Ut ) 

= -(glg)-(p + k1 + ... + kn)(b(tl, k1) ... b(tn, kn)Ut ) - i27fg(kn)8(t - tn) 

·8 (W(kn) - kn(p + k1 + ... + kn-t} + ~ k~) 
. [2(p + k1 + ... + kn- 1) + kn](b(tl, kt} ... b(tn-l, kn-1)Ut ). 

Here ( . ) is the vacuum expectation. We introduce the regularized operators 
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BU) = J dt J dk7(t, k)b(t, k) , 

and for fixed k, 

Bf(k) = J dt7(t)b(t, k). 

Theorem 12.14.1. We obtain the following expressions for the matrix ele
ments of the evolution operator: 

(Bf(k)Ut ) = - i27rg(k)J (W(k) - kp + ~ k2) (2p + k) 

. fot dr7(r) exp{r[(glg)_(p + k) - (glg)_(p)]} exp[-t(glg)_(p + k)], 

(12.14.1) 

(UtBj(k)) = - i27rg(k)J (W(k) - kp + ~ k2) (2p + k) 

. fo t drf(r) exp{r[(glg)_(p) - (glg)_(p + k)]} exp[-t(glg)_(p)] , 

(12.14.2) 

(Bh (k1 )Ut BJ; (k2 )) 

= e-t(glg)-(P+kl) [27rJ(k1 - k2)J (W(k1) - k1P + ~ kr) J dr 71 (r)h(r) 

- 27rg(k1 )J (W(k1 ) - k1P + ~ kr) (2p + k1) 

. 27rg(k2)J (W(k2) - k2P + ~ k~) (2p + k2) 

. fo t 
dr171(rdexp{rIl(glg)-(p+kd - (glg)_(p)]} 

. fo t dr2!2(r2) exp{r2[(glg)_(p) - (glg)_(p + k2)])] . (12.14.3) 

Proof 12.14.1. The expression (12.14.1) follows immediately from the evolu
tion equation. Analogously we obtain for the evolution of the matrix element 
(0, Ut 1) the equation 

! (UtBj(k)) = ( -i J dk'g(k')(2p + k')b(t, k')UtBj(k)) 

- (glg)-(p)(UtBj(k)) . 

Because b(t, k') kills all creators in Ut , the term b(t, k')Ut contains only an
nihilators. It is obvious that the nonzero term in (b(t, k')UtBj(k)) can arise 
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only from the component of Ut that contains neither creators nor annihilators. 
Since this component is equal to e-t(glg)- (p), we get 

d 
dt (UtBj(k)) = -(glg)_(p)(UtBj(k)) 

-i27rg(k)(2p + k)8 (W(k) - kp + ~ k2 ) f(t) exp{ -t(glg)_(P + k)}, 

with the initial condition (UoBj(k)) = O. The solution of this Cauchy prob
lem gives (12.14.2). Now let us calculate matrix elements of the form 

where 1 denotes an arbitrary 1-particle vector in the master space. We have 

:t \Bh(kl)UtBj;) = - i27rg(kd8 (W(kl) - klP+ ~k~) 
. (2p + kl)ll (t) \ UtBj; (k2 )) 

- (glg)-(p + kl ) \ Bh (kd UtBj(k2 )) 

= -(glg)_(p+kd\Bh(kl )UtBj;(k2 )) 

- 27rg(kl )8 (W(kd - klP + ~ k~) (2p + kd 

. 27rg(k2 )8 (W(k2 ) - k2P + ~ k~ ) (2p + k2 ) 

·11 (t) l t d7h(7) exp{ 7[(glg)_ (P) - (glg)- (p + k2 )]} 

. exp[-t(glg)_(p)]· 

Since the solution ofthis equation is given by (12.14.3), the theorem is proved. 

The expression (12.14.3) contains the product of the 8-functions of the 
form 

8 (W(kl)P + ~ k~) 8 (W(k2 ) - k2P + ~ k~) . 

Let us analyze this product for a particular choice of w(k), namely 

w(k) = ~ k2 . 

In this case 

8 (W(k) - kp+ ~ k2 ) = 8(k(k - p)). 

This leads to the equation k(k - p) = Ik - ~12 - (~)2 = 0, which is the 
equation of a sphere of radius Ipl/2. Therefore we have 
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( ) 1 ( pipi) 8 k(k - p) = - 8 Ikl- - --Ipl 2 2 

= 8(k _ (E + JEt Q)) ~ ( IP1n-1) dQ 
2 2 Ipl 2 ' 

where Q denotes a unit vector and dQ integration over the surface of the 
unit sphere in !Rn (n is the dimension of the space; in our case n = 3). More 
precisely 

8(k1(k1 -p)) J 8(k1-k2+~ + 1;1 Q-k1) I~I C;I)n-1 dQ. 

Therefore, for (Bh (k1 )Ut Bj; (k2 )), we find 

(Bh (k1 )Ut Bj; (k2 )) 

= e-t (glg)-(P+kü8 (W(kd - k1P + ~ kr) (27r8(k1 - k2) J dT 71(T)h(T) 

- (27r)2 g(k1)g(k2)(2p + k1)(2p + k2) 

. 8 k1 - k2 - E + J!... Q - k1 - J!... dQ J ( 1 1 ) 1 (I I) n-1 
2 2 Ipl 2 

·lt dT171 (Tl) exp{ Td(glg)- (p + k1) - (glg)-(p)]} 

·lt dT2h(T2)exp{T2[(glg)-(p) - (919)-(P+k2)]}). 

12.15 Nonexponential Decays 

The aim of this section is to show that for the model of a nonrelativistic 
particle interacting with a quantum electromagnetic field, in particular for 
the polaron model, one can have not only the standard exponential decay 
of correlations but also some power decays may arise. The model we investi
gate is widely studied in elementary particle physics, solid-state physics and 
quantum optics (see, for example, [Bog46], [Fey72]). We consider the simplest 
case in which matter is represented by a single particle, say an electron, 
with position q = (q1, q2, q3) and moment um p = (p1, P2, P3) satisfying the 
commutation relations [qj,Pnl = iojn . The electromagnetic field is described 
by boson operators a(k) = (a1(k),a2(k),a3(k));a+(k) = (at(k), ... ,aj(k)) 
satisfying the canonical commutation relations 
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The Hamiltonian of a free nonrelativistic atom (minimally) interacting with 
a quantum electromagnetic field is (neglecting polarization) 

H = Ho + >..H1 = J w(k)a+(k)a(k)dk + ~ p2 + >..HI, (12.15.1) 

where >.. is a small constant, w(k) is the dispersion law of the field and 

Here 
3 

p. a(k) = ~:::>jaj(k) , 
j=l 
3 

a+(k)a(k) = L a;(k)aj(k) 
j=l 

3 

p2 = LP], 
j=l 

3 

kq = Lkjqj. 
j=l 

For the polaron model the Hamiltonian has the form 

(12.15.2) 

This model differs from nonrelativistic QED, considered in Beet. 12.1, be
cause of the absence of moment um p in the interaction Hamiltonian. For the 
analysis in this section this difference is not important. In fact the master 
field is described by the same commutation relations as in the nonrelativistic 
QED case (without the dipole approximation) (see Beet. 12.2), namely 

(12.15.3) 

bj(t, k)b~(t', k') = 27r<5(t - t')6 (W(k) - kp + ~k2 ) 6(k - k')6jn . (12.15.4) 

Let us now investigate the behaviour ofthe vacuum transition amplitude (Ut ) 

using the stochastic differential equation (12.7.4). We obtain 

Using the free independence of dB(t, k) and Ut , we obtain 

Because Uo = 1, we have the solution 
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In this section we calculate the matrix element (XIUtIX) , where X = 
f(p) ®cI> in the moment um representation and cI> is the vacuum vector for the 
master field. This matrix element is 

(12.15.5) 

We investigate the polaron model when w(k) = 1. For this choice of w(k) we 
obtain 

w(k) - kp + ~k2 = 1- ~p2 + ~(k _ p)2. 
222 

One can expect nonexponential relaxation when 

supp f(p) c {Ipl < v'2} =: D, (12.15.6) 

because ifp E D then Re(glg)_(p) = 0 and there is no damping: all decay (if 
any) is due to interference. We assume that (12.15.6) holds, and we will use 
the approximation 

diam supp g(k)>> diam supp f(p). (12.15.7) 

Physically this me ans that the particle is more localized in the moment um 
representation than the field. This assumption seems natural because the 
field's degrees of freedom are fast and the particles' ones are slow. Under this 
assumption we can estimate the matrix element (12.15.5). We will prove that 
in this case there will be polynomial decay. In fact, for Ipl < v'2 we obtain 

(glg)-(P) = -i ! dk Ig(kW(2p + k)2 1- ~p2 +\(k _ p)2 

= -2i ! dk Ig(kW - i (h + I 2) , 

h = (-2 + lOp2) ! dk Ig(kW 1 2 \ ( )2 ' 
1- '2P + '2 k-p 

I 2=6!dk lg(kWP(k- P) 12 \( )2' 
1- '2P + '2 k - P 

Here only hand h depend on p and therefore can interfere. Let us find 
the asymptotics of (glg)_(p) on p (we investigate the case when pis a small 
parameter) under the assumption that g( k) is a very smooth function. More 
precisely 

Ig(kW = >"F(>"k) F(k) > 0, 

where F is a compactly supported smooth function and >.. is a small param
eter. By considering the Taylor expansion of F in the small parameter p: 

>"F(>"k) = .>..F(.>"(k - p)) + .>..2 LPi ä~i F(>"(k - p)) + ... , 
• 
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we find that )..F()"(k-p)) is the leading term with respect to)... Taking).. -+ 0 
we find that we can use Ig(k-p)1 2 instead of Ig(k)J2 in the formulae for hand 
h for sufficiently smooth g(k). Under the above assumptions let us calculate 
hand h. We obtain 

h=(-2+lOp2)/dklg(k-P)12 12 \(k )2 
1-"2p +"2 - P 

= (-2+10p2)/dklg(k)12 \ 2 _p2/ dk lg(k)1 2 1 2' 
1 + "2 k (1 + ~ k 2 ) 

I 2 = pQ, 

Therefore 

(glg)-(p) = -2i/dk Ig(k)J2 + 2i/dk Ig(k)J2 \ 2 - iAp2 - ipQ, 
1 +"2k 

A=lO/dk lg(k)J2 \ 2-/dklg(kW 1 2. 
1 + "2 k (1 + ~ k 2 ) 

(12.15.8) 

So, for X(t) = (XIUtIX), we find eventually 

X(t) = / dplf(pWexp[-t(glg)-(p)] 

= exp [it2 (/ dk Ig(kW - / dk Ig(kW 1 +\k2)] / dplf(p) 1
2 

. exp [it (Ap2 + pQ)] . 

Let us estimate this integral for f (p) = e - Bp2, B > > 1. Let us consider for 
simplicity the case Q = 0 (for example, g(k) is spherieally symmetrie). In 
this case the integral is equal to 

47r {oe dpp2e-Bp2eiAtp2 = ( 7r. )~, 
10 B - ~At 

and we find that for large t the decay ofthe matrix element X(t) = (XIUtIX) 
3 

is proportional to (At)-2, where A is the functional of the cutoff function 
given by (12.15.8). 

In summary, in the polaron model with asymmetrie and very smooth 
cutoff function the vacuum transition amplitude with respect to any state 
of the particle satisfying conditions (12.15.6-7), for large t decays like C~ 
independent of the specific form of the particle state f (p) (realized as a func
tion in moment um representation). In partieular, the dependence on the 
parameter B, corresponding to the size of the support of f (P) for large t 
is not important. 
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12.16 Equilibrium States 

In this and the following sections we extend the previous results, concerning 
the stochastic limit of QED without dipole approximation (nonrelativistic 
and neglecting polarization) or the polaron model, from the Fock case to 
the case in which the initial state of the field is a Gibbs state at a given 
temperature. (In fact, all the results proved in the following are valid, with the 
same proof for any mean zero gauge-invariant state.) We show that this leads 
to a new algebra, (1) which we call the hot free algebra, generalizing the QED 
Hilbert module algebra, discussed in Sect. 12.2, in the same sense in which 
the finite temperature representations of the bosonic or fermionic algebras 
with respect to a mean zero gauge-invariant Gaussian state, generalize the 
usual Fock representation. 

The hot free algebra is adeformation of the free algebra in two senses: 

(i) A deformation parameter appears, depending on the temperature. 
(ii) The commutation relations are Hilbert module relations rather than 

Hilbert space relations in the sense that they cannot be realized in a usual 
Hilbert space, but require the introduction of a Hilbert module (see the 
remark at the end of Sect. 12.6). 

12.17 The Master Field 

The Hamiltonian we consider in the present section is exactly the same as 
that in Sect. 12.1. The only difference is that now the field expectation value 
( . ) is not the Fock one, but an equilibrium state ( . ), for the free evolution, 
at a given inverse temperature ß, i.e. the mean zero boson Gaussian state 
with pair correlations vanishing in the off-diagonal terms and in the diagonal 
ones equal to 

(12.17.1) 

(12.17.2) 

(the other correlators can be calculated using Gaussianity). The state space of 
our model is the Hilbert space of the GNS representation of the field algebra 
with respect to ( . ). 

The first and most important step of the stochastic limit procedure is to 
determine the structure of the master field and the space where it lives. In 
our case this is given by the following: 

Theorem 12.17.1. Let the rescaled fields a~(t, k) be given by (12.1.5b). 
Then the limit temperature correlation functions (12.4.1), i.e. 

(a~l(h,kd ... a~N(tN,kN))ß' (12.17.3) 

always exist and 
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(i) if the number of creators is not equal to the number of annihilators, then 
the above correlator is equal to zero (even before the limit); 

(ii) ifthe number of creators is equal to the number of annihilators (N = 2n), 
then the limit of (12.4.1) is equal to the following sum over the non
crossing partitions: 

n 

I: rr c5(km~ - kmh)cmhm~ (kmh )27rc5(tm'h - tmh ) 
".(e:) h=1 

·15 (W(kmh) + kmhP + ~(-I)e:aX(ma,m'a)(mh)kma . kmh - Chk;'h) , 

(12.17.4) 

where {( mj, mj) : j = 1. .. n} is the unique noncrossing partition of 
{1 ... 2n} associated with C; X(ma,m'a) (mh) is equal to 1 ifmh is between 
m a and m~, while it is otherwise equal to 0; the indices m~ corresponds 
to annihilators, mh corresponds to creators; (_I)e:h = 1 for m~ > mh; 
(-IYh = -1 for m~ < mh; 

12.18 Proof of the Result 
for the Two- and Four-Point Correlators 

In order to explain the main idea, we shall prove the statement of Theo
rem 12.17.1 in the simplest examples, Le. the 2-point and 4-point correlators. 
For the 2-point correlator one has: 

(bt (kl )b";(k2 )) = l~ \ ~ at />,2 (kr)~ a;/>,2(k2 ) ) 

= lim ~ / exp { it [w(k l ) + k IP]} e-iq(kl-k2) 
>'--+O,X2 \ ,X2 

. exp {-i ;2 [w(k2 ) + k2P]}) (ak1 at2) . 

Using (12.17.1-2) we obtain 

. 1 {. t - T } c5(k l - k2 ) 
l~ ,X2 exp ~y [w(k l ) + kIP] 1 _ e-ßW(kl) . 

Using the module extension of the basic formula of the stochastic limit: 
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1 { it } l~ ,x2 exp ,x2 [w(k) + kp] = 27r<5(w(k) + kp)<5(t) , (12.18.1) 

we obtain the 2-point correlator 

(12.18.2) 

Let us now investigate the following 2-point correlator 

W;-(k2)bt (k1)) = l~ ;2 (at2eik2q exp {-i {2 [w(k2) + k2P]} 

Using the commutation relation for Weyl operators 

(12.18.3) 

where [p, q] = -i, we obtain the limit relation 

. 1 <5 (k2 - k1 ) { . t - r [ 2] } 
1~,x2 eßw(kd _ 1 exp 2~ w(k1) + k1P - k1 . 

Using (12.18.1) we obtain 

W;-(k2)bt (k1)) = 27r<5(t - r)<5(w(k1) + k1P - ki) <5Jk~k ~ k1) . 
e w 1 -1 

(12.18.4) 

Let us now calculate the 4-point correlator, 

(12.18.5) 

By Gaussianity and (12.17.1-2) we obtain 

( a a a+ a+ ) ___ 1-;;-;-;--;:- 1 
kl k2 k~ k~ - 1 _ e-ßW(kl) 1 _ e-ßW(k2) 

. [<5(k2 - k~)<5(kl - k~) + <5(k1 - k~)<5(k2 - k~)]. 

(12.18.6) 

Formula (12.18.6) for the bosonic correlator (akl ak2at~ atJ contains two 

terms proportional to <5-functions that correspond to two diagrams. Let us 
calculate the first term, which is proportional to <5(k1 - ki)<5(k2 - k~). We 
have 

First term 
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Using (12.18.1) we obtain 

First term 
1 1 

= (27r)2-1-_-e--~ßW---:('-;-kl--;-) 1 _ e-ßw(k2) 

. 6(k1 - kD6(k2 - k~)6(tl - tD6(t2 - t~) 

. 6(w(k1 ) + k1P)6(w(k2) + k2P + k1k2) . (12.18.8) 

The second term of the correlator is proportional to 6(k1 - k~)6(k2 - kD. 
We have from (12.18.1) and the Riemann-Lebesgue lemma 

Second term = l~ 1 _ e!ßW(kl) 1 _ e!ßW(k2) 6(k1 - k~)6(k2 - kD 

. exp [i t2 ~ t~ k1k2 ] = O. 

This proves that the 4-point correlator is given by (12.18.8). 

12.19 The Vanishing of the Crossing Diagrams 

To calculate the n-point correlators in the stochastic limit we recall that the 
2-parameter family of Weyl operator W (a, b) (a, b E JRd) is defined by 

W(a,b) = ei(a.p+b.q). 

The unitary operators W (a, b) satisfy 

( in ) W(al' b1 )W(a2, b2) = W(al + a2, b1 + b2) exp 2(a1 · b2 - a2 . b1 ) , 

(12.19.1a) 

W(al,b1 ) •.. W(an,bn) = W (L aj, L bj) exp (i: L(aj.bz - aZ.bj )\ , 
J J J<Z ) 

(12.19.1b) 

W(a, b)+ = W( -a, -b). (12.19.1c) 

Under the free system evolution we have 

Pt =P 



12.19 The Vanishing of the Crossing Diagrams 325 

so the Weyl operators evolve as 

eitp2W(a, b)e-itp2 = ei(a·pt+b·qt) = ei[(a+tb)p+b.q] = W(a + tb, b). 

Recalling that the rescaled field operators (12.2.2) are 

a)..(t, k) = ~ei[W(k)+kP]t/)..2 e-ikqa(k) , (12.19.2) 

we will consider the limit temperature correlation functions 

(b fN (tN, kN )bfN- 1 (tN-I, kN-d··· bfl (tb kl )) 

= lim <a~N(tN,kN)a':-l(tN_I,kN_I) ... a~l(tl,kd). 
),,--+0 

Here E = {€N ... €l} E {l,O}N and € E {l,O} (€ = 0 for a and € = 1 for a+). 
For N = 2n one can consider the partition a(c) of E into pairs of 0 and 1, 
whieh correspond to the Wiek partition of 

bfN (tN, kN )bfN - 1 (tN-I, kN- I ) ... bfl (tl, k l ) 

into pairs of creators and annihilators. An arbitrary partition of this kind 
corresponds to some Wiek diagram. We will be interested in partitions that 
correspond to half-planar, or noncrossing, diagrams. We will call these par
titions nontrivial. 

Theorem 12.19.1. The limit temperature correlation junctions exist al
ways. In addition: 

(i) If N is odd, then the above limit is equal to zero. 
(ii) If N = 2n, then the above limit, i.e. the limit 

lim <a~2n(t2n,k2n)a~2n-l(t2n_bk2n_I) ... a~1(tl,kd), (12.19.3) 
),,--+0 

is equal to zero if c is trivial; it is equal to 
n 

L rr 8(kmh - kmh)Cmhmh (kmh )27f8(tm'h - tmh ) 
a(c) h=l 

. 8( w(kmh ) + kmhP + h L( -l)Cn X(mn,m'n)(mh)kmn . kmh (12.19.4) 

l-(-l)Ch 2) 
- h 2 kmh , 

where {( m' j, mj) : j = 1. .. n} is the unique noncrossing partition of 
{1 ... 2n} associated with c. Here the index m~ corresponds to an anni
hilator; mh to a creator and 

1 
C , (k) = m'h < mh , mhmh eßWk - 1 ' 

(-l)ch = 1 for m~ > mh and (_l)ch = -1 for m~ < mh. 



326 12. Particles Interacting with a Boson Field 

Proof 12.19.1. From (12.19.2) and the identity 

we deduce 

a~,k == ~ expi( -1)' (;2 [w(k) + kp]- kq - ~ ;2 k 2 ) a'(k). (12.19.5) 

For c = {€2n ... €1} E {1,O}2n nontrivial, we have 

(fi a:~'kj) 
1=1 

= fi (~expi( -l)'j {~ [w(kj ) + kjp]- kjq - ~ ~ kJ }) (fi a'h(kh)) , 

(12.19.6) 

but 

(fi a,n(kh)) = L f:r 8 (km~ - kmh ) cmhm~ (kmh ), (12.19.7) 
h=1 {m~#mh} h=1 

that is, we sum over all possible pair contractions of annihilator-creator 
indices {(m~, mh): h = 1 ... n}. All operators in these products are ordered 
from the right to the left. Therefore we may write 

(fi a:~'kj) 
1=1 

= fi [~expi( -l)'j (~ [w(kj ) + kjp]- kjq - ~ ~ kJ)] 

n 

L rr 8 (km~ - kmh ) cmhm~ (kmh ) . 
{m~#mh} h=1 

(12.19.8) 

Now, using the rules for multiplying Weyl operators and our product 
convention, we have 

(12.19.9) 
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the phase factor is then 

'n 2n 
~2 LL)-1)Ej+E1 kj . kl(tj -tl)' 

1=1 j<l 
(12.19.10) 

Using the fact that m' h run over half of the 2n indices land mh run over the 
other half, (_l)E""'h = 1 and (_l)Emh = -1: 

i: t ( L (_l)Ej kj . km'h (tj - tm'h) 
h=1 1$,j<m'h 

L (-lYj k j . kmh (tj - tmh)) 
1$,j<mh 

m'",<m'h m'''«mh 

h= L km",·kmh(tm'",-tm'h)- L k"""(.kmh(tm,,,(-tmh) 

m'",<m'h m'",<m'h 

= L km",' kmh (tm' '" - t mh ) + L 
m'''«mh 

L km,,!' kmh (tm'''! - tmh ) 
'Y 

mh<m'",<m'h m'",<m'h 

L km", . kmh(tm,,,, -tmh ) + L 
for m'h > mh and 

m~<m'",<mh 

Ih = - L km", . kmh(tm,,,, - tmh ) 

m'",<m'h 

+ L km",' kmh (tmh - tm'h) + kmh . kmh (tmh - tm~) 
Q 
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for m' h < mh. Für the sum üf the secünd and füurth terms we übtain 

mß<m'h mo<mh 

-Ih = L kmß · kmh (tmß - tm'h) - L kmo ' kmh (tmo - tmh ) 
ß 0 

~<~h ~<~ 

L kmß · kmh (tmß - tm'h) - L kmo ' kmh (tmo - tm'h) 
ß 

mo<mh 

L k mo ' kmh (tm'h - tmh ) 
o 

~<~<~h ~<~ 

L kmß · kmh(tmß-tm'h) + L kmo · kmh(tmh -tm'h) 
ß 

+ kmh . kmh (tmh - tm'h) 

für m'h > mh and 

~<~<~ ~<~ 

-Ih = - L kmß . kmh (tmß - tm'h) + L kmo ' kmh (tmh - t""'h) 
ß 

für m'h < mh. Für (12.19.11) we find 

h+lh 
mh<",,'ct<m'h m'ct<""'h 

L kmct . kmh (t"", a - t""h) + L kma · k""h (t""h - t",,' h) 

~<~<~h ""ß<""h 

L kmß . kmh (tmß - t""'h) - L kmß · k""h (t""h - t""'h) 
ß ß 

- kmh . kmh (tmh - tm'h) (12.19.12) 

für m'h > mh and 

",,~<m'a<mh ",,'a<m'h 

L kmct . kmh(tm,ct - t mh ) + L 
~<~<~ ~<~ 

+ L kmß·kmh(t""ß-tm'h)- L k""ß·k""h(t""h-t""'h) 
ß ß 

+ k""h . k""h (t""h - tm~) 

für m' h < mh. Let us nüw investigate the füllüwing term in (12.19.9): 
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n 

L II 8 (km;. - kmh ) cmhm;' (kmh ) . 
{m;'#mh} h=1 

Note that 

L (-l)'lklQ = 0, 
1:-:; 1:-:; 2n 

because kmh = km' . Thus, for the term in (12.19.9) we find 
h 

n 

L II 8 (km;. - kmh ) cmhm;' (kmh ) . 
{m;'#mh} h=1 

With the change of variables 

we obtain the following lemma. 

Lemma 12.19.1. The correlator is equal to 

( 
2n ) 'n 1 n ( ) II a~~,kj = exp 't2 .A2 L h + Ih 

J=1 h=1 

n 

(12.19.13) 

L II 8 (km;. - kmh ) cmhm;' (kmh )· (12.19.14) 
{m;'#mh} h=1 

The phase factor in (12.19.14) is equal to 
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mh<m'a<m'h m'a<m'h 

L k ma . k mh ( -vma + um", - u mh ) + L 
mh<mß<m'h 

L k mß . k mh (vmh + u mß - u mh ) 

ß 
mß<mh 

L k mß · k mh vmh - k mh . k mh vmh 

ß 

for m~ > mh and 

mi,<m'a<mh m'",<m'h 

(12.19.15) 

L k ma . k mh (-vm ", + u ma - u mh ) + L k ma · k mh vmh 

mi,<mß<mh 

+ L k mß . k mh (vmh + u mß - u mh ) 

ß 
mß<mh 

L k mß · k mh vmh + k mh . k mh vmh 

ß 

for m'h < mh. The Riemann-Lebesgue lemma implies that the oscillatory 
factors of the type exp(ik2uj).2) cause the associated term to vanish in the 
limit). -+ O. Therefore, in this limit, a partition {(mh, m~)} survives in 
(12.19.14) if and only if, for each fixed h = 1 ... n and für any 0:, 

(12.19.16a) 

or 

(12.19.16b) 

Le. if and only if it is a noncrossing partition. This means that only the non
trivial sequences c = {f2n ... fl} E {1,opn give a nontrivial contribution 
in the limit. Denoting {(mh, m~)} the unique pair partition associated with 
such a sequence, the corresponding value of the phase term (12.19.15) is 

mh<m'a<m'h m'a<m'h 

L k ma . k mh (-vma - vmh ) + L km",' k mh Vmh 

mß<mh 

- L k mß · k mh Vmh - k mh . k mh Vmh 

ß 

for m~ > mh and 

(12.19.17) 
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m~<m'",<mh m'",<m'h 

L km",' kmh(-vm ", - v mh ) + L 
a 

mß<mh 

L k mß · k mh Vmh + k mh . k mh Vmh 

ß 

für m'h < mh. 
Let us investigate the calculated phase term. Für m~ > mh we have 

m'",<m'h mh<m'",<m'h m'",:<=;mh 

L km", ·kmhvmh = L km", ·kmhvmh + L km", ·kmhvmh · 

a a a 

Because m' a =I- mh, we have für the last term 

m'",:<=;mh m'",<mh 

L km",' kmhvmh = L km",' kmhvmh · 
a a 

Therefüre the phase term is equal to 

mh<m'",<m'h m'",<mh 

L km",' kmhvm ", + L 
a 

mß<mh 

L k mß · k mh Vmh - k mh . k mh Vmh . 

ß 

Für the case m' h < mh, due tü the nüncrüssing cünditiün we have 

m~<m'",<mh m~<m",<mh 

L km", ·kmh (-vm ", -vmh ) = - L km", ·kmh (-vm ", -vmh )· 

Therefüre the phase term is equal tü 

m~<m'",<mh m'",<m'h 

L km", . k mh Vm ", + L km",' k mh Vmh 
a 

mß<m~ 

L k mß · k mh Vmh + k mh . k mh Vmh . 

ß 

Let us denüte the phase term as 

h + Ih = <Ph - (-l) ch k mh . k mh v mh · 

Here (_l)ch = 1 für m~ > mh and (_l)ch = -1 für m~ < mh. One can 
übtain für the phase term the füllowing: 
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iPh = -
aE(mh,m,,> or (m~,mh) 

L (-l)cakma . kmh vmh ' 
a:hE(ma,m:') or (m:',ma) 

l$h$n a:hE(ma,m:') 
or (m:',ma) 

- 2 L L(-l)caX(ma,mla)(mh)kma' kmhvmh · 
l$h$n a 

Here X(ma,m/a) is the indicator of the interval (ma,m'a) or (m'a,ma ). We 
have proved the following lemma. 

Lemma 12.19.2. The noncrossing part 0/ the correlator is equal to 

(~) 2n exp ( -i L V';zh [w(kmh ) + kmhP 
l$h$n 

+ h L(-l)caX(ma,mla)(mh)kma' kmh - ~k~h + ~(-l)Chk~hJ 
a 

Using the Riemann-Lebesgue lemma and keeping only noncrossing par
tition we find the correlator from the statement of the theorem, namely that 
the limit 

in the nontrivial case is equal to 

n 

L rr 8(km~ -kmh)Cmhm~ (kmh)27r8(tm~ -tmh ) 
m~#mhh=l 

. 8(W(kmh)+kmhP+hL(-1)caX(ma,mla)(mh)kma ·kmh 
a 

1 - (_l)Ch 2 ) 
- h 2 kmh , 

where { (mj, mj) : j = 1 ... n} is the unique noncrossing partition of {I ... 2n} 
associated with c. The theorem is thus proven. 



12.20 The Hot Free Algebra 333 

12.20 The Hot Free Algebra 

In analogy with the discussion of Sect. 12.1, now we want to reduce the 
apparently complicated expression (12.19.4) of the correlators into a simple 
and easy to use set of algebraic commutation rules. 

Lemma 12.20.1. The correlators ofTheorem (12.17.1) are those ofthefield 
bt (k) defined as follows: 

(12.20.1) 

where bi are free independent noises satisfying the following hot free algebra 
relations: 

b1bt = b2bt = 0, 

b1(t,k)p= (p+hk)b1(t,k), 

b2(t, k)p = (p - hk)b2(t, k), 

and the functional ( . ) is the expectation with respect to the free product of 
the two Fock vectors. In terms of the master field (12.20.1) this corresponds 
to the mean zero Gaussian field with covariance 

wt(k)bt'(k')) = 1 _ :-ßWk c5(t - t')c5(w(k) + kp)c5(k - k'), 

(bt(k)bt(k')) = ß 1 c5(t - t')c5(w(k) + kp - k2)c5(k - k'). 
e Wk -1 

Proof 12.20.1. The fields bi of the hot free algebra arise as the stochastic 
limit of the standard identification of the GNS representation of a boson field 
algebra, associated to a Gaussian equilibrium state, with the tensor product 
of a Fock and an anti-Fock representation. To construct such a representation 
we introduce (see Sect. 2.18) two independent bosonic fields cl(k), c2(k), 

such that every ci(k) acts in the Fock representation. We then consider the 
operators 

Clearly 

a(k) = Vm(k)Cl(k) + Vm(k) - 1ct(k) , 

a+(k) = Vm(k)ct(k) + Vm(k) - 1c2(k). 

[a(k),a+(k')] = 5(k - k'), 
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and for the vacuum expectation we obtain 

(a(k)a+(k')) = m(k)8(k - k'). 

Taking 
1 

m(k) = 1 _ e-ßwk ' 

we find the thermal state (12.17.1-2) with q = +l. 
The stochastic limit of the rescaled operator (12.19.2) will then be 

l~ ~ exp {i ;2 [w(k) + kP]} e-ikqak 

= l~ ~ exp {i ;2 [w(k) + kP]} e-ikqylm(k)cl(k) 

+ l~ ~ exp {i ;2 [w(k) + kP]} e-ikqylm(k) - 1ct(k) , 

where now the two limits are in the Fock representation. But, from Seets. 12.5 
and 12.6, we know that such limits give rise to QED Hilbert module white 
noises. So it is natural to expeet that the master field in the temperature 
case shall be the sum of two such white noises b1 (t, k), bt (t, k). In this case 
the above limit is equal to 

b(t, k) = b1(t, k) + bt(t, k), 

in agreement with (12.20.1). It remains to be checked that boson indepen
dence of the fields before the limit becomes free independence of the master 
field after the limit, i.e. b1bt = b2bt = O. The proof is made by computing 
the correlation funetions using the commutation relations listed above and 
comparing the result with (12.18.2-4). For example, using the calculations 
made in Seet. 12.4 for the 2-point correlators for band (12.20.1), we have 

(bt(kW;(k')) = (b1(t,k)bt(t,k')) + (bt(t,k)b2 (t,k')) = (b1 (t,k)bt(T,k')). 

Therefore 

Similarly using 

we find that 

Moreover it is easy to see that the pairings b (tm~ , km~) b+ (tmh , kmh ) and 

b+ (tmh , kmh ) b (tm~ , km~) give rise to the faetor 
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<5 (km~ - kmh ) cmhm~ (kmh ) 27f<5 (tm~ - tmh ) 

. <5 (W(kmh) + kmhP - Ti 1 - (;1)Ch k;'h) , 

and the last relation gives the term TiL",(-1) ca X(ma,m'a)(mh) in the phase 
shift. 

Remark 12.20.1. We conjecture that, in analogy with the result of Skeide 
[Ske96] for the Fock case, in this case the structure of the interacting Hilbert 
module defined by Lemma 12.20.1 can be reduced to the single structure of 
an Hilbert module by the proper choice of the left and right multiplication. 
This would be the finite temperature analogue of the QED Hilbert module. 

12.21 Interaction of the QEM Field 
with a Nonfree Particle 

In the previous sections we discussed the stochastic limit of quantum electro
dynamics for a free particle, i.e. a particle with only kinetic energy, minimally 
coupled to the electromagnetic field. Now we are going to investigate the same 
problem in the case of a nonzero potential. The particle is not assumed to 
be spacially confined, so its kinetic energy spectrum is continuous. Also in 
this case, as A --+ 0, the rescaled propagator UD'~2 is approximated by a limit 

quantum stochastic process U(t) satisfying a quantum stochastic differential 
equation driven by an Hilbert module boltzmannian white noise. The new 
feature introduced by the potential V is that this white noise is now related 
to the Möller wave operator of the interaction. In order to illustrate an 
alternative approach to the one followed in the V = 0 case, we shall follow 
the original approach of [AcLu92] and deal with the test function rather than 
with the distribution approach. 

The free field Hamiltonian H Rand the time-zero interaction Hamiltonian 
will be as in Sect. 12.1, but the particle Hamiltonian is 

H s : = p2 + V (q) , (12.21.1) 

where V -=1= 0 is a smooth potential function decreasing at infinity more rapidly 
than any polynomial (in fact much less stringent assumptions are sufficient). 
Therefore HI(t) has the form 

HI(t) = exp[it(Hs ® 1 + 1 ® HR)]HI exp[-it(Hs ® 1 + 1 ® HR)] 

= (~d eitHS(_ip)eik·qe-itHs ® (Sfg)(k) ak - h.C.) , (12.21.2) 

where g is a cutoff function and Sf = e-itw(p) is as in Sect. 12.1. In order to 
obtain a more explicit form for HI(t) we use the following two lemmata: 
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Lemma 12.21.1. For any bounded junction or polynomial F, 

[eitHs,F(p)] = -i l t dseisHS[F(p), V(q)]ei(t-s)Hs. (12.21.3) 

Proo! 12.21.1. Let us define 

X(t) := [eitHs , F(p)] , Y(t) := -i l t dseisHs [F(p), V(q)]ei(t-s)Hs , 

(12.21.4) 

then 
X(O) = Y(O) = 0 

and 

:tX(t) = iX(t)Hs - ieitHS[F(p), V(q)]. (12.21.5) 

On the other hand, 

= iY(t)Hs - ieitHS[F(P), V(q)]. (12.21.6) 

The thesis follows from the uniqueness of the solution of (12.21.5) (see 
[Kato66]). 

Lemma 12.21.2. For any t 2: 0, 

(12.21.7) 

Prao! 12.21.2. One has 

eik·qeitHse-ik.q = exp{it([eik·qpe-ik·qf+ V(q)} = exp {it[(P-k)2 + V(q)J} . 
(12.21.8) 

Application of Lemma 12.21.1 to the case F(P) = ip shows that 

HI(t) =i[Ld(-i) (P+ l t dseiSHSV'(q)e-iSHs) eitHseik·qe-itHs 

® (Stg)(k) ak - h.C.] . (12.21.9) 

Applying to this Lemma 12.21.2, it follows that 
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HI(t) = [ld (p + l t dseisHSV'(q)e-isHS ) eitHs e-it(Hs+p·k)eik.q 

® (Stg)(k) ak - h.C.] , (12.21.10) 

where now {St} is given by 

St := exp{ -it[w(p) -lkI2] }Sf. (12.21.11) 

Now we recall two results from scattering theory which shall be used through
out and which justify our assumptions on the potential. 

Lemma 12.21.3. The limit 

r/>.2 
lim f dseiSHSV'(q)e-iSHS =: r H (V'(q)) 
>'-+0 Jo s (12.21.12) 

exists for any r > 0 and V' E LI (JRd) n L2 (JRd ) and in general is denoted by 
r Hs (V'(q)). 

Praof 12.21.3. See [Kat066]. 

Lemma 12.21.4. For V E LI(JRd ) n L2(JRd ) and any r > 0, the limits 

(12.21.13) 

(12.21.14) 

exist and are called the Möller wave operator. Moreover, all of them are 
complete. 

Proof 12.21.4. See [Kat066]. 

The intertwiner property of the scattering operator implies that 

(12.21.15) 

In particular 

(12.21.16) 

and since Hs is positive self-adjoint, from (12.21.16) we can deduce the 
identification 

(12.21.17) 
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12.22 The Limit Two-Point Function 

As usual we begin our investigation from the rescaled evolution equation 
associated with the interaction (12.21.2), Le. 

(A) _ .1 (/ 2) (A) 
OtUt jA2 - -Z>.HI t >. UtjA2 , 

whose formal iterated series solution is 

In the following we shall find a convenient way to exchange the order of the 
system and field parts in the tensor product space, i.e. we write field operators 
on the left and system operators on the right, so that the evolved interaction 
Hamiltonian HI(t) becomes 

r (Stg)(k) ak@eitHS(_ip)eik·qe-itHs - h.c. 
JIR.d 

Thus for each n ~ 0, one has 

(-it HI(tl)HI(t2) ... HI(tn) 

L r a~~l) ... a~~n)(Stlg)':(l)(kl)'" (Stng)':(n) (kn ) 
JjRnd 

eE{O,l}n 

@ eitlHs {( _ip)eik1·q}"(1) e-ihHs ... eitnHs {( _ip)eikn.q}"(n) e-itnHs , 

where as usual, for any operator b, 

and for any function F, 

be := {b, if € = 0, 
b*, if € = 1, 

Fe := {~' ~f € = 0, 
F, If € = 1. 

If n = 1, (12.22.2) becomes 

-iH(t) = r ak(Stg)(k) @ eitHs (_ip)eik·qe-itHs - h.c. 
JjRd 

(12.22.2) 

(12.22.3a) 

(12.22.3b) 

(12.22.4) 

In order to get an idea of how to define the collective vectors, one should 
consider the two-point function: 
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).21tl ),,2 dtl 1 81 )"2 dt2 \0 Il2d dkldk2akl (StJ)(k1 )at2(St2g)(k2)I 0) 
. eitlHs (-ip )eikl·qe-itlHs . eit2Hs e-ik2 ·q (ip )e-it2Hs , (12.22.5) 

where, I,g E S(~d). By the canonical commutation relations (CCR), one 
can know that (12.22.5) is equal to 

(12.22.6) 

In the product of the operators in (12.22.6), it is convenient to move the 
operator eik .q until it is erased by meeting the operator e-ik'q. This requires 
the following steps: by application of Lemma 12.21.2, (12.22.6) becomes 

tl),,2 81),,2 
).2 { dh { dt2 { (St 1 /)(k)(St2g)(k) 

Ja Ja Jffi.d 
. eitlHs (-ip )e-itdHs+p·k) . eit2 (Hs+p·k) (ip )e-it2Hs ei(t2- t l)l kI2 ; (12.22.7) 

by the change of variables 

(12.22.8) 

(12.22.7) becomes 

(12.22.9) 

Now in order to exchange eiTIHsl),,2 with -ip, we apply Lemma 12.21.1 to 
the case F(p) = ip to show that (12.22.9) is equal to 
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By Lemma 12.21.3 and in the notations (12.21.11-12), (12.22.10) is equal to 

l t j(S-Tll/>.2 1 
0(1) + dTl dT2 j(k)(ST2g)(k) 

o -Tt/ >.2 IRd 
(12.22.11) 

[p - irHs (V'(q))] ei TIHs/>.2 eiT2(Hs+pok)e-i(Tt/>.2+T2)Hs 

[p-irHs(V'(q))]*eiT2IkI2. 

With the notations (12.21.13-14) one can rewrite (12.22.11) as 

l t j(S-Tll/>.2 1 
0(1) + dTl dT2 j(k)(ST2g)(k) 

o -Tt/ >.2 IRd 

. [p _ irHs (V' (q))] n( +Hs, _p2)eiTlp2 / >.2 eiT2(Hs+p·k) e-iTlp2 />.2 

. n*(+Hs,_p2)e-iT2Hs[p_irHs(V'(q))]*eiT2IkI2. (12.22.12) 

N ow we have to investigate the operator 

eiTlp2 />.2 eiT2(Hs+pok)e-iTlp2 />.2 

. exp [iT2(p2 + eiTlp3 />.2V(q)e- iT,p2 />.2 + p' k)] , 

and since 
o 2 0 2 

emp V(q)e-mp = V(q + np), 

we know that the right-hand side of (12.22.14) is equal to 

exp {iT2[P2 + p. k + V(q + TIP/A2)]} . 

Now let us define a new operator 

(12.22.13) 

(12.22.14) 

(12.22.15) 

(12.22.16) 

Lemma 12.22.1. If the potential function V is in the Schwartz class, one 
has 

s - lim Yn(t) = 1. 
n-+oo 

(12.22.17) 

Proof 12.22.1. It is easy to verify that 

Yn(t) = 1 + 1t 
dtl V(q + (n + tl)P + t1k) + 1t 

dtl 1t1 
dt2 

· V(q + (n + h)p + t1k)V(q + (n + t2)p + t2k) + ... 

+ 1t 
dh 1t1 

dt2" ·1tN
-

1 
dtN 

· V(q + (n + tl)P + t1k)V(q + (n + t2)p + t2k) ... 

· V(q+(n+tN)p+tNk) +... (12.22.18) 
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Since V is bounded, in order to prove (12.22.17), it is enough to show that 
for any N ~ 1, 

s- lim V(q+(n+h)p+k1)V(q+(n+t2)p+k2) ... 
n-+oo 

. V(q+(n+tN)p+kN) =0. (12.22.19) 

By applying a Fourier transform, one obtains, with kh ;= thk, 

V(q + (n + h)p + kdV(q + (n + t2)P + k2) ... V(q + (n + tN)p + kN) 

= lNd V(xd··· V(XN) exp [in ( L IX hl2 + L Xa . Xß)] 
lR l~h~N l~a<ß~N 

· exp [ L (kh' Xh + thl xhl2) + L Xa . xßta] 
l~h~N l~a<ß~N 

· exp [P' L xh(n + th)] exp [q. L Xh]' (12.22.20) 
l~h~N l~h~N 

The Riemann-Lebesgue lemma gives the thesis. Using these results we are 
able to rewrite (12.22.12) as 

l t j(S-Td/.>..2 1 
0(1) + dTl dT2 1(k)(ST2g)(k) 

° -Tl!.>..2 lRd 

[p - irHs (V'(q)) ] {l( +Hs , _p2)eiT2(p2+p.k) {l*( +Hs , _p2)e-iT2Hs 

. [p - irHs (V'(q))]* eiT21kl2 , (12.22.21) 

which as ,\ -+ 0, tends to 

(X[O,t), X[O,s) I: dtl ld l(k)(Stlg)(k) 

[p - irHs (v' (q)) ] {l( +Hs, _p2)eitl(p2+p.k) {l*( +Hs , _p2)e-itlHs 

· [p - irHs (V'(q))]* eit21kl2 . (12.22.22) 

The intertwiner property (12.21.14) of the scattering operator implies that 

{l*(+Hs , _p2)e-itlHs = e-itlp2 {l*(+Hs, _p2); 

thus (12.22.22) becomes 

(X[O,t), X[O,s) JOO dtl r l(k)(Stlg)(k) 
-00 JlRd 

[p - irHs (V'(q))] {l(+Hs , _p2)eitlP"kD*(+Hs , _p2) 

. [p - irHs (V' (q))]* eit2 !k1 2 
• (12.22.23) 
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Finally, Lemma 12.21.1 shows that 

therefore, the two-point function (12.22.5) has the following limit 

\X[O,t),X[O,s)) I: dh l.d j(k)(Stlg)(k)Jl(+Hs , _p2)peitlP"k 

. pJl*( +Hs , _p2)eitllkI2 . (12.22.24) 

12.23 The Limit Four-Point Function 

In order to understand which type of quantum noise can appear in our limit, 
let us examine the four-point functions. Essentially, we have to consider only 
two four-point functions which correspond to the product of creation and 
annihilation operators of the following types 

aaa+a+ , 

respectively. Thus we must consider the limit of 

Tt/>.2 T2/>.2 T3/>.2 T4/>.2 
..::1(>',0101) := >.41 dt11 dt21 dt31 dt4 

. /01 r dkldk2dk3dk4akl (St1h)(k1)at (St2h)(k2) \ JIR4d 2 

. ak3 (St3 /3)(k3)at (St4f4)(k4) 10) 

(12.23.1a) 

and 

Tt/>.2 T2/>.2 T3/>.2 T4/>.2 
..::1(>.,0011) := >.41 dt11 dt21 dh 1 dt4 

. \ 011.4d dkldk2dk3dk4akl (Stlh)(kdak2(St2h)(k2) 

. at3 (St3 /3) (k3)at4 (St4 f4)(k4) 10) 

(12.23.1b) 
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It follows from the CCR that 

TtI)..2 T2/)..2 T3/)..2 T4/)..2 
Ll(>', 0101) := >.41 dh 1 dt21 dt31 dt4 

. [ dk1dk3(Stl !I)(k1)(St2 !2)(k1)(St3!3)(k3)(St4f4)(k3) 
I~2d 

. eitlHs (-ip )eikl·qe-itlHs eit2Hs e-ik1 ·q (ip)e-it2Hs eit3Hs (_ip)eik3·qe-it3Hs 

(12.23.2) 

which is practically a product oftwo objects both similar to (12.22.5). There
fore the same argument used to prove (12.22.5) gives the following result: 

Lemma 12.23.1. [f the potential junction V is in the Schwartz class, one 
has 

l~Ll(>',0101) = (X[O,TIl,X[O,T2)) (X[O,T3),X[O,T4)) i: dt i: ds 

. [ !I (k1)(St!2)(k1)!3(k2)(Ssf4)(k2) Jlit2d 

Praof 12.23.1. In the investigation ofthe two-point function, the operator p 
behaves like a bounded operator if one takes on the system space the partial 
expectation of (12.23.2) by a linear function of the form (~, . rJ) with ~,rJ in 
the Schwartz dass. Because of this fact, one can repeat in this case the proof 
for the two-point function (12.22.5) and this leads to the thesis. 

Now we are going to investigate the limit of the term Ll(>', 0101); in 
the following discussion we shall always assume, without any furt her ex
plicit mention of this fact, that the potential function is in the Schwartz 
dass. 

Lemma 12.23.2. The limit, as>. -+ 0, ofthe term Ll(>', 0011), i.e. (12.23.1b), 
is equal to 

(X[O,TIl' X[O,T4)) (X[O,T2) ' X[O,T3)) i: dt i: ds 

· [ !I (kd(Sd4)(k1)!2(k2)(Ss!3)(k2) Jlit2d 

· Jl( +Hs, _p2)p(p + kl)eitp.kleisP·k2 (p + k1)p 

· Jl*(+Hs, _p2)eitlklI2 eisClk212+kl·k2) (12.23.4) 
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Proof 12.23.2. By the CCR, one has the following expression: 

{TI!)..2 {T2/)..2 {T3/)..2 (T4/)..2 
ß('x,OOll) :=,X4 Jo dtl Jo dt2 Jo dt3 Jo dt4 

· ( dkIdk2(Stl h)(kr)(St2h)(k2)(St3 !s)(k2)(St4f4)(kl ) 
JHt2d 

· eitlHs (-ip )eikl·qe-itlHs . eit2Hs (-ip )eik2·qe-it2Hs eit3Hs e-ik2 'Q (ip )e-it3Hs 

(12.23.5) 

Now it follows from the Weyl commutation relations that the product of the 
operators in (12.23.5) becomes 

exp (itrHs ) (-ip) exp (-itl(Hs + p. kr)) exp (it2(Hs + p. k l )) (-i(P + kr)) 

· exp (-it2[Hs + p. (k l + k2)]) exp (it3[Hs + p. (k l + k2)]) (i(p + kl )) 

· exp (-it3(Hs + p. kl )) exp (it4(Hs + p. k l )) (ip) exp (-it4HS) 

· exp (i(t4 - tr)lkI 12) exp (i(t3 - t2)(lk212 + kl . k2)) . (12.23.6) 

The thesis follows by the same technique used to find the limit of the two
point function. 

12.24 The Limit Hilbert Module 

Investigation of the limit behaviour of the two- and four-point functions sug
gests that the limit evolution should be related to the Möller wave operator 
and that it should live on some Hilbert module. In this seetion we shall 
investigate the structure of this limit Hilbert module and prove that it is 
more general than the one used in the case with V = 0, whieh is defined by 
the commutation relations (12.1.8) and (12.1.10). In partieular it is a Hilbert 
module over the *-algebra (not necessarily a C*-algebra) whieh is the image, 
by the automorphism implemented by the wave operator, of the algebra of all 
the polynomials in the momentum operator p multiplied by a trigonometrie 
exponential of the same operator. More precisely, define 

Pn {is a polynomial of the nth degree,} (12.24.1) 

and it is clear that PD is a *-algebra admitting a dense subset of L2 (JRd) as 
the invariant domain. For each f E S(JRn), define 

(12.24.2) 
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and 

F := {la; f E S(lRn), ais a polynomial in p} . (12.24.3) 

It is easy to show that Fis a two-sided Pn module. On the Pn module, F 
introduce the Pn-valued inner product ('1'): 

It is easy to show that (F j(-I·), (,1,)) is a (pre )Hilbert module, and in the 

following we shall denote the associated Hilbert module by F. Starting from 
this Hilbert module, let us consider the algebraic tensor productL2 (lR+) 0 F 
on which we introduce the inner product 

(12.24.5) 

Thus we obtain a new Hilbert module. This new Hilbert module is the basic 
object with which we can define our limit quantum stochastic process. For 
each given n E N, on the algebraic tensor product (L2 (lR+) 0 F)0n , we 
introduce the inner product: 

(al 0 A,al 0 ... 0 an 0 ln,an Ißl 0 rh,bl 0 ... 0 ßn 0 9n,bn ) 

:= TI: (ah, ßhh2('4)' [ dUl'" dUn [ dkl .. · dkn 
h=l Jrrtn Jrrtnd 

. exp (i L urkrkh+l) il(Hs , _p2) TI: [a;;,(p + k l + ... + kh-l) 
l~r~h~n-l h=l 

. bh(p + kl + ... + kh_l)e-iUhkh'P fh(kh)(SUh9h )(kh)] il*(Hs, _p2)* , 

(12.24.6) 

where the equivalence classes are defined in a similar way as in the case n = 1 
and by definition a sum extended to the set of indices 1 ::; r ::; h ::; n - 1, with 
n = 1, is made equal to zero. Thus for each n E N, with the Pn-valued, Pn
right, sesquilinear form given by (12.24.6), (L2 (lR) 0 F)0n becomes a right 

Pn-pre-Hilbert module and (L2 (lR) 0 F)0n will be used to denote it. 

Since for each n E N, (L2 (lR) 0 F)0n is a Pn-pre-Hilbert module, the 

direct sum C EB ES:'l (L2 (lR) 0 F)0n malms sense and will be denoted by 
r(L 2 (lR+) 0 F) and called the Pn-Fock module over L2 (lR+) 0 F. In this 
pre-Hilbert module, the vector \[F := 1 EB 0 EB O· .. is called the vacuum vector. 
One can easily show that 
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Lemma 12.24.1. The number vector subset 

r := { (al 0 iI) ® ... ® (an<:) In) lli; nE N, aj E L2(lR+), 

Ij E T, j = 1 ... n} (12.24.7) 

is aPo-total subset 01 r(L2(lR+) <:) T). 
Definition 12.24.1. For each element 01 L2(lR+) <:) T, the creator with re
spect to this element, denoted by A + ( . ), is defined on the Po -right linear span 
01 r by Po-right linearity and 

A + ( Q <:) I) [( al <:) iI) ® ... ® (an<:) In) lli] 

:= (Q <:) I) ® (al 0 iI) ® ... ® (an<:) In) lli , (12.24.8) 

2 - - ._ 
where n E N, a, aj E L (lR+), I, I; E T, J - 1 ... n. 

The annihilation operator A(.) is defined as the adjoint 01 the creation 
operator on the domain 01 number vectors. 

Remark 12.24.1. In general, A+ (al<:) iI) A+ (a2 <:) 12) is not equal to 

A+ (Q2 <:) 12) A+ (al<:) 11)' 

The above discussion suggests we define 

T/>..2 
At(S, T, I, a) :=.A [ dt [ dke-itHseik'Pa(p)eitHs ® (Sd)(k)at ' 

1S />..2 1lRd 

(12.24.9) 

where 0 ~ S ~ T < +00, 1 E S(lRd ) and a(p) is a polynomial in p. 
The same arguments as used in the proof of Lemma 12.23.2 give the 

following: 

Theorem 12.24.1. For any N, N' E N the limit 01 

( 
N N' ) g At(Sh,Th,!h,ah)~, g At(SLT~,J~,a~)~ (12.24.10) 

exists and is equal to 

( 
N N' ) !! A+ (X[Sh,Thl <:) Ih,ah) lli, g A+ (X[S~,T~l <:) 1~,aJ lli . (12.24.11) 

By the same teehniques used in Seets. 12.5 and 12.6, one ean prove that 
the quantum noise is of free type in the sense that only the nonerossing 
diagrams eontribute to its eorrelation funetions. Therefore our Hilbert module 
is adeformation of the free (or Boltzmannian) Hilbert module diseussed in 
Seet.12.2. 
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12.25 The Limit Stochastic Process 

Now we compute the vacuum statistics of the creation and annihilation fields 
on the limit Hilbert module, i.e. the expeetation values 

(!P', Ac(1) ((};1 0 /1) ... Ac(2n) ((};2n 0 hn)!P') , (12.25.1) 

where nE N, (};j E L2(1l~+), fj E:F (j = 1 ... 2n), c: E {O, 1pn and 

and where for simplicity we shall not distinguish f from 1. 
Moreover, it is necessary to know (12.25.1) only in the case of 

c:(1) = ° c:(2n) = 1. (12.25.2) 

Lemma 12.25.1. The expectation value (12.25.2) is not equal to zero only 
if 

2n 

Lc:(h) = n. (12.25.3) 
h=1 

Proof 12.25.1. This is a standard fact on free Foek modules. 

Let there be given a subset {mh} h=1 C {I ... 2n} with 1 < m1 < ... < 
mn = 2n. Recall from Seet. 12.4, that {mh}h=1 is said to admit a non
crossing pair partition if, denoting {m~}h=l an ordered version of the set 
{l ... 2n} \ {mh}h=1' the family {m~, mh}h=l is a noncrossing pair partition 
of {I ... 2n}. By Seet. 12.4, if this is the ease, then the choice of {m~} is 
unique. For a given c: E {O, 1}2n, denote 

{mh}h=1 := {r E {I ... 2n}; c:(r) = I}, 1 < ml < ... < m n = 2n. 
(12.25.4) 

We shall say that c: E {O, 1 }2n admits a nonerossing pair partition of {I ... 2n} 
if {mh}h=l does. 

Lemma 12.25.2. The inner product (12.25.2) is equal to zero if c: does not 
admit a noncrossing pair partition of {I ... 2n}. 

Now we are led to consider (12.25.2) when c: admits a (unique) noncrossing 
pair partition of {I ... 2n}. We shall consider an expression more general than 
(12.25.2), namely 

(12.25.5) 

where R(p) is a polymonial. 
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Since on the limit Hilbert module the left action is not defined, the most 
natural way to give a meaning to the quantity (12.25.5) is to define it as the 
limit of 

(p, A~(I) (SI, Tl, 11, al) ... A~(r) (Sr, Tr,Jr, ar )R(p)eix,p 

. A~(r+l) (Sr+l, Tr+1, fr+1, ar+1) ... A~(2n) (S2n, T2n , hn, a2n)p). (12.25.6) 

Theorem 12.25.1. The limit of (12.25.6) exists and is equal to zero if € 

does not admit a noncrossing pair partition of {I ... 2n}; however, it is equal 
to 

. (e, :ö [eiUhkh,pa2h (p + t kIX(m;,ml) (2h)) 
h=l 1=1 

. a2h+l (p + ~ kIX(m;,ml)(2h + 1)) 1 R (p + ~ kIX[m;,m!l(r)) eiX .p",) 

if € admits a (unique) noncrossing pair partition {m~, mdh=l' 

Proof 12.25.2. The proof can be performed by putting together the argument 
in Sect. 12.2 and the technique used in Sect. 12.5. An interesting open problem 
is to determine the vacuum distribution of the classical random variable A( a8 
fa) + A+(a 8 fa) in the limit module. 

12.26 The Stochastic Differential Equation 

By the same technique, we are able to prove our main result, i.e. the conver
gence of the matrix elements, in the collective number vectors, of the wave 
operator at time t, Utj~2' to a unitary operator U(t) on the Fock module 
described in Sect. 12.25, satisfying the stochastic differential equation 

(12.26.1) 



12.27 Notes 349 

driven by the new quantum noise described in the previous section and where 
the quantum stochastic integrals are defined on the fuH Pa-Fock module 
described in Sect. 12.25 foHowing the theory developed in [Lu92a], [Lu94], 
[Lu95]. In (12.26.1), the half-inner product ('I'L is defined as in (12.7.4), and 
for any polynomial gp = g(p), in Pa, 9ip denotes the polynomial obtained 
from it by replacing p by ip. In fact the estimates in Part III guarantee that 
in order to consider the limit 

(12.26.2) 

one can replace the operator UD'l2 by its series expansion and take the limit 

(as >. --+ 0) term by term. Since any term has the form (12.25.6), the same 
techniques as in Theorem 12.25.1 give the main result. 

12.27 Notes 

The results described in this chapter were obtained in [AcLu92], [AcArV095], 
[AcLuV097], [AcKoV098], [AcKoV098a] and [AcKoV099]. 

Section (12.1) 

(1) The term entanglement is often used to denote linear combinations (su
perpositions) of product vectors in a tensor product of Hilbert spaces, 
representing the state of a composite system. Since the term super
positions is already weH established for these states, we prefer to use 
entanglement to denote this deeper relationship which is independent of 
any particular state and already emerges at a kinematical level. 

Section (12.15) 

The exponential decay of time correlations is a universal hallmark of unstable 
systems. The Fermi golden rule and the Weisskopf-Wigner approximation 
lead to the exponential decay law. However this law is not universal, and it 
is model dependent. Fock and Krylov [FoKr47], and later Khalfin [Kha57], 
claimed that the exponential decay law is not consistent with the general 
principles of quantum mechanics. Deviations from the exponential behaviour 
have been analysed recently in [FaPa99]. Experimental evidence for nonexpo
nential decay in quantum tunneling is reported in [WiBh97]. The nonexpo
nential decay for the polaron model in the stochastic limit has been derived in 
[AcKoV099]. An exact formula ("ABC-formula") for matrix elements of the 
evolution operator, which includes in particular corrections to the stochastic 
limit, was obtained in [ArVoOO]. 
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Section (12.16) 

(1) It is interesting to note that when the module structure is neglected the 
algebra we find is precisely the algebra that was found in the singleton 
independence centrallimit theorem on free groups of [Ah098a, Aho98b]. 
So the hot free algebra arises in a natural way not only in physics but 
also in mathematics. 



13. The Anderson Model 

As explained in Part I, the stochastic limit technique does not apply only 
to the open system scheme, describing a discrete system interacting with 
a continuous one, but also to single continuous systems or to two (or more) 
mutually interacting continuous systems. The prototype of such systems is 
the Anderson model, proposed in [And58] to explain the finite conductivity of 
metals. It describes a system of fermions interacting with a classical Gaussian 
random field, modelling the impurities of the metal. If the classical field is 
discrete, we are in the framework described in Part I; even degree interaction 
bosonization takes place as described in Sect. 11.10. 

In the present chapter we consider the Anderson model, describing a non
relativistic system of fermions, in dimension d ~ 3, interacting with an 
external potential(l). In Sect. 13.2 we show that the interacting Hamiltonian 
becomes, in the limit, a quantum stochastic variable distributed according to 
a nonlinear deformation of the Wigner law. 

More generally we prove that only the noncrossing diagrams in the per
turbative expansion for the (connected) transition amplitude contribute to 
the stochastic limit. This result can be physically interpreted by saying that 
the noncrossing diagrams are the dominant ones when the time T is very 
long compared with the coupling A (this is just the physically interest
ing regime). The reason why, in this limit, only the noncrossing diagrams 
survive is explained by Theorem 13.2.1. This theorem contains all the an
alytic information needed to deduce the main result of this chapter, Le. 
(13.4.2). Just as in the case of quantum electrodynamics (QED) without 
dipole approximation, even if the limit diagrams of the correlation functions 
are only the noncrossing ones, the corresponding probability distribution for 
the time-averaged interacting Hamiltonian is not the Wigner semicircle law 
but a nonlinear deformation of it. Despite this nonlinearity, some properties 
of the free random variables still survive, and this allows us to obtain, using 
the combinatorial argument described in Sect. 13.6, the main result of this 
chapter, i.e. (13.4.2). 

This is aremarkable closed nonlinear integral equation for the transition 
probability amplitude which, even if similar to the Schwinger-Dyson equation 
obtained in [Mig58] and [AGD75] for the two-point correlation function by 
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resummation of the noncrossing Feynman graphs and to the equation for 
the 1-particle Green function in the N ----t 00 limit of the Anderson model, 
was not previously known in the literat ure. In Sect. 13.6 we find an explicit 
solution of this nonlinear equation. 

13.1 Nonrelativistic Fermions in External Potential: 
The Anderson Model 

The Hamiltonian of out model is 

H = Ho + Hr = l dx1jJ+(x) (:! -J1,) 1jJ-(x) + A l dx4>(x)1jJ+(x)1jJ-(x) , 

(13.1.1) 

where A is areal number (strength of the interaction), A C ]Rd is a square box 
of side L, J1, = p~/2m is the chemical potential, PF is the Fermi momentum, 
m is the fermion mass, and 1jJe(x), € = ±1 is the jermionic field with periodic 
boundary condition 

where k = 2~7r, n = (nl ... nd) E Zd, e E {I, -I}, 

and where for any operator X we use the notation 

xe={X if e=-l, 
X+ if e = +1. 

(13.1.2) 

The function 4>( x) is an external field, modelIed as a 8-correlated classical 
Gaussian random field 4> on ]Rd, with d ~ 3, modelling the impurities of the 
meta!. In what folIows, it will be convenient to expand the random variables 
4>( x) in a Fourier series, 

,1.( ) _ 1 "',I. -ipx 
'f' X - Ld ~'f'pe , (13.1.3) 

p 

leading to a discrete family of (complex-valued) Gaussian random variables 
4>p with P E 2~7r Zd and 

(13.1.4) 
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In the notations introduced above, the free evolution is characterized by the 
following property: 

;j;c(x, t) = eiHot;j;c(x)e-iHot = Jv ~ exp {iC: [kX + (~~ -IL) t]} ak 

(13.1.5) 

where Wk = (I;~ - IL). The Hamiltonian in the interaction representation is 

(13.1.6) 

It is convenient to regularize this Hamiltonian by introducing a cutoff and 
normal order: 

(13.1.7) 

where 'l/J€(x, t) is the regularized version of ;j;€(x, t) given by 

ol.€(X t) = _1_ '" eic(kx+Wkt)g a€ . 
'P, yI;i~ kk 

k 

(13.1.8) 

gk is a complex-valued cutoff function to be specified in the following, and 
: denotes normal order, 

(13.1.9) 

with respect to the ground state of Ho, 

cl>F = TI at I 0) . (13.1.10) 
Ikl~PF 

The evolution (wave) operator at time T is defined in the usual way: 

where for each finite Land T the series converges normally with respect to 
the fermions and as L 2 with respect to the Gaussian field. 

The first excited state 'l/Jk cl>F of the free Hamiltonian can be obtained by 
adding or subtracting a particle to the ground state of the free Hamiltonian. 
The corresponding interacting state is obtained by imagining that the inter
action is switched on at time -00 so that it is given by U-oc'l/Jkcl>F, where 
U-T is given by (13.1.11) with Hr( -t) replacing Hr(t). 
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Remark 13.1.1. If the covariance of the <p field were a Schwarz function rat her 
than a J-function, then the discrete approximation would not be necessary 
and one could directly consider the mean zero Gaussian state on the canonical 
anti-commutation relations (CAR) algebra defined by the operator 

Q = 2X-1, 

where X is the characteristic function of the sphere centered on the origin 
and with a radius given by the Fermi moment um PF. However in the present 
case the quadratic form 

HI = J dk J dk'g(k)g(k')<Pk-k,atak 

cannot define an operator. In fact this would lead to 

(HIH1) = J dk1 J dk2 J dk3 J dk4E(<Pk1-k2<P-(k3-k4)) 

.(atak2at4ak3) . 

In the expansion of this operator there is the nonconnected diagram 

J dk1 J dk2 J dk3 J dk4E(<Pkl-k2<P-(k3-k4)) (at 1 ak2)(atak3) 

= J J J J dkldk2dk3dk4J(kl - k2 + k3 - k4 )J(k1 - k2 )J(k3 - k4) , 

which is not defined because of the presence of J(O). For this reason one 
restricts one's attention to the connected diagrams. 

The above remark leads one to study the projection of the interacting 
state onto the free one from 

lim E ((~F,'ljJk€U-T'ljJk~F)) 
L,T--+oo (~F, U -T, ~F) 

(13.1.12) 

and from the known identity [AGD75] 

where ( . )conn denotes the expectation with respect to the connected dia
grams and E(·) denotes expectation with respect to the classical random 
field (13.1.3). The determination of the limit (13.1.12) is the first and most 
difficult step towards the determination of the 2-point correlation function 
( Green junction), 

(13.1.13) 
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from which all the physical properties of solid-state models such as the above 
can be obtained(l). 

The right insight ab out how the stochastic limit has to be performed in 
order to avoid trivialities is given by the second-order term in the expansion 
(13.1.11). One finds in fact that the only possibility that the limit of this 
term exists and is not trivial is to take the limits in the following way: 

L -+ CXl , ). -+ 0 , T -+ CXl ,>.?T -+ const. 

The above limit is equivalent to the rescaling T -+ T /).2 followed by the 
limits 

L-+CXl, ).-+0. (13.1.14) 

The limits must be taken exactly in order from left to right in (13.1.14) 
otherwise no limit exists. In conc1usion, our goal is study the limit 

(13.1.15) 

13.2 The Limit of the Connected Correlators 

The first step of the stochastic limit approach is suggested by the first-order 
term of the iterated series (13.1.11) after the rescaling T -+ T / ). 2 . This is 
equal to the time-averaged interacting Hamiltonian (with S = 0): 

T/>..2 

B>..(T, S) :=). ( dt ;d L g(k)g(k')</Jk'-k atak,eit[w(k)-w(k')] . 

}S/>..2 k-j.k' 

(13.2.1) 

We show that: 

Theorem 13.2.1. For each N E N 

(13.2.2) 

where (., ')conn means expectation with respect to the connected diagrams, 
always exists and is equal to zero if N is odd; however, if N = 2n, it is 
equal to 

n n 

L L rr (X[SO"(lh) ,TO"(!h)] ' X[sO"(rh) ,TO"(rh)]) L2(IR) 
"'ESl,2n (!h,rh)EPnc(1,2n),h=1 h=l 

. J dk11 ... dkln XBF (ko) f.r (kl h ' k rh ) F,Aklh)F".(krh ) , 

h=l 

(13.2.3) 
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where 

• Pnc(I,2n) is the set of all noncrossing pair partitions {h, rl .. . ln, rn } of 
the set {l. .. 2n}. 

• Sl,2n denotes the permutations of the set {I ... 2n}. 
• Consider the set {I ... 2n} as aI-dimensional lattice, oriented from left 

to right, with lines connecting two consecutive indices. Given a noncross
ing pair partition {h, rl .. . ln, rn } of this set, to each line we associate 
a momentum kOl as follows: to the first line after a point lh it is associated 
a momentum klh, and to the first line after rh it is associated a momentum 
krh , which is alinear combination of the {k1hH:=1' determined by the 
requirement that k1h - klh = krh - k~h' if k~ is the momentum of the 
line preceding a, with a = lh,rh. This rule simply expresses the fact that, 
in avertex, the sum of the incoming mo menta is equal to the sum of the 
outgoing ones. 

• 
(kl, kr ) = [: ei[w(k/)-w(kr)lug(kl)2g(kr )2du. 

• Denoting BF the Fermi sphere, B F := {k, Ikl :S PF}, and BF =]Rd \ BF its 
set-theoretical complement, the function Fu(k1h ) is defined by 

F. (k l).= {XB~(klh) if U(lh) < U(lh + 1), 
u lh' h· XBF(k1h ) if U(lh) > U(lh + 1), 

(13.2.4) 

F. (k ) ._ {XB~(krh) if u(rh) < u(rh + 1), 
u Th' rh .-

XBF(krh ) if u(rh) > u(rh + 1). 
(13.2.5) 

Note that if in (13.2.3) we neglect 

• the dependence on the pair partition of the momenta krh , 

• the dependence on u of the factors (X[S (I ) T (I )1' XIs ( ) T ( )1) 
CF h ' CF h CF rh ' CF rh L2 (lR) 

and Fu(klh)Fu(kTh) and the corresponding summation, 

then (13.2.3) gives the correlators of creation and annihilation operators 
satisfying a Boltzmannian statistics. 

13.3 The Four-Point Function 

A proof of Theorem 13.2.1 will be given in Chapter 15 in a much more general 
situation. We consider here the case of the four-point function in order to 
explain in a intuitive way why in the limit only the noncrossing diagrams 
survive. To this goal we consider 

lim !im E ({cPF,akB>..(Tl,SdB>..(T2,S2)B>..(T3,S3)B>..(T4,S4)atcPF)) . 
>..-tOL-too 

(13.3.1) 
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Using (13.1.4) and after the limit L -+ 00, (13.3.1) can be written more 
explicitly in the form 

T1I>,,2 T2/>.2 T3/>.2 T4/>.2 
>.4 f dh f dt2 f dt3 f dt4 

}811>.2 }82/>.2 }83/>.2 }84/>.2 

. J dXldx2dx3dx4E(4)(Xl)4>(X2)4>(X3)4>(X4)) 

. (4)F' ak : 1/J+(Xl' tl)1/J(Xl, tt) : : 1/J+(X2' t2)'f/!(X2, t2) : 

. : 1/J+(X3' t3)1/J(X3, t3) : : 1/J+(X4' t4)1/J(X4, t4) : at) . 
conn 

(13.3.2) 

The above fermionic expectation is given by the sum of several terms. Let 
us select for definiteness the following one [the SUffi over (j in (13.2.3) comes 
from taking into account all such terms]: 

(ak1/J+(xl, tt})(1/J(Xl, h)1/J+(X2, t2)) (1/J(X2, t2)1/J+(X3, t3)) 

(13.3.3) 

Since the expectation over the Gaussian variables in (13.3.2) is given by 

8(Xl - x4)8(X2 - X3) + 8(Xl - x2)8(X3 - X4) + Ö(XI - x3)8(X2 - X4) , 
(13.3.4) 

we have three terms which shall be studied separately (note that the third 
term corresponds to a crossing diagram, while the other ones are noncrossing). 
The first term is 

l T1I>.2 lT2/>.2 l T3 />.2 l T4 />.2 J 
>.4 dh dt2 dt3 dt4 dXldx2(ak1/J+(Xl, h)) 

~/~ ~/~ ~/~ ~/~ 

· (1/J(Xl, tt}1/J+(X2' t2))(1/J(X2, t2)1/J+(X2, t3)) 

· (1/J(X2, t3)1/J+(Xl, t4))(1/J(Xl, t4)at) 

1 l T1I >.2 l T2 />.2 l T3 />.2 l T4 />.2 
= >.4-U L dh dt2 dt3 dt4 

L k' ,k" 811>.2 82/ >.2 83/ >.2 84/ >.2 

· exp {-i[w(k) - w(k')](tl - t2)} exp {-i[w(k) - w(k")](t3 - t4)} 

· X(lkl ;::: PF )x(1k'1 ;::: PF )x(Ik"1 ;::: PF )[g(k)g(k')g(k)g(k')] 
· [g(k)g(k")g(k)g(k")] 

1 l TI 1(T2-Tü/>.2 l T3 1(T4-t3)/>.2 
= -u L dTl dT2 dT3 dT4 

L k',k" 81 (82-TÜ/>.2 83 (84-t3)/>.2 

· exp {-i[w(k) - W(k')]T2} exp {-i[w(k) - w(k")h} 

· X(lkl ;::: PF )x(1k'1 ;::: PF )x(Ik"1 ;::: PF )[g(k)g(k')g(k)g(k')] 
· [g(k)g(k")g(k)g(k")] . (13.3.5) 
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In the limit .x -+ 0, L -+ 00, the above expression becomes 

·1 dk1dk2XBF (k)(kl, k)(k2, k)XBF (k1)XBF (k2) . 

The second term is 

1 l TI />.2 l T2 />.2 l T3 />.2 l T4 />.2 .x4 _ L dt1 dt2 dt3 dt4 
L2d k' ,k" 8I! >.2 82/ >.2 83/ >.2 84/ >.2 

· exp {-i[w(k) - w(k')](t1 - t4)} exp {-i[w(k') - w(k")](t2 - t3)} 

· X(lkl ::; PF )X(lk'l ::; PF )X(lk"l ::; PF )[g(k)g(k')g(k )g(k')] 
· [g(k)g(k")g(k)g(k")] 

1 l TI lT2 j(T4-t1)/>.2 
= L2d L d71 d72 d74 exp {-i[w(k) - W(k')]74} 

k',k" 81 82 (84- T l)/>.2 

j
(T3- t2)/>.2 

· exp {-i[w(k') - W(k")]73} 
(83- T 2)/>.2 

· x(lkl ~ PF )X(lk'l ~ PF )X(lk"l ~ PF )[g(k)g(k')g(k)g(k')] 
· [g(k')g(k")g(k')g(k")]. (13.3.6) 

In the limit L -+ 00, the sum over k', k" becomes an integral which is bounded 

by 0 CT 4)d/2(;rT 3)d/2) so that we can take the limit .x -+ 0, finding 

(X[81,Tl]' X[84,T4]) L2(1R) (X[82,T2]' X[83,T3]) L2(1R) 

·1 dk1dk2XBF (k)(kl, k)(k2, k1)XBF (k1)XBF (k2) . 

Finally the third term, corresponding to the only crossing diagram in the 
four-point function, is 

1 lTI />.2 l T2 />.2 l T3 />.2 l T4 />.2 .x 4 2d L dt1 dt2 dt3 dt4 
L k',k" 8I!>.2 82/>.2 83/>.2 84/>.2 

· exp{ -i[w(k) - w(k')](h - t2)} exp{ -i[w(k") - w(k - k' + k")](t3 - t4)} 
· exp{ -i[w(k) - w(k")]t2} exp{ -i[w(k) - w(k")]t4} 

· X(lkl ~ PF)X(lk'l ~ PF)x(lk"l ~ pF)[g(k)g(k')g(k)g(k')] 
· [g(k)g(k")g(k)g(k")]. (13.3.7) 

With the change of variables .x2t2 = 72, .x2t4 = 74, h -72/.x2 = 71, t3 -74/.x2 

= 73, this becomes 
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1 l T2 l T4 1(Tl-T2)/>.2 1(T3-T4)/>.2 
-U L dT2 dT4 dTl dT3 
L k,k' 82 84 (81-T2)/>.2 (83-T4)/>.2 

· exp{ -i[w(k) - W(k')]Tl} exp{ -i[w(k") - w(k - k' + k")h} 

· exp { -i[w(k) - w(k")] ~~} exp { -i[w(k) - w(k")] ~~} 
· X(lkl ::; PF )x(lk'l ::; PF )X(lk"1 ::; PF )[g(k)g(k')g(k)g(k')] 

· [g(k)g(k")g(k)g(k")]. 

and, after the limit L --+ 00, the resulting integral vanishes in the limit A --+ 0 
by dominated convergence and the Riemann-Lebesgue lemma. 

13.4 The Limit of the Connected 'fransition Amplitude 

Theorem 13.4.1. In the notations of Theorem 13.2.1 the following identity 
is valid at any order of the perturbative series: 

lim lim E ((PF,akoUT/>.2akepF)conn) 
>'--+0 L--+oo 0 

= f ~xe(ko)Tn L L n. 
n=O {lh,rh}K=l uES1,2n 

EP nc{1,2n) ".(lh)-".(rh)=±llf hE{l...n} 

f dkl1 ... dkln fI (klh, krh)eh F".(klh , lh)F".(krh , rh) == Ge(ko) , (13.4.1) 
h=l 

where Eh = 1 if a(lh) - a(rh) = +1 and Eh = -1 otherwise, 

(kl, kr)-l = 1°00 ei[w(kzl-w(kr)]ug(kl)2g(kr)2, 

(klo krh = 100 ei[w(kl)-w(kr)]ug(kl)2g(kr)2, 

and X€(k o) = XBF (ko) if E = 1 and X€(k o) = XBp(ko) if E = -1. 

The above theorem says that, in the perturbative expansion for the tran
sition amplitude, only the noncrossing diagrams contribute in the limit. 

From the explicit expression of equation (13.3.1) it follows that the func
tions Ge satisfy the following closed set of equations: 

Theorem 13.4.2. In the same notations as in Theorem 13.4.1 one has 

j +oo 
Ge(ko) = G~(ko) + TG~(ko)Ge(ko) -00 due-iw(ko)ug(ko)2 

j +oo . -00 g(k)2 eiw(k)u[G+(k) + G-(k)]dk, (13.4.2) 

where Gü(ko) = X€(k o). 
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Proof 13.4.1. Let us denote Ge,(n)(k) the nth term of the series in (13.4.1) 
so that 

00 

Ge(k) = L Ge,(n)(k). 
n=O 

We use a well-known property of the set P(1,2n) of the noncrossing pair 
partitions, namely 

n 

Pnc(1,2n) = U {(I, 2m) U Pnc (2, 2m - 1) U Pnc(2m + 1, 2n)}, 
m=l 

with the convention that Pnc(x, y) = 0 if x 2': y. From this, it follows that 

n 

=L 
m=l 

Moreover, in Sect. 13.5 it is proved that, for a fixed noncrossing pair partition 
(h, Tl· . . ln, Tn), we can write 

uESl,2n 
u(lh)-u(rh)=±l 

v hE{l...n} 

. XE (ko) [XBF(kI 1 ) 

uES2,2m-l 
u(lh)-u(rh)=±l 

v hE{2 ... m-I},0"(12»0"(11) 

L FO"(k1h , lh)FO" (krh ,Th)] 
uES2,2m-l 

u(lh)-u(rh)=±l 
v hE{2 ... m-I},0"(12)<0"(11) 

uES2m+l,2n 
u(lh)-u(rh)=±l 
VhE{m+l...n} 

FO"(k1h , lh)FO" (krh ,Th) . (13.4.3) 

Furthermore, by momentum conservation, in every connected component 
of the pair partition the incoming momentum is equal to that outgoing. In 
particular 

ko = kr1 = krn • 

Using the remarks above Ge,(n)(ko) can be written, für n 2': 1, as 
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n Tn 1+00 f L ( _ )'( _ )' xe (ko) du exp {i[w(k11 ) - w(ko)]u} 
m 1. n m. -00 

m=1 

· dug(ko)2g(kl1)2dkl1 [XBF(k11) ] dkI2···dklm_1 L 
{IVh}h~21 

EPnc (2,2m-l) 

· (k1h , krh ) eh Fo- (k1h )Fo- (krh ) 

m-I 

II 
h=2 <Y ES2,2m-1 

<Y(lh)-<Y(rh)=±l, 
0-(12)<0-(ld 

+ XBF (kl 1) ] dkl2 ... dk1m_1 L Ir L (k1h , krh)eh Fo-(k1h)Fo-(krh)] 
{lh,rh}!::=m+1 h=2 <YES2,2m_1 
EPnc (2,2m-l) <Y(lh)-<Y(rh)=±l, 

0-(12»0-(111 ) 

· Xe(ko) ] dklm+1···dkln L fI L (k1h , krh)ehFo-(klh)Fo-(krh)· 
{lh,rh}!::=m+1 h=m+1 <YES2m+1,2n 

EPnc (2m+I,2n) o-(lh)-o-(rh)=±1 

(13.4.4) 

By associating the fador (n - m)! to the P nc (2m + 1, 2n) sum, we see that this 
term reproduces Ge,(n-m) (ko). Similarly by associating the factor (m - I)! to 
the two Pnc(2, 2m-I) sums in square brackets, we see that these sums repro
duce respectively G+,(m-I)(ko) and G-,(m-I)(ko). This shows that (13.4.4) 
can be written in the form 

Ge,(n)(ko) = T i:oo 
dU] exp {i[tw(kl1)-w(ko)]u} dug(ko)2g(kl1)2dkl1Xe(ko) 

L [(G+,(n1)(k11 ) + G-,(n1)(kl1)]Ge,(n2)(ko); 
n1+n2=n-1 

by summing over n, (13.4.2) is found. 

Remark 13.4.1. Let S(k,w) be the Fourier transform of the Green function 

S(x-y,t-s) = lim E((PF,7'IjJ~t'IjJ:;;8UTU-TPF)conn) 
L,T-too ' , 

if 7 is the time order product. The closed equation found in [AGD75] is 

j +OO 
S(ko,w) = So(ko,w) + So(ko,w)S(ko,w) -00 dku(ko - k)S(k,w) , 

where So (k, w) is the free Green function and u(p) is a suitable cutoff function. 
The similarity with our (13.4.2) is striking. In fact equations of this type are 
a general feature of the noncrossing diagrams. 
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13.5 Proof of (13.4.3) 

Here we prove (13.4.3). To this goal we fix the injective maps 

Z: h E {l. .. n} -+ Zh E {1. .. 2n}, 

r: Z E {l. .. n} -+ rh E {1. .. 2n} 

(13.5.1) 

in such a way that {h, r1 ... Zn , rn} is a noncrossing pair partition of {I ... 2n}. 
For each subset of pairs I ~ {h, r1 ... Zm , rn }, define 

Similarly we can define 

Definition 13.5.1. Given a finite set land a permutation a on I, the index 
of monotonicity of a is the map 

jI(a,·) : x E I -+ j(a,x) E {l,O}, 

defined by 
j(a,x) = 1 <=? a(x) < a(x + 1). 

Introducing the convention {for any set A} 

XA(k)c={l ife=O, 
XA (k) if e = 1 , 

one can write the right-hand side of {13.4.3} in the form 

L (fr XBF (klh)j(o·,lh)XBF (k1h )1- j (U,lh») 

uESi,2n h=l 

where 

L =L 
"ES! 2n UESi,2n 

u(lh)-u(rh)=±'l v hE{l...n} 

(13.5.2) 

Now the set {h,r1 ... Zn,rn} coincides with {I .. . 2n}. The sum {13.5.2} can 
be rewritten in the form 

2n L II XBF (ko)j(u,o)XBF (koY-j(u,o) . (13.5.3) 
uESi,2n 0=1 
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Remark 13.5.1. We can see that the terms in the sum (13.5.3) depend on a 
only through the function j(a, .). 

Lemma 13.5.1. Every a E SL2n can be written in a unique way in the form 

where 

• (j is chamcterized by the property that the sets F ~ {I ... 2m}, F' ~ {2m + 
1 ... 2n} exist such that 

(jF = F', (jF' = F, a(x) = x for any x fl. F U F' (13.5.4) 

and (j is monotone on F U F' , 
• am(x) = x for x fl. {l. .. 2m}, 
• an-m(x) = x for x fl. {2m + 1 ... 2n}. 

Proof 13.5.1. The proof of the above lemma is trivial. 

Denote now 

then 
Je = (j-1{2m + 1 ... 2m}. 

Denote 

S ' (-) -s' --1 s' (-) -s' --1 l a = a {1,2m}a , lC a = a {2m+1,2n}a , (13.5.5) 

and note that if a has the form as given in Lemma 13.5.1 then 

(13.5.6) 

Introducing the notation 

<fJ(kx,j(a, x)) = XBF(kx)j(a,x)XBF(kx)l- j(a,x) 

and using the fact that, for x E {I ... 2m}, 

and the analogue identity for alC, the sum (13.5.2) can be written in the form 

= L (L rr 'P(kx,j(al(j,x)) 
(j aIES~(ä) xE{1...2m} 

. C2~r"(.) "El,}'t'n} ,,(k""j(aroA )) 
(13.5.7) 
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Thus, if we prove that both the aI sum and the ar sum do not depend on 
Cf, the expression (13.5.7) shall be equal to 

(13.5.8) 

Lemma 13.5.2. For every Cf the two sums 

(13.5.9) 
<TES'(1,2m) xE{1...2m} 

and 

(13.5.10) 

coincide. 

Proof 13.5.2. It is sufficient to show that, given 0', then for each aI E S~ 
there exists a E S~m such that 

j(aICf,x) = j(a, x) , \Ix E {1. .. 2m}. 

Recall that, by definition, 

Cf{1. .. 2m} = I-u 

and let ao E S~ be the unique permutation such that 

aoI = aoCf{1 ... 2m} =: 10 

is an ordered set, Le. the ordered version of I. Clearly the sum (13.5.10) is 
equal to 

(13.5.11) 

The map 
ß:= aoO': {1 ... 2m} -+ 10 

is the unique monotone mapping between {1 ... 2m} and the ordered version 
of I. 
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The sum (13.5.11) then becomes 

(13.5.12) 

Now denote 

(13.5.13) 

and note that 

However, ß is monotone, so because of injectivity ß- I is also monotone; 
therefore 

j(IJIß,X) = 1 {=} ß-IIJIß(X) ~ ß-IIJIß(X + 1) 

{=} IJ(x) < IJ(x + 1) {=} j(IJ, x) = 1. 

This implies that 
j(IJIß,X) =j(IJ,x) = 1. 

So we can write the sum (13.5.12) as 

L II cp(kx,j(IJ,x)). 
ßuß-l=UIES~Ca) xE{1...2m} 

It is now dear that the sum over all IJI E SWT) in (13.5.9) is equivalent 
to the sum over all IJ E SL2m. This ends the proof of (13.5.8). 

The proof of (13.4.3) follows noting that ko = kTm and kl1 = kTm _ 1 , 

where (lm-l, r m-l) is the last pair partition "endosed" in (h, rl), so that the 
only dependence of the summand of (13.5.8) on IJ(h), IJ(rl) is that CP(kI1 ) = 
cp(kTrn _ 1 ) = XBF(kI1 ) if IJ(h) < IJ(h) and CP(kI1 ) = cp(kTm _ 1 ) = XBF(kI1 ) 

otherwise. 

13.6 Solution of the Nonlinear Equation (13.4.2) 

If, as in the case of physical interest, w(k) = Ikl2 and g(k) depends only on Ikl, 
i.e. g(k) = g(lkl), then the nonlinear equation (13.4.2) can be explicitly solved 
as follows. First note that, for c = 1,2, Ge(ko) = 0 if and only if GO(ko) = O. 
The "if" part is dear because GÖ(ko) multiplies the right-hand side of (13.4.2). 
Conversely, if Ge(ko) = 0 then (13.4.2) becomes GÖ(ko) = Ge (ko) = O. Second 
note that, by the definition of GÖ, one has Gt(k) + Gü(k) = 1 identically 
in k. Therefore, by the above remark 
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Gt(k) = 1 <=} Gü(k) = 0 <=} G-(k) = 0, 

Gü(k) = 1 <=} Gt(k) = 0 <=} G+(k) = 0 

for all k. Equivalently this means that, identically in k, 

GtG- = GüG+ == O. 

It follows that adding the two equations (13.4.2) (for c = ±) one obtains 

L GE: (ko) = L Gü(ko) + T L Gü(ko) L GE:' (ko) 
E:=± E:=± E:=± E:'=± 

. k du kd dkexp{i[w(k) - w(ko)]u} Ig(ko)g(kW E:~ GE:(k). 

Using again that Gt(k) + Gü(k) == 1 for all k and introducing the notation 

G(k) := G+(k) + G-(k), 

we have 

G(ko) = 1 + TG(ko) r du r dkexp{i[w(k) - w(ko)]u} Ig(ko)g(kWG(k). 
Jffi. Jffi.d 

(13.6.1) 

Under OUf assumptions on w(k) = Ikl 2 and on g(k) = g(lkl), the integral 
(13.6.1) can be explicitly evaluated, giving 

Therefore (13.6.1) is equivalent to 

1 
G(ko) = , 

1 - 21fTlg(ro)g(ro)1 2 . ro fs G(ro, u)du ro 
(13.6.2) 

where 8ro denotes the sphere centered on the origin with radius ro. The 
right-hand side of (13.6.3) teIls us that G(ko) depends only on Ikol, so that 

where 18ro I is the surface of the sphere 8ro . Denoting 

a:= 21fTI8rol'lg(ro)14ro, 

we see that G(ro) satisfies 

G2 (ro)a - G(ro) + 1 = 0, 

(13.6.3) 

(13.6.4) 
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which, if 4a ::=; 1 (and this can be realized either by taking T to be small 
or by taking TO to be large, because 9 is a Schwarz function), has solutions 
G(TO) = (1 ± VI - 4a)/2a. But (13.6.3) implies that G -+ 1 as a -+ 0 and 
therefore 

G( ) _ 1 - JI='Ta _ 2 
TO - -

2a 1 + VI - 4a ' 
(13.6.5) 

which is smooth and tends to 1 as TO -+ 00. 

13.7 Notes 

Introduction 

(1) The result described in this chapter were obtained in [AcLuMa94a,b]. 
The case in which the external field is replaced by a boson field is 
of course much more interesting and can be dealt with the techniques 
developed in Chap. 15. 

Section 13.1 

(1) The phenomenon of Anderson localization has been related to an expo
nential decay of the Fourier transform of equation (13.1.13), as opposed 
to the power law of the free case. This exponential decay is proved by 
[AG] for large A or d = 1 as a consequence of the results of [FS83], 
[FSMS88] and others on the Schrödinger equation with a random po
tential. However it is not known what the decay is when A is small or 
d 2:: 2. In [AGD75], following an idea of Migdal [Mig58] for the boson 
case, it was shown that if one neglects a suitable dass of contributions in 
the perturbative expansion for equation (13.1.13), the so-called crossing 
diagrams, one obtains a dosed Schwinger-Dyson equation for the limit 
(13.1.13) from which the exponential decay can be deduced. However, the 
above-mentioned authors did not specify under which physical conditions 
the crossing diagrams can be neglected with respect to the noncrossing 
ones. 
A first attempt to darify this point was made by [Weg79], who replaced 
the original Hamiltonian (13.1.1) by a discrete mean field approximation 
in which a fictious N-valued index was added to the fermions and the 
dassical random field was replaced by a random matrix. In the large N 
limit of this model only the noncrossing diagrams survive. This model 
was generalized by [SpNe94], [SpNe95], who replaced the large random 
matrix by free independent random variables and obtained an equation 
of Schwinger-Dyson type. However this result is essentially equivalent to 
the original assumption that only the noncrossing diagrams survive; in 
fact, as shown by Voiculescu [Voic91], N x N Hermitean matrices with 
independent Gaussian entries become, in the large N limit, free random 
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variables whose n-point correlation functions are described precisely by 
the noncrossing (or half-planar) diagrams ). The proof of the Migdal 
conjecture, i.e. of the fact that, in the stochastic limit, only the non
crossing diagrams survive, as weH as the deduction and the solution of 
the nonlinear integral equation were given in [AcLuMa97]. Moreover the 
physical meaning of this type of result is not clear because it depends in 
an essential way on the large N limit of a fictitious index which is absent 
from the original Hamiltonian. For a general consideration of the large 
N limit in quantum field theory see [ArVo96] and references therein. 



Part III 

Estimates and Proofs 



14. Field-Field Interactions 

14.1 Interacting Commutation Relations 

In this chapter we begin to apply the stochastic limit to purely field the
oretical Hamiltonians, Le. fields interacting with other fields without any 
discrete system. The basic object to study in quantum field theory is the 
S-matrix introduced by Heisenberg. Bogoliubov and Shirkov developed the 
S-matrix formalism which includes all the quantities considered in quantum 
field theory [BoSch87]. The physical idea behind the S-matrix approach is 
that in the scattering processes there exists a characteristic time scale such 
that in a time regime larger then this time scale one can neglect inter action 
and particles evolve according to the free dynamics. 

The situation in statistical physics is different because here one has not 
just one but several relevant time scales, and as a result we do not have here 
a universal method comparable with the S-matrix approach in quantum field 
theory. One can say that the role of the S-matrix approach in nonequilibrium 
statistical physics is played by various master and kinetic equations. It was 
the fundamental Bogoliubov idea about the existence of two time scales which 
led to the modern progress in the microscopic derivation of kinetic equations 
[Bog46]. Methods of quantum field theory, in particular Green functions, are 
widely used in equilibrium and nonequilibrium statistical physics [BBT61, 
AGD75, Pr62, Prig68, Zu71]. 

However there are important problems in quantum field theory where the 
standard S-matrix description is not very convenient or even not applicable. 
These include not only the investigation of bound states and spectral prob
lems (see [BoSch87]) but also processes with unstable particles [Schw60], 
[GoWa64] (in fact almost all particles are unstable), atom-photon interac
tions [CTDG92], elementary particles in "semidressed states" with nonequi
librium proper fields [Fei72], electroweak baryogenesis and phase transitions 
in the early Universe and in high-energy collisions [RuSh96], quantum optics 
[WaMi94], etc. In the consideration of such processes we are interested in the 
time regime smaller than the "infinite" time when the S-matrix description 
becomes applicable. One can say that the consideration of such processes 
belongs to nonequilibrium quantum field theory. We believe that the S-matrix 
method in quantum field theory is analogous to the Gibbs distribution in 
equilibrium statistical physics and that there exists a general method (the 
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stochastic limit) in nonequilibrium quantum field theory which provides a de
scription of quantum phenomena depending on time. One of the first works on 
the systematic application of methods of nonequilibrium statistical physics in 
quantum field theory is that of Prigogine [Prig68], in which kinetic equations 
for the Lee model were derived. 

Here we advocate the thesis that the stochastic limit method might be 
a general methüd in nonequilibrium quantum field theory. 

When we say that the S-matrix method is not sufficient in nonequilibrium 
quantum field theory, we mean that the standard dynamical definition of 
the S-matrix in real time is given, for example, in terms of wave operators, 
including dressing [vHo55], [Fad63], [Ar73], or LSZ formalism. This definition 
cannüt be applied immediately to the processes with unstable particles. The 
flexible Bogoliubov-Shirkov approach [BoSch87] to the S-matrix in principle 
can be applied to the description of unstable particles. There exists a phe
nomenological approach to the S-matrix which is not based on an Hamil
tonian formalism. In this approach unstable particles are described by the 
Breit-Wigner complex poles of the scattering amplitudes [Che66, B078]. The 
dynamical justification of this phenomenological approach is given in the 
Weisskopf-Wigner resolvent method; for a discussion of the resolvent method 
see, for example, [GoWa64], [PriHe69]. The resolvent method is usually used 
for the investigation of the degrees of freedom of the system interacting 
with the reservoir. The stochastic limit method is conveniently used for the 
consideration of degrees of freedom not only of the system but also of the 
reservoir. 

If G(Xl ... x n ) is the Green function then we want to investigate the 
asymptotic behaviour of the expression G(Xl, XV>.2, ... ,Xn , X~/ >.2) when 
>. --+ O. This can be performed by using the anisotropie renormalization group 
method [BoSch87], [ArVo94], [Mat95]. 

To describe and solve the dynamical equations after the stochastic limit, 
one has to derive the stochastic limit for the collective operators, the so-called 
master field. Für simple models the master field is the quantum white noise 
whose creation and annihilation operators satisfy the relations 

[b(t), b+(t')] = c5(t - t'). (14.1.1) 

In the stochastic limit one obtains for the evolution operator the equation 

d~~t) = [F+(t)b(t) + b+(t)F(t)]U(t), 

where b(t), b+(t) are white noise operators and F(t) is a regular operator 
function of t. This singular equation is the Hamiltonian form of a quantum 
stochastic differential equation and can be explicitly solved for many models. 

For more complex models the master fields are more complex, and one 
obtains the entangled or interacting commutation relations. The program 
üf investigation of models of quantum field theory in the stochastic limit 
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consists of two parts. First we have to find the commutation relations for 
the master field; then we study the singular differential equation for the 
evolution operator. In recent years various modifications and deformations of 
the algebra of canonical commutation relations have been discussed, see, for 
example, [ArVo91], [Gree90], [ArVo96] and references therein. In particular, 
in the large N limit for SU(N) invariant gauge theory (as weH as for N x N 
matrix models), the relations 

b(k)b+(k') = 8(k - k') (14.1.2) 

appear naturally [ArVo96]. Here k, k' are momentum variables. The algebra 
generated by the operators b(k),b+(k') satisfying (14.1.2) is called the free 
(or Boltzmann) algebra. 

In ihis section we prove that the stochastic limit of interacting fields, only 
under the constraint of moment um conservation, leads to a new algebra of 
commutation relations. 

We start from a model in Fock space with translation-invariant interaction 
H 1. Representing the Hamiltonian density in the momentum representation 
as 

H1(plkl ... km) = H1-(plkl ... km) + Hi(plk l ... km), 

we introduce entangled rescaled fields associated with the ± parts of the 
interaction Hamiltonian, 

± 1 (itHo ) ± ( itHo ) A.>. (plkl ... km, t) = :x exp A2 H1 (plkl ... km) exp -A2 ' 
(14.1.3) 

where e-itHo is a free evolution. The above decomposition of HI has natural 
meaning in term of field operators. 

We will prove that the stochastic limit 

(14.1.4) 

exists in the distribution sense (see Theorem 14.2.1) and the limiting opera
tors B-, B+ satisfy the relations (14.1.5-6) with energy E(p, k) defined by 
free evolution. We obtain relations of the form 

B(plk l ... km)B+(p'lk~ ... k:n) 

= n(p)8(E(p, kl ... km))8(p - p')8(k l - k~) ... 8(kn - k~), (14.1.5) 

where B±(plkl ... km) is the master field, obtained as the stochastic limit of 
a translation-invariant interaction Hamiltonian, n(p) is the operator density 
of particles, and E(p, k l ... km) is the energy associated with the interaction 
vertex. These relations are called the entangled (or interacting) commutation 
relations. Note that the equality (14.1.5) extends the Boltzmann algebra 
(14.1.2) because the right-hand side is an operator (in the particle space) 
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rather than a scalar: in this sense one speaks of Hilben module [AcLu96] 
(rather than Hilbert space) commutation relations. B(Plk1 ... km) and the 
density n(p) satisfy 

[n(p') , B(plk1 . .. km)] = [8(p' - p) - 8 (p' - p + L ki )] B(Plk1 ... km). 

(14.1.6) 

As one of the physical applications of the above ideas, we will argue 
that photon-splitting cascades in a magnetic field create entangled states 
and that photons in cascades obey not Bose statistics but a new type of 
statistics - infinite or quantum Boltzmann statistics. Therefore, this type of 
statistics has a physical meaning, since it describes photons in cascades and 
more generally the dominant diagrams in the long-timejweak-coupling limit 
in quantum field theory. The states in cascades are formed from tripies of 
entangled photons and may be called triphons. They belong to an interacting 
Fock space [AcLu96], [AcLuVo97]. An interacting Cuntz algebra has also been 
considered in [HaSch98]. 

The standard definition of the stochastic limit is given as the limit of the 
Wightman correlation function. For some models the limit of these correlation 
functions is equal to zero. We show that the stochastic limit for the Green 
functions is nontrivial even in these cases. 

In this section we prove that the stochastic limit of interacting fields, under 
only the constraint of momentum conservation(1) leads to a generalization of 
(14.1.2). We find that the new algebra has as its generators the master field 
B(p, k), depending on two momenta p and k, and the operator density of 
particles n(k), which satisfy the relations (special cases of (14.1.5)) 

B(p, k)B+(P', k') = n(p)8(E(p, k))8(p - p')8(k - k'), 

[n(p'),B(p,k)] = [8(p' - p) - 8(p' - p+ k)]B(P,k), 
[n(p) , n(p')] = O. 

Here E(p, k) is the energy associated with the interaction vertex. 

(14.1.7) 

(14.1.8) 

(14.1.9) 

We call the relations (14.1.7-9) interacting commutation relations be
cause, on one hand, they allow one to calculate correlations of any order 
among the field and, on the other hand, they show that the master fields 
are not kinematically independent. One can obtain a generalization of the 
algebra (14.1.7-9) for a multiparticle master field B(plk1 ... kn ). 

In [AcLuVo97] a generalization of the algebra (14.1.2) of the following 
form was obtained: 

B(k)B+(k') = 8(k - k')8 (w(k) + p. k) , [P,B(k)] = kB(k), (14.1.10) 

(1) To avoid a discussion of the renormalization procedure, we assume that there 
is an ultraviolet cutoff. 
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with P being the operator of momenta of particles. This algebra is not realized 
in the usual Fock space but in the interacting Fock space. One can recover 
the algebra (14.1.10) from the algebra (14.1.7-9) by setting 

P = J pn(p)dp, B(k) = J B(p, k)dp. 

These relations show that, contrary to what happens before the limit, the 
observables of the particle do not commute with the master field. In other 
words: before the stochastic limit the particles and the field are kinematically 
independent but nonlinearly related by the dynamics; after the stochastic 
limit the dynamics is simplified, but the particles and field are no longer 
kinematically independent. This is what we call entanglement. These new 
features imply that the algebra (14.1.7-9) is not realized in the usual Fock 
space but in the interacting Fock space [AcLu96]. This chapter is based on 
the papers [AcArVo97] and [AcArVoOO]. 

14.2 The Tri-linear Hamiltonian 
with Momentum Conservation 

Our starting point will be the Hamiltonian 

where the free Hamiltonian 

Ho = J c(p)c+(p)c(p)d3p + J w(k)a+(k)a(k)d3k, 

{c(p),c+(p')} = c5(p - p'), [a(k),a+(k')] = c5(k - k'), 

and the interaction Hamiltonian 

(14.2.1 ) 

Here g(k,p) is a test function and c:(p) and w(k) are 1-particle dispersion 
laws, for example, c(p) = p2/2, w(k) = Ikl. The rescaled collective fields in 
this case have the form 

A.\(p, k, t) = ~ exp (itJ;0 ) c+(p)a(k)c(p - k) exp ( _ itJ;0 ) 

1 . = -;\ c+(p)a(k)c(p - k) exp (ztE(p,k)/>.2) , (14.2.2) 

At(p, k, t) = ~ exp (itJ;0 ) c+(p - k)a+(k)c(p) exp ( _ itJ;0 ) 

1 . = -;\ c+(p - k)a+(k)c(p) exp (-ztE(p, k)/>.2) , (14.2.3) 
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where 

E(p, k) = E(p) - w(k) - E(p - k) (14.2.4) 

is the corresponding energy. One has the following main theorem. 

Theorem 14.2.1. The stochastic limit 

lim A>.(p, k, t) = B-(p, k, t), lim At(P, k, t) = B+(p, k, t) 
>.~o >.~o 

exists in the sense of the convergence of the matrix elements (Ei = ±) 

lim (Olc(q)A~l (pl, kl , td ... A~n (Pn, kn , tn)c+(q')IO) 
>'-+0 

= (Po, C(q)Bel (pl, k l , tl) ... Ben (Pn, kn , tn)c+ (q')Po) (14.2.5) 

as distributions, and the limiting operators B- = Band B+ satisfy the 
entangled commutation relations 

B(p, k, t)B+(p', k', t') = 2m5(t - t')o(p - p')o(k - k') . o (E(p, k))n(p), 
(14.2.6) 

[n(p') , B'f(p,k, t)] = (±)(o(p' - p) - o(p' - p + k))B'f(p, k, t), 

[n(p) , n(p')] = O. 

(14.2.7) 

(14.2.8) 

Here Po is the vacuum in the new Hilbert space characterized by the relations 

B(p,k,t) rr C+(qi)PO = O. 
i 

We use the same notations for the creation and annihilation operators of c
particles in the original and in the new Hilbert spaces. n(p) is the operator 
density of the c-particles, n(p) = c+ (p )c(p). 

Remark 14.2.1. If we set 

B(p, k, t) = b(t) &; B(p, k), 

where 
b(t)b+(t') = 27ro(t - t'), 

then we obtain the relations (14.2.5), 

B(p,k)B+(p', k') = n(p)o(E(P, k))O(p - p')o(k - k'). 

The theorem will be proved in the next section. Note that for the right
hand side of (14.2.6) to be nonzero we have to chose suitable dispersion 
relations, so that there are nontrivial solutions of E(p, k) = O. 
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14.3 Proof of Theorem 14.2.1 

Let us consider the matrix elements 
v 

(Olc(q) rr A~i(Pi,ki,ti)C+(q')IO). (14.3.1) 
i=l 

To evaluate (14.3.1) we apply Wick's theorem [BoSch87] and consider only the 
corresponding connected diagrams. Each vertex contains three lines which are 
characterized by two momenta (ki,Pi)' We find the momentum corresponding 
to the third line using moment um conservation. If a diagram contains L loops, 
then only L + A + B - 1 momenta are independent (L momenta for the loop 
variables and A + B - 1 momenta for the externallines). For every vertex 
there is the corresponding energy exponent. These energies depend on the 
momenta of the lines that enter into the given vertex, 

Et = Et(ki,pi)' 

via the dispersion laws 

(14.3.2) 

In the proof of the theorem we will use Proposition 1.2.1. 
Let us consider a connected diagram corresponding to the matrix element 

(14.3.1). The proof of the theorem consists ofthree parts. First we prove that 
only diagrams consisting of pairs of conjugated vertices do not vanish in the 
limit A -+ O. Next we prove that such diagrams are in fact the noncrossing 
or half-planar diagrams. Finally we show that the noncrossing diagrams are 
described by the entangled commutation relations. 

Generally, the sets of momenta corresponding to different vertices are 
different. However, it may happen that the same set of momenta corresponds 
to two different vertices. More precisely, momenta which come in the first 
vertex come out from the second one and vice versa. 

Definition 14.3.1. We say that two incident vertices of a given connected 
diagram are conjugated if the momenta coming in the first vertex come out 
from the second vertex, i. e. the vertices have the same momenta but with 
opposite orientation. 

If the i-vertex has a conjugated vertex, then we denote the latter by i. 
A typical example of diagrams containing at least one pair of conjugated 
vertices is a diagram with a mass insertion such that this insertion contains 
a line that does not cross others lines of the diagram. With these premises, 
let us prove the main 

Lemma 14.3.1. If a connected diagram does not consist only of pairs of 
conjugated vertices, then it vanishes in the limit A -+ 0 (in the sense of 
distributions) . 
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Proof 14.3.1. To a given diagram, representing a matrix element of the form 
(14.3.1) integrated over h ... t v with some test functions, corresponds an 
expression that schematically can be written as 

(14.3.3) 

here by t we mean tl ... t v , by P we mean PI ... PA, p~ ... PB and q denotes the 
set of independent momenta associated with the diagram under consideration. 
Ei are given by (14.3.2) and </J{t,p, q) is a test function. 

To evaluate the asymptotic behaviour of this expression when ). -+ 0, 
we will make a change of variables corresponding to the conjugated ver
tices. Note that for the nonvanishing diagrams, the number of vertices v 
should be even, v = 2n. Suppose there are no pairs of conjugated ver
tices, which we denote {iI, iI, ... , ino , ino }. Let us divide the set of all ver
tices {1. .. 2n} into two disjoint subsets {il,i2, ... ,ino,inO+I,'" ,in} and 
{il,i2, ... ,ino,in+no+1, ... i2n} so that in every subset there are no conju
gated vertices. We denote the corresponding set of time variables {til ... tin} 
by t(l) and the set {ti1 "" , tino ' tin+nO+l , ... , ti2n} by t(2). Now we perform 
the following change of variables 

(t(1) , t(2)) -+ (r, t(2)), t(l) = t(2) + ). 2r , (14.3.4) 

or more precisely 

(t(I),t(2)) = (tl ... t2n) -+ (r,t(2)) 

=(rl ... rn; ti,j=l.··no; tin+r , r=no+l. .. n), (14.3.5) 
J 

tij = tij + ).2rj , 1 ~ j ~ no, (14.3.6) 

After this the integral (14.3.3) takes the following form 

. exp (i t (Eij + E in+j )tin+) ).2) 
j=nO+1 

(14.3.7) 

n no n 
. </J (t(2) + ).2r , t(2) ,P, q) . rr drj II dti j rr dtin+j rr dp· rr dq. 

j=1 j=1 j=nO+1 
(14.3.8) 
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By the definition of conjugated vertices, Eij + Eij = 0, and we are left with 

I exp (i'f~ TjEij ) exp [i . t (Eij + Ein+)tin+) .. ?] 
J=l J=no+1 

n no n 

. </J(t(2) + A2T, t(2) ,p, q) . rr dTj rr dti j rr dtin+j rr dp· rr dq. 
j=l j=l j=no+1 

(14.3.9) 

Here t(2) + A2T schematically represents the dependence of half of the t vari
ables on A. When A -+ 0 we can neglect the dependence of </J on A and the 
integration over T gives a product of c5(Eij ): 

Irr c5(Eij )exp [i t (Eih + Ein+h)tin+h/A2] </J(t,t,p,q) 
J=l h=no+1 

n rr dtin+k rr dp rr dq. (14.3.10) 
k=no+1 

Note that the second exponent in (14.3.9) vanishes since the energies in 
the conjugated vertices are equal. 

Suppose that the diagram contains nonconjugated vertices, i.e. that n =I=

no. When A -+ 0 (14.3.10) goes to zero, since according to our assumption 
the set of momenta in the vertices i j and in +j , no < j ::::: n, do not coincidej 
hence the functions Ei. + Ei +. as functions of momenta do not vanish, and 

J n J 

therefore according the Riemann-Lebesgue lemma we obtain zero in the limit 
A -+ o. 

In the case when n = no the exponent in (14.3.10) vanishes and generally 
we obtain the nonzero answer: 

(14.3.11) 

The lemma is thus proved. 

Lemma 14.3.2. If a connected diagram with two externallines consists only 
of pairs of conjugated vertices, then it is half-planar, i. e. it can be drawn in 
the half-plane without self-intersections. 

We will not present here the simple proof of this lemma. 

Lemma 14.3.3. The limiting expression {14.3.11} is equal to the right-hand 
side of the relation {14.2.5}. 

The proof is obtained by using the algebra (14.2.6-8). 

The theorem follows from Lemmata 14.3.1-3. 
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Remark 14.3.1. We have considered only matrix elements with two external 
particles, so they do not vanish only if v is even: v = 2n. In the general case 
of matrix elements with an arbitrary number of external lines, the number 
of vertices v can be odd. For the case of odd v (v = 2n - 1), we once again 
select n vertices and make the following change of variables: 

(h ... t2n-l) ~ (71 ... 7n ; ti. ,j = 1 ... no; tin+T , r = 1 ... n - 1 - no), 
J 

with 7i as before [see (14.3.6)J. 

tij = tij + ). . .27j, 1:::; j :::; no, 

tij = tin+j + ),27j , no + 1 :::; j :::; n - 1, 

tin = ),27n . 

(14.3.12) 

The difference with the case of even v is that we obtain an extra factor ), in 
front of the integral: 

n no 

.</>(t+)'7,t,p,q)IIdpdqIIdtj II dtin+j · (14.3.13) 
j=l j=no 

Here we use the same schematical notations as in (14.3.8). When ), ~ 0 
we neglect the ), dependence of</> and we get a product of J-functions. The 
second exponent disappears. The third exponent disappears in the case when 
no = n - 1, but since we have an extra factor )', (14.3.8) always goes to zero 
as ), ~ O. 

Remark 14.3.2. The theorem admits a generalization to the case of an arbi
trary number of external particles, 

Remark 14.3.3. For the composite operators 

AA(t,P, kl ... km) = ~ c+(p)c(p - kda€! (kl ) ... a€m(k m) 

. exp [itE(p, kl ... km )/ ),2J 

in the stochastic limit, one obtains the entangled commutation relations 
(14.3.3). 
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14.4 Example: Four Internal Lines 

Let us illustrate using the example of four internallines the fact that in the 
stochastic limit with momentum conservation only diagrams with noncrossing 
lines survive. To an arbitrary diagram with four internallines corresponds an 
expression which schematically can be written as 

;4 J exp (;2 ~)±)E(j)tj) </J(p,k(q))dqdp II dtj. 

Here </J accumulates all the form-factors and test functions. The E(j) are 
as in (14.3.11); k(j) is the momentum of the line coming into the i-vertex; 
p(j), p(j) ± k(j) the momenta of the lines coming out from the i-vertex; ± 
corresponds to avertex with two or one incoming particle, respectively. For 
diagrams with two crossing lines the following relations between momenta 
hold: 

(14.4.1) 

This diagram corresponds to two independent momenta; we denote them q. 
The sets of momenta corresponding to different vertices are different. Now 
let us consider the diagram with noncrossing lines. In this case, 

k(l) = k(4), k(2) = k(3), (14.4.2) 

p(l) _ k(l) = p(2), p(2) = p(3), p(l) = p(4). 

We see that there are two vertices such that the momenta coming into the first 
vertex come out from the second one and vice versa. We call these vertices 
conjugated (conjugated vertices are denoted by a hat, Le. i = 4 and 2 = 3). 
Only diagrams consisting of pairs of conjugated vertices survive in the limit 
), -+ O. Indeed, making the change of variables, 

(tl, t2, ti, t:i) -+ (71,72, ti, t:i)' 

we see that the relations (14.4.2) give contributions containing the following 
factors: 

8 (E~~c+a) 8 (E~~c+a) 8(tl - ti)8(t2 - t:i)' 

where the energy factors E(l), E(2) are not independent due to momentum 
conservation. For the relations (14.4.1) a similar change of variables, 

(tl,t2,t3,t4) -+ (71,72,73,74), 

tl - t3 t2 - t3 
7l=~, 72=~' 
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does not remove the dependence of the exponent on >., and we are left with 

which vanishes due to the generalized Riemann-Lebesgue lemma. 

14.5 The Stochastic Limit for Green Functions 

The master field in the standard formulation of the stochastic limit is defined 
by the limit, as >. -7 0, of the Wightman correlation functions 

(14.5.1) 

This limit defines the Hilbert space in which the master field lives. For some 
models the limit of these correlation functions is trivial (equal to zero). How
ever this does not mean that the stochastic limit of such a model is trivial, 
because we can consider another natural formulation of the stochastic limit 
which is defined by the convergence of the chronologically ordered correlation 
functions (Green functions): 

(14.5.2) 

For the evolution operator one has to consider 

(14.5.3) 

Here the T-product is defined as 

if til ~ ... ~ tin. The limit of the Green functions can be nontrivial even 
if the limit of the Wightman functions vanishes. In the simplest case in the 
first formulation we use 

(14.5.4) 

and in the second 

1 ·t />.2 1 
lim -B(t)e' x = it5(t)--.. 
>'--+0 >.2 X + zO 

(14.5.5) 

Here 
B(t) = 1, t ~ 0, B(t) = 0, t < 0. 
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In particular if 

A>.(t,p) = ~eitW(p)/>.2 a(p) , 

where [a(p),a+(p')] = 8(p - p'), p,p' E R3 , then the stochastic limit of the 
Wightman functions is 

(OIA>.(t,p)At(t',p')lo) = ;2 ei(t-t')W(p)/>-.2 8(P - p') 

~ 27r8(t - t')8(w(p))8(p - p') 

and the stochastic limit of the Green functions is 

(OIT(A>.(t,p)At(t',p'))IO) = ;2(}(t - t')ei(t-t')w(p)/>.2 8(p - p') 

~ i8(t - t') ()1 .0 8(p - p'). 
w p +z 

It is important to notice that in the latter formula one obtains a nontrivial 
limit even if 8 (w(p)) = 0, while in the former the limit is trivial. 

14.6 Second Quantized Representation 
of the Nonrelativistic QED Hamiltonian 

In this section we introduce an interaction between two boson fields which, 
when restricted to the 1-particle subspace of one of the two, reproduces the 
standard nonrelativistic QED Hamiltonian. To this goal let us consider the 
Hamiltonian 

H = ! E(p)c+(p)c(p)dp + ! w(k)a+(k)a(k)dk 

+ ![f(k,p)a+(k)c+(P - k)c(p) + j(k, p)a(k)c+ (p)c(p - k)]dkdp, 

(14.6.1) 

where c(p), c+(p) (ak, at) act on the Fock space Fc (Fa) and 

[a(k), a+(k')] = 8(k - k'), [c(p) , c+(p')] = 8(p - p'). 

The Hamiltonian (14.6.1) acts on the Fock space F = Fa 0 Fc. Here f(k,p) 
is a test function (form-factor). Defining the total momentum operator by 

P:= ! pc+(p)c(p)dp + ! ka+(k)a(k)dk, 

we have the conservation of momenta: [H, P] = 0. Let us take the restriction 
of (14.6.1) to the 1-particle subspace generated by the vectors Ip) = c+(P)IO). 
We have 
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Hip) =c(p)lp) + f w(k)a+(k)a(k)dklp) 

+ f dkf(k,p)a+(k)lp - k) + f dk](k, k + p)a(k)lk + p). (14.6.2) 

The number vectors Ip) have to be understood in the sense of distributions 

l<p) = f <p(p)lp)dp, (<plp) = <p(p). (14.6.3) 

This gives 

f <p(p)lp + k)dp = f <p(p' - k) Ip')dp' = f (eikq<p ) (p')dp' , 

because in the momentum representation 

Using the duality (14.6.3) we have 

and we can write 

f dkf(k,p)a+(k)lp - k) = f dkf(k,p)e-ikqa+(k)lp)· 

Therefore we can rewrite (14.6.2) as 

Hip) = (c(P) + f w(k)a+(k)a(k)dk 

+ f dk[f(k,p)e-ikqa+(k) + eikq f(k,p)a(k)J) Ip)· 

If one takes 
f(k,p) = pg(k), 

then H, restricted to the 1-particle subspace of the c field, will take the form 

H11,c = c(p) + f dkw(k)a+(k)a(k) + f dk[pg(k)e-ikqa+(k) + g(k)eikqpa(k)], 

which is the standard form of the Hamiltonian describing a particle inter
acting with a quantum field. 
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14.7 Interacting Commutation Relations 
and Nonrelativistic QED Module Algebra 

In the previous seetion we showed that from the point of view of the stochastic 
limit, the QED Hamiltonian is a particular case of the trilinear interaction 
considered in Sect. 14.3. In this section we show that the limit algebra is also 
a generalization of the QED module algebra discussed in Sect. 12.2. Let us 
consider the entangled commutation relations 

B-(plk1 ... km)B+(p'lk~ ... k;") = 8(p - p')8(k - k')8(E(p, k1 ..• km))n(p), 
(14.7.1) 

[n(p) , B'f(p'lk1 ... km)] = [8(p - p') - 8(p' - P =f Eki)]B'f(p'lk1 ... kn ), 

(14.7.2) 

[n(p), n(p')] = O. (14.7.3) 

These relations describe entanglement of a quantum system already at the 
kinematical ("free") level. Here 

n(p) = c+(p)c(p). 

Let us denote 

P = J pn(p)dp =- J pdE(p) (14.7.4) 

the second quantized momenta operator and 

(14.7.5) 

Now if we multiply (14.7.2) by p and integrate over p and p', we obtain 

(14.7.6) 

Integrating (14.7.1) over p and p' we obtain 

(14.7.7) 

where we use notations of operator calculus, 

j(P) = J j(p)n(p)dp =- J j(p)dE(p). (14.7.8) 

Now if we restrict ourselves to the case m = 1 and the I-particle subspace in 
(14.7.4) then (14.7.6) and (14.7.7) become 

(14.7.9) 

or 
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and 

(14.7.10) 

The relations (14.7.9) and (14.7.10) reduce to those found in the nonrelativis
tic QED module algebra if we take 

p2 (p_ k)2 k2 
E(p,k) = 2 - 2 -Ikl =pk-"2 -Ikl· 

14.8 Decay and the Universality Class 
of the QED Hamiltonian 

In the formulation of Theorem 14.2.1 we assumed the special form (14.2.1) 
of the interaction Hamiltonian. In local quantum field theory the typical 
Hamiltonian is more complicated than (14.2.1). In particular, for the Yukawa 
interaction of fields 'IjJ and <p the. Hamiltonian has the form 

H>..=Ho+>'V, (14.8.1) 

where Ho is the sum of the free Hamiltonians for the fermionic field 'IjJ, and 
for the scalar field <p with relativistic dispersion laws 

wa(k) = Jm~ + k2, wb(k) = Jm~ + k2, (14.8.2) 

V = J d3xg7jj'IjJ<p 

= J d3kd3pg(k,p) [c+(p)c(p - k)a(k) + c+(p)c+(k - p)a(k) 

+ c+(p)a+(k)c+( -p - k) + h.c.]. 

(14.8.3) 

Here g(k,p) is a test function. This expression is not a well-defined operator in 
the Fock space, but it defines a bilinear form. We have the following collective 
operators: 

(14.8.4) 

(14.8.5) 

(14.8.6) 

In the limit>. --+ 0 the operator (14.8.6) vanishes because in the correlation 
functions one obtains 
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due to the positivity of energy. The limit of the operator (14.8.4) is also zero, 
since for the relativistic dispersion laws (14.8.2) one has 

Only the operator (14.8.5) has the chance to be nonzero. In this case we have 
to find nontrivial solutions of 

(14.8.7) 

There are solutions if 

i.e. if there is decay. Therefore we find that the relativistic interaction Hamil
tonian (14.8.3) is within the same stochastic universality class as the inter
action Hamiltonian (14.2.1) 

V = J d3 kd3pg(k,p) (c+(p)c+(k - p)a(k) + h.c.). (14.8.8) 

Remark 14.8.1. The above statement, and more generally the results ofSects. 
14.2-14.5 are not in contradicton with Theorem 11.5.1 (the universality dass 
principle). In fact this theorem holds when one considers: 

(i) all diagrams; 
(ii) arbitrary correlations; 
(iii) interactions without moment um conservation. 

In the present chapter we are considering: 

(i) only connected diagrams; 
(ii) interactions with moment um conservation 
(iii) (sometimes) only time-ordered correlations. 

In these situations also the N-type blocks can give nontrivial contributions 
to the stochastic limit. 

In QED the interaction has the form 

If one neglects the spinor and polarization indices then the free Hamiltonian 
has the form (14.8.2), and the interaction Hamiltonian has the form (14.8.3). 
We see that the stochastic limit of the QED Hamiltonian is reduced to the 
form of the above-discussed Hamiltonian, and as a result we obtain a trivial 
limit, in agreement with the fact that there is no decay in the standard QED. 
However, if we consider QED in an external field we can obtain a nonzero 
result due to the change in the dispersion law. One such example will be 
considered in the next section. 
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14.9 Photon Splitting Cascades and New Statistics 

In the previous section we have seen that the stochastic limit of the Wight
man functions in relativistic QED is trivial and that lt can be nontrivial 
in the presence of external fields. It is known that in an external magnetic 
field a photon splits into two. This splitting is one of the most interesting 
manifest at ions of the nonlinearity of Maxwell's equations with radiative cor
rections. In a constant uniform field, this process occurs with conservation 
of energy and moment um. The process was considered by Adler et al. in the 
early 1970s by using the Heisenberg-Euler effective Lagrangian [ABCR70], 
[Adl71], [BeLi82]. Photon splitting was considered as a possible mechanism 
for the production of linearly polarized gamma-rays in a pulsar field. Recently 
the splitting of photons has found astrophysical applications in the study of 
annihilation line suppression in gamma-ray pulsars and spectral formation of 
gamma-ray bursts from neutron stars [BHG97], [HBG96]. Photon splitting 
cascades have also been used in models of soft gamma-ray repeaters, where 
they soften the photon spectrum [Bar95]. The process of photon splitting is 
potentially important in applications for a possible explanation of the origin 
of high-energy cosmic rays from Active Galactic Nuclei [Pro96]. A recalcula
tion of the amplitude for photon splitting in a strong magnetic field has been 
performed recently in [AdSc96], [HeyHe97]. 

We will start from a discussion of the theory of photon splitting cascades, 
show the emergence of infinite statistics in this theory and then discuss its 
connection with the stochastic limit of quantum field theory. In the decay of 
a photon with momenta k into photons with momenta k1 and k 2 , we have 
conservation of moment um and energy: k = k1 + k2 , w( k) = Wl (k1 ) + W2 (k2 ). 

For photons in vacuum, in the absence of external fields, W = Wl = W2 = k, 
and although these two equations have a solution, the decay is forbidden by 
the invariance under charge conjugation (Furry's theorem). 

In a constant uniform magnetic field Ba there are only two decay processes 
kinematically allowed: 1'11 -t 1'1- + 1'1- and 1'11 -t 1'11 + 1'1-. Here the subscripts 
-.1 and 11 denote polarizations of the photon with respect to the vector Ba. 
More precisely, in the presence of a magnetic field one has a distinctive plane, 
namely the kBa plane. One takes the linear polarizations of the magnetic field 
of the photon parallel and orthogonal to this plane as the two independent 
polarizations of the photon, 11 and -.1, respectively. 

The vacuum in the presence of the field Ba acquires an index of re
fraction n, and the photon dispersion relation is modified from k / W = 1 
to k/w = n. The indices of refraction nll,1- can be calculated from the 
Heisenberg-Euler effective Lagrangian. Adler has shown that for subcriti
cal fields in the limit of weak vacuum dispersion, only the splitting mode 
11 -t -.1 + -.1 operates below the pair production threshold. For weak dispersion 

n1- = 1 + :a ß and nll = 1 + ';5 ß, where ß = ':::;7 B3 sin2 () and () is the 
angle between k and Ba. It is mentioned by Harding et al. that in magnet ar 
models of soft gamma-ray repeaters [HBG96], where supercritical fields are 
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employed, moderate vacuum dispersion arises. In such a regime, it is not clear 
whether Adler's selection rules still endure, since in his analysis higher-order 
contributions to the vacuum polarization are omitted. In [HBG96] photon 
cascades are considered for the case where all three photon splitting modes 
allowed by CP invariance are operating. Baier et al. [BaMiSh96] have found 
that there is only one allowed transition (11 ---+..1 + ..1) for any magnetic field. 
They suggested that a photon cascade could develop only if the magnetic field 
changes its direction. It seems that the quest ion of the validity of Adler's rule 
for a nonweak vacuum dispersion deserves further study. In this section we 
consider photon cascades when both kinematically allowed modes (11 ---+..1 + ..1 
and 11 ---+ 11+ ..1) operate. The interaction operator for the decay 11 ---+..1 + ..1 
is known to be [BeLi82] 

(14.9.1) 

where the coupling constant >'1 = 13e6/3157r2m8 and magnetic and electric 
parts of photon field are 

B = i(47r)1/2k x Elle-i(kr-wt)all(k), 

EI = -i(47r)1/2W1EJßi(klr-wlt)a!(k1); (14.9.2) 

similarly for E 2, W = wll (k) and Wi = W~(ki), i = 1,2. Here B, Bo, Ei are 
three-dimensional fields, and ki are three dimensional vectors. 

For the decay 11 ---+ 11+ ..1 one has a similar interaction operator with the 
operator structure 

(14.9.3) 

where E = wll(p) - wlI(p - k) - w~(k). The coupling constant >. in this case 
can be estimated to be >'/>'1 = a(Bo/Ber )2, where a is the fine structure 
constant, a = e2 /nc and Ber = m2c3 /en ~ 4.4 x 1013 Gauss. 

Let us consider a photon cascade created by a photon with moment um p 
and polarization 11. The photon splits as 1'11 (p) ---+ 'a (k1 ) + 1'11 (p - k1). Then 
one has the next generation of splitting: 1'11 (p - k1) ---+ l' ~ (k2) + 1'11 (p - k1 -
k2 ) etc. After N generations of splitting one has a cascade with N photons 
with ..1 polarization and momenta k1, k2, ... , kN and also one photon with 11 
polarization and moment um k - k1 - ... - kN . 

Our goal is to consider cascades with real photons (i.e. on the mass shell) 
including the intermediate states (compare with what one sees in the Wilson 
camera). The corresponding diagram is not a Feynman one because all the 
lines (including an intermediate one) correspond to real particles on the mass 
shell and not to virtual states. More precisely all the lines in the diagram are 
"dressed" lines on the mass shell, and the initial photon 1'11 (k) is prepared in 
a special way such that it undergoes the decay in a finite time. So we cannot 
use the standard S-matrix approach and the standard Feynman diagram 
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technique to describe this process. The diagram is also not a diagram in the 
noncovariant diagram technique because we have the conservation of energy 
at every vertex. A cascade may be intuitively described by the foHowing state: 

11/J(P, k1 , k2 )) = f(P, k1)f(P - kl, k2 )at(P - k1 - k2 )a!(k2 )a!(k1)IO), 
(14.9.4) 

where momentum conservation is built in creation and annihilation operators 
and energy conservation is accounted for by the factor f (p, k) = f (wil (P) -
w.l(k) - wlI(P - k)), where f(w) is a function with support at W = 0. As we 
shall see below this is not the 8-function but roughly speaking its "square 
root". Indeed, the transition amplitude between two cascade states is given 
by the scalar product 

(1/J(P', k~, k~)I1/J(P, kb k2 )) 

=lf(P, k1Wlf(P - kb k2 )1 28(P - p')8(k1 - kD8(k2 - k~). 
(14.9.5) 

Note that in the scalar product (14.9.5) only the noncrossing diagram 
contributes. In fact the contribution from the crossing diagram is negligi
ble because of conservation of energy and momentum. This is the crucial 
point where the difference between our diagrams describing real particles in 
intermediate states and the Feynman diagrams having virtual particles in 
intermediate states is manifested. In the Feynman diagram technique the 
amplitude of emission of the two photons is represented by a sum of two 
diagrams differing by the order in which the two photons are emitted. Here 
we have only one diagram. 

Now let us observe that if in (14.9.4) we replace the operators a! (k1) and 
a!(k2 ) by the quantum Boltzmann operators b.l(k1) and b.l(k2 ) satisfying 
the relations (14.1.2), Le. b.l(k)b!(P) = 8(k-p), then it will be automatically 
guaranteed that only the noncrossing diagrams survive. Therefore it is natural 
to describe cascade wave functions in terms of these operators. It is weH 
known that standard free photons are bosons. Therefore to see the quantum 
Boltzmann statistics, we have to prepare a special state depending on the 
interaction. In fact it is natural to expect that the cascades with physical 
intermediate states occur at a time scale slower than the one occurring in the 
standard S-matrix approach to multiparticle production. A natural method 
leading to this result is suggested by the stochastic limit technique. 

Now let us consider the quest ion of how one can prepare astate which 
exhibits the new statistics for photons in cascade. If we would deal with the 
scattering of 2-particle states at infinite time (S-matrix), we simply have to 
consider two Feynman diagrams to take into account the Bose statistics of 
photons. However, in the cascade, we deal with evolution in finite time, and 
the states of photons 'Y.l (k1) and 'Y.l (k2 ) are prepared in a special way because 
they are emitted at times tl and t2, respectively. Therefore, there is a reason 
not to add the second diagram. A special procedure which is adequate to 
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this situation is the stochastic limit technique. In OUf case the master field is 
given by the asymptotic behaviour of the following collective operator: 

(14.9.6) 

where E is the same as in (14.9.3) and the limit is meant in the sense of the 
Wightman correlation functions. 

It follows from Theorem 14.2.1 that the master field B±(p, k) satisfies the 
commutation relations 

B(p, k, t)B+ (p', k', t') = 21T<5(t - t')8(E)8(k - k')8(p - p')bt (k )bll (k), 
(14.9.7) 

and bll (p), bt (p') satisfy the relations 

bll(p)bt(P') = 8(p - p'). (14.9.8) 

The presence ofthe 8(E)-factor [E = wil (p) - wlI(p - k) - wJ..(k)] has two 
important physical consequences. First, the commutation relations for the B# 
are not a consequence of the corresponding relations for bt and b!: the three 
photons are entangled into a single new object that we call a triphon. Second, 
the triphon creation and annihilation operators B# operate not on the usual 
Fock space but in the interacting Fock space. By introducing the auxiliary 
creation and annihilation operators b(t),b+(t), bJ..(p),b!(p), satisfying the 
quantum Boltzmann relations 

b(t)b+(t') = 8(t - t'), 

bJ..(p)b!(p') = 8(p - p'), 

and introducing the symbolic relation 

(14.9.9) 

(14.9.10) 

(14.9.11) 

we can disentangle the master field by expressing it as a product of individual 
Boltzmannian fields. Here the notation 81j2 (E) is purely symbolic; it simply 
means that, since the new commutation relation (14.9.7) is quadratic in the 
master creation and annihilation operators, if in the above symbolic relation 
we consider the symbol 81j2 (E) as a scalar function satisfying the formal 
relation [81j2(E)J2 = 8(E), and if we use the right-hand side of (14.9.11) 
to express the left-hand side of (14.9.7), then the standard Boltzmannian 
relations (14.9.10) and (14.9.8) will reduce (14.9.7) to an identity. The in
tuitive understanding of the "disentangling" relation (14.9.11) is that the 
triphon master field B+(p, k, t) can be expressed as the product of three 
"Boltzmannian photons": one can consider that each photon of the tripie has 
its own (Boltzmannian) creation and annihilation operators depending on its 
own moment um; however in the master field these operators can only appear 
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in the combination given by the right-hand side of (14.9.11), and there is 
a constraint among the three momenta expressed by energy conservation. 

Note the Boltzmannian white noise relation (14.9.9), which makes our 
model particularly suitable for Monte Carlo simulations. The origin of these 
new commutation relations lies in the fact that the crossing diagrams in 
the computation of the matrix element (14.9.4) are suppressed in the weak
couplingjlong-time limit. 

A photon splits into two not only in a magnetic field but also in a nonlinear 
medium. In fact such processes are weIl known in nonlinear quantum optics 
(see, for example, [WaMi94]). In the nonlinear process of parametric down 
conversion a high-frequency photon splits into two photons with frequencies 
such that their sum equals that of the high-energy photon. The two photons 
produced in this process possess quantum correlations and have identical 
intensity fluctuations. 

In conclusion, in this section we have argued that photon cascades in 
a strong magnetic field might create a new type of entangled states (triphons ) 
which obey not Bose but quantum Boltzmann statistics. This prediction is 
based on the assumption that both kinematically allowed photon splitting 
modes operate. Given the validity of this assumption, we prove that in the 
stochastic regime the intermediate photons in a cascade are real and virtual 
particles. The dominating contributions to the dynamics come from these 
entangled triples of photons which behave like single new particles, triphons, 
whose statistics can be experimentally observed by counting the emitted 
photons in the corresponding cascades. 

As explained in the introduction, the time scale in which our predictions 
are true is long compared to the strength of the coupling but short if com
pared to the time scale of the S-matrix approach. This remark should be 
kept into account in a possible experimental verification of these predictions. 
A bett er theoretical understanding of the photon splitting with nonweak 
dispersion is required. From the experimental side new more precise devices 
such as the planned Integral mission [BHG97] might significantly advance 
our understanding of the fundamental problem of photon statistics. 
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Part III is devoted to some analytical results useful in the consideration of the 
stochastic limit. As explained in the Preface, we will not include the detailed 
proofs of all the equations deduced in the text. Instead of this we have tried 
to condense into a few mathematical theorems, the basic estimates which 
can be applied to a multiplicity of models. We have organized the material 
as folIows: 

In Chap. 15, we give some basic analytical results. These essentially 
amount to an analytical representation and estimates of the Feynman di
agrams. These estimates allow one to take the term-by-term limit of the 
iterated series expansion of the evolution operator. 

Chapter 16 is devoted to prove the convergence, in the sense of term
by-term convergence of the iterated series expansion, of the time evolution 
operator Ut />..2 and the Heisenberg evolutions to the solution of a Langevin 
equation, Le. Ut />..2(1 ® X)Ut*/>..2 and Ut/>..2(1 ® X)Ut />..2, where X is a good 
(e.g. bounded) linear operator on the system space. We prove the result in 
the Bose and in the Fermi case for a general gauge-invariant Gaussian initial 
state of the reservoir (in particular for the Fock and the finite temperature 
equilibrium states). This is done by: 

(i) simplifying the interaction Hamiltonian; 
(ii) stating and proving several principles by which the weak-coupling limit 

(WCL) works; 
(iii) giving and proving the precise form ofthe limit space on which the above 

limits live; 
(iv) calculating the limit, as A ---+ 0, of the matrix elements of Ut />..2, 

Ut />..2(1 ® X)Ut*/>..2 and Ut*/>..2(1 ® X)Ut />..2 with respect to collective 
vectors; these limits are calculated in the sense of term-by-term conver
gence of their iterated series expansion. 

We work in the open system or system-reservoir scheme described in 
Chap. 5, and we keep the notations of this chapter. In particular we denote 

(i) 1ls the state space of the system S, and 111 the 1-particle state space 
of the reservoir R. Both are Hilbert spaces. 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002



394 15. Analytical Theory of Feynman Diagrams 

(ii) 

F(1l1) ® 1ls 

the state space of the (S, R) system. Often in the previous chapters we 
adopted the notation 1ls ® F(1l1), but for some purposes the present 
notation is more convenient. Any operator L on 1ls [F(1l1)] will be 
identified (if no confusion can arise) to 1 ® L [L ® 1]; 

(iii) 1 ® Hs the Hamiltonian of the system S, and HR ® 1 the Hamiltonian 
of the reservoir; H1 the interaction Hamiltonian; 

(iv) .\ the coupling constant between the system and the reservoir, and 

1 ® Hs + H R ® 1 + >..H1 =: Ho + .\H1 =: Hfull 

the total Hamiltonian (in this book we deal mainly with the weak
coupling regime); 

(v) rp(.): = (iP, ·iP) the initial state of the reservoir. 

Let there be given a pre-Hilbert space 1l. Unless otherwise specified, the 
boson-Fock space r (1l), over 1l, is defined as 

00 

n=l 

For n = 0, 1l0n = C . iP, where iP is the Fock vacuUID and, for 1 ::; n E N, 
as a linear space, 1l0n is the subspace of the tensor product of n copies 
of 1l consisting of all the elements invariant under arbitrary permutations of 
the factors in the tensor product. An element of 1l0n is called an n-particle 
vector; the symmetrized tensor product of h ... in E 1l will be denoted by 
h ® ... ® in, and the scalar product between two n-particle vectors is defined 
by 

n 

(h®···®in,91®···®9n):= L IIUu(k),9k), 
uESn k=l 

where, here and in the following, Sn denotes the set of all permutations on 
{1 ... n}. For any i E 1l, the creator with the "test function" i is defined by 

A+ (J) h ® ... ® in = i ® h ® ... ® in . 

If i E 1l, the identity (with 91 := 1) 
n 

(h®"'®in,A+(J)92®"'®9n)= L IIUu(k),9k) 
uESn k=l 

n n 

= (h ® ... ® in, 91 ® ... ® 9n) = L (Jk, 91) L II UU(k)' 9k) 
k=l uESn k=2 

u(l)=k 

= (t (J, fk) h ® ... ® h ® ... ® in, 92 ® ... ® 9n) 
k=l 
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shows that the adjoint of the creator A+ (J) is weH defined on the n-particle 
vectors and that it has the form 

A(J)c1i:= 0, 
n 

A(J)!1 ~ ... ~fn:= L (J,fk)!1 0 •.• ~h ~ ... ~ fn, 
k=l 

where, as usual, 9 means that g is absent. A (J) is called the annihilator with 
the "test function" f. From the identities 

n+1 
A (f) A+ (gn+1) gl ~ ... ~ gn = L (fn+1,gk) gl (81 ••• ~ 9k ~ ... ~ gn+1, 

k=l 
n 

A+ (gn+1) A (J) gl ~ ... ~ gn = L (fn+1,gk) gl (81 ••• ~ 9k ~ ... ~ gn+1, 
k=l 

subtracting the second from the first, one finds the canonical commutation 
relations (CCR): 

[A(f) ,A+ (g)] = (f,g) . 

Similarly, one can introduce the fermion Fock space and creation-annihila
tion operators. Instead of the CCR one now has the canonical anti-commuta
tion relations (CAR). 

15.1 The Connected Component Theorem 

Unless otherwise specified throughout this chapter we shall use the foHowing 
notations: 

• n, N E N are natural integers such that n 2': 2, N 2': n/2j 
• Sl, Tl'···' Sn, Tn E ~ are real numbers such that Sk ::; Tk, 't:/k = 1··· nj 
• F1··· FN E L1(~) are complex valued functionsj 
• P1 ··· PN are real valued locally bounded functions on ~. 

The main purpose of this section is to estimate integrals of the form 

Definition 15.1.1. Let there be a product of the form 

N 

II Fh (tph - tQh) , (15.1.1) 
h=l 
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where 1 ~ Ph -1= qh ~ n. For 1 ~ 0:, ß ~ n we say that t a and tß are 
connected with respect to (15.1.1) if there exist an integer m and indices 
1 ~ h1 < h2 < ... < hm ~ N such that in (15.1.1) there is a subproduct 

with 

m rr Fhj (tPhj - t%j) , 
j=1 

0: E {Phl'%l}' ß E {Phm,qhm} , (15.1.2a) 

{Phj , qhj } n {Phi+l' %i+l } -1= 0 V j = 1,2,· .. , m - 1.(15.1.2b) 

We shall use the notation ta ~ tß to denote that t a , tß are connected. By 
definition any th is connected to itselJ, i.e. th ~ th (h E {I, 2, ... , N}). 
Clearly to be connected is an equivalence relation. fts equivalence classes 
are called connected components. They uniquely determine a partition of the 
set{1,2,···,n}. 

Definition 15.1.2. 

(i) We say that the variables {it, t2, ... , tn} are totally connected if for 
any h,r E {1,2,···,n}, th ~ t r ; this is equivalent to saying that all 
variables tl ... tn belong to the same connected component. 

(ii) We say t a , tß are directly connected if there is an h = 1,2, ... , N such 
that 

Sometimes, we will omit the time index t, and we will say that {I, 2, ... , n} 
are totally connected if {t1, t2,· .. , tn} are totally connected. 

Remark 15.1.1. The intuitive notion of a connected component can be de
scribed by the following example: Consider the following vacuum expectation 
value of four annihilators and four creators: 

By Gaussianity this is a sum of products of factors, 

rr (A(Stjfj)A+(Stkfk)). 
jE{1,2},kE{3,4} 

In these pairings we distinguish two situations: 

(i) each block Aei (Stj IJ)2 is entirely paired with another block; 
(ii) at least one block is paired with more than one other blocks. 

(15.1.3) 

(15.1.4) 
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In case (i), ifthe block A(St1 h)2 is paired with A+(Stk fk)2, then (15.1.3) 
must be the sum for {k,l} = {3,4} of 

(15.1.5) 

In this example the pairs {tl, tk} and {t2, tl} are connected with respect to 
(15.1.5), but the pairs {h, tl}, {t2' tk} are not connected. 

In case (ii), the only possibility is that (15.1.4) contains a subproduct of 
the form 

(A(St 1 h)A+(St3h)) 

(A(Stl h)A + (St4f4)) 

(A(St2 fz)A+(St3h)) 

(A(St2 fz)A+(St4f4)) . (15.1.6) 

Note that (15.1.4) contains both factors of the block A(Stl h)2 but only one 
factor of the blocks A + ( St3 h) 2, A + ( St4 f 4). So in this case we have only one 
connected component and every tn: is connected with every other tß (0 =I- ß). 

In the following, for any function P, we denote by p(>..) the function 

Lemma 15.1.1. Let 

• S 5, T; 
• GELl (IR.) positive; 
• locally bounded functions PI . .. PN . 

Then the integml 

(15.1. 7) 

is of the order 0 (>.2n-2) for any n ~ 2, N ~ n/2 if the following three 
conditions are satisfied: 

(i) Il~=1 G (tPh ~t% ) has totally connected variables; 

(ii) for any 1 5, h =I- k 5, n, {Ph, qh} =I- {Pk, qd; 
(iii) for any r, h, k E {I, 2, ... , N} such that h =I- k, for any j = 1,2,· .. ,N 

and for any distinct pairs {tPh ' t%} =I- {tPk ' tqk }, by deleting the con
necting variable from one pair one cannot obtain another pair, i. e. 
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Remark 15.1.2. In order to understand the meaning of condition (iii), let 
us consider an example in which this condition is not verified (see also the 
comments before Lemma 15.1.2). Take N = n = 3, PI = 1, ql = 2, P2 = 
I,Q2 = 3, P3 = 2, q3 = 3. Then 

If condition (iii) is verified, for any subproduct of 

but not itself, there is at least one variable tj disappearing in the subproduct. 

Proof 15.1.1. If n = 2, by the change of variables 

t2 - SI +P()") 
S2:= )..2 ' 

(15.1. 7) becomes 

1sT dtl 1sT dt2G (t2 - \~ P()")) 

l T I[T-SI +P('\)l/,\2 

=)..2 dSl G(s2)dS2 ~ )..21IX(8,T)lhIIG lll, 
S [8-SI +p(,\)J/,\2 

which is a quantity of order O()..2) = 0 ()..2n-2). Suppose that the conclusion 
of Lemma 15.1.1 is true for k ~ n and denote by {0:2'" O:m} the subset 
of {2· .. n + I} such that the variable tl is directly connected to the vari
able t a ·. By renaming the variables, we can assume that t a · = t J· for any 

J J 

j = 2,3, ... , m. Thus, (15.1.7) becomes 

1sT diI ... isT dtm g G ( tk - t\~ A()..) ) (15.1.8) 

. 1sT dtm+l" . 1sT dtn+l rr G (tPh - tq~: Qh()..)) , 
l~h~N 

%::::2,m+l~Ph~n+l 

where Pk, Qh E {PI'" PN}. By the change of variables 

k = 2,3,'" ,m, 

the first factor of (15.1.8) becomes 
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(15.1.9a) 

m 

and the second factor of (15.1.8) becomes 

rr 

rr (15.1.9b) 

l~h~N 

%=jE{2···m},Ph~n+l 

Since 

for all S S tl STand.x, it follows that, in the second product of (15.1.9b), 
the function Q h (.x) - Pj (.x) - S j.x 2 is locally bounded. Moreover 

1
[T-t 1 -hCA)]/A2 1[T-tl-Fk(A)]/A2 m 

ds2 ·.. dSm rr G (Sk) 
[S-tl-Fk(A)]/A2 [s-tl-h(A)]/A2 k=2 

is bounded, uniformly in tl and .x, by IIGII;n-l. So (15.1.8) is less than or 
equal to 

IIGII;n-l .x2m- 2 . isT dtl [the quantity (15.1.9b)] . 

Since the quantity IJ dtl [the quantity (15.1.9b)] involves in fact n+ 1-
(m - 1) integrals and m 2: 2 implies that n + 1 - (m - 1) S n, it follows from 
the induction assumption that 

isT dt1 [the quantity (15.1.9b)] = 0 (.x2(n+2-m)-2) . 

So (15.1.8) is of the order O(.x2m- 2 ) . o(.x2(n+2-m)+2) 

= 0 (.x2(n+l)-2). This completes the proof. 
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Now let us investigate the role played by conditions (ii) and (iii) in 
Lemma 15.1.1. If condition (ii) is not satisfied, we could meet a term such as 

isT dti isT dt2G C2 ; ti ) G C2 ; t i ) , 

corresponding to the case N = 2 and {Pb qd = {P2, q2} = {I, 2}. If condition 
(iii) is not satisfied, we could meet a term such as 

isT dti isT dt2 isT dt2G C2 ; h ) G C3 ; ti ) G C3 ; t 2) , 

(note that {3, 1,3, 2} \ {3} = {I, 2}) and we need a stronger integrability 
condition on G to deal with these quantities, for example, that G belongs to 
V' (~) for every P or that G belongs to Li (~) nLoo (~). This suggests that if 
the function G is also bounded we can generalize Lemma 15.1.1 by dropping 
conditions (ii) and (iii). This is done in the following. 

Lemma 15.1.2. Let there be given for any n ~ 2, N ~ n/2, 

• S 5: T; 
• GELl n Loo (~) positive; 
• locally bounded junctions Pi . .. PN . 

Then (15.1.7) is of order 0 (,\2n-2) if the product n:=i G ( tPh>.;t% ) has 

totally connected variables. 

Proof 15.1.2. Ifthe condition (ii) in Lemma 15.1.1 is not satisfied, i.e. ifthere 
are integers m and ki ... km such that, for some h with 1 5: h -=1= k j 5: n, 
{Ph, qh} = {Pkj' qkj}' then a product of G-factors will appear with the same 
variable t ph - tQh; we reduce such a product to a single factor by majorizing 
the other ones in 1I·lIoo-norm. Thus (15.1.7) is dominated by 

rr 
l~h~N 

h\l{kl···km } 

and now the product n G (tPh-t%+Ph (>.)) has totally connected 
l~h~N >.2 

h\l{kl···km } 

variables. By repeating this procedure, we reduce the situation to the case 
when condition (ii) in Lemma 15.1.1 is verified. 

If condition (iii) in Lemma 15.1.1 is not satisfied, i.e. if for some 1 5: 
r,j,h,k 5: N with h,k distinct, {Ph,qh,Pk,qd \ {Pr} = {Pj,%}, then 
{Ph, qh} n {Pk, qk} must be equal to {Pr}. Without a loss of generality, let us 
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assume that Qh = Pk = Pr· Thus {ph, qk} = {Pi' qi }. By majorizing in norm 

(
tp.-tq.+Pj(A») 

the function G J i2 , (15.1.7) is dominated by 

IIGll oo fsT dtl ... fsT dtn rr G CPh - tq~2+ Ph()..)) 

l~h~N 

h"lj 

By iterating this procedure we reduce ourselves to the case in whieh also 
condition (iii) holds. The thesis now follows from Lemma 15.1.1. 

Lemma 15.1.3. Let there be given, for any n ?: 2 and N ?: n/2, 

• Sb Tl'···' Sn, Tn E lR such that Sk ~ Tk, "ik = 1··· n; 
• functions Fl ... FN E LI (lR) n Loo (lR); 
• locally bounded functions PI ... PN. 

Then, if the product I1~=1 Fh (tph - tQh) has totally connected variables, 
the integral 

{Tl dtl ... {Tn dtn fr IFh (tPh - tq~2+ Ph()..)) I 
iSI iSn h=l 

(15.1.10) 

is of order 0 ()..2n-2). 

Proof 15.1.3. The difference between the assumptions of Lemma 15.1.3 and 
Lemmata 15.1.1-2 is that in this case we are dealing with different Sk, Tk and 
Fk and we are not assuming that Fk are symmetrie functions. By defining 

and applying Lemmata 15.1.1-2 the thesis folIows. 

Theorem 15.1.1. (The first connected component theorem). Let 

• SI, Tl··· Sn, Tn E lR such that Sh ~ Th, "ih = 1··· n; 
• functions F l ... FN E LI (lR) n Loo (lR); 
• locally bounded functions PI ... PN. 

For any n ?: 2 and N ?: n/2, ij, with respect to the product I1~=1 Fh(tph 

-tQh), the variables tl ... tn can be divided into k connected components, then 
the integral 

{Tl dtl ... {Tn dtn fr IFh (tPh - tq~t Ph()..)) I 
iS I iSn h=l 

(15.1.11) 

is of order O()..2n-2k). 
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ProoJ 15.1.4. By assumption the variables tl '" t n can be divided into k 
connected components. Let mj (j = 1,2,"', k) be the number of variables 
in the jth component. Since one variable t a can be contained only in one 
connected components, (15.1.11) factorizes in a product of multiple integrals: 
one for each connected component. Thus the proof can be completed just by 
applying Lemma 15.1.3 to each of the integrals in the product. 

Corollary 15.1.1. (The second connected component theorem). Let there 
be given Jor any n ~ 2 and N ~ n/2, 

• SI,TI ··· Sn,Tn E ~ such that Sh :::; Th, Yh = 1··· n; 
• functions FI ··· FN E LI (~) n Loo (~); 
• locally bounded functions PI ... PN. 

IJ, with respect to the product I1~=1 Fh (tph - t qh ), the variables h ... tn 
can be divided into k connected components, then the integral 

l
TII>.2 lTn/>.2 N 

dtI'" dtn rr IFh (tPh - t qh + Ph(A)/A2) I 
SI / >.2 Sn/ >.2 h=I 

(15.1.12) 

is oJ order 0(A-2k ). 

ProoJ 15.1.5. By the change of variables 

(15.1.13) 

(15.1.12) becomes 

A-2n {Tl dh'" {Tn dtn fr IFh (tPh - tq~t Ph(A)) I ' 
1Sl 1sn h=I 

(15.1.14) 

which is of the order A-2n .0(A2n- 2k ) = 0(A-2k ) by the first connected 
component theorem. 

15.2 The Factorization Theorem 

In this section 1l will be a given Hilbert space and St aI-parameter unitary 
group acting on it. r(H) will denote the Fock space over H, P the vacuum 
state, and A(f) and A+(f) respectively the annihilator and creator with test 
function f. We shall not distinguish between Bose and Fermi Fock space 
because in the present section the commutation relations will not playa role 
and both cases will be dealt with by the same method. Recall our convention 
that, for an element 0 of a *-algebra, we use the notation 

oe '= {O, if E: = 0, 
. 0*, if E: = 1 . 
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The main objects to be investigated in this section are integrals of the 
form 

or equivalently 

where 

• Sl, Tl'" Sn, Tn ER, Sj ::; Tj, for all j = 1,2,"', n; 
• each Bj(t) is either of A-type, i.e. 

A ( Sd~j)) ... A ( Sd~]) , 

or of N-type, i.e. 

A+ (Sd~j)) ... A+ (Sdk~)) A (Stgij)) ... A (Stg~)) 

• m is the number of Bj of N-type. 

The main result of this section is the so-called jactorization theorem. 
Essentially, this theorem says that, up to an 0(1), the quantity (15.2.1) has 
the form 

L {Tl dt1 ... {Tn dtn II (4), (a product of annihilators) 
1s1 1sn 

. (a product of some N-blocks) . (a product of creators)4» . 

Let us fix an € E {O,l}n; obviously, the scalar product in (15.2.1) is 
equal to zero or to a sum of products of 2-point functions. Define, for any 
j = 1,2"" ,n, 

rj := (the number of creators in B;(j)) 

- (the number of annihilators in B;(j)) 
Then the scalar product in (15.2.1) can be nonzero only if 

Moreover the scalar product in (15.2.1) can be nonzero only if 

B~(l) is A-type and B~(n) is A+ -type. 

(H15.2.1) 

(H15.2.2) 
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Denote by N+ (N_) the number of creators (annihilators) in the product 

B~(l) (~) ... B~(n) (fz), then condition (H15.2.1) is equivalent to 

N+ = N_. 

In the following we shall study (15.2.1) under the hypotheses (H15.2.1) and 
(H15.2.2), and we shall denote 

N:=N+=N_. 

Under (H15.2.1) the scalar product in (15.2.1) is equal to a sum of the form 

where 

l$Ph <qh$n 
{Ph,Qh});=l ={1,2,.··,n} 

N 

II Ch (StPh/)..2fh, St%/)..29h) , 
h=l 

(15.2.2) 

• any fh is one of the test functions of some annihilator in the block with 
the time index t Ph ; 

• any 9h is one of the test functions of some creator in the block with the 
time index tQh; 

• Ch is equal to 1 in the boson case and to either + 1 or -1 in the fermion 
case. 

Remark 15.2.1. It is clear that each scalar product involves an annihilator 
and a creator, Le. 

(StPh/)..2fh, StQh/)..29h) = (<1>, A (StPh /)..2 fh ) A+ (St%/)..2 9h ) <1» • 

In the following, we shall say that the annihilator A (StPh /)..2!h) is paired 

with the creator A+ (StQh /)..2 9h ) to produce a scalar product. 

As suggested by the above discussion, we are going to consider the integral 

(15.2.3) 

for an arbitrary choice of 1 < Ph < Qh < n such that {Ph, qh}f:=l = 
{I, 2, ... , n}. Define 

By the first connected component theorem, we know the following: 
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Theorem 15.2.1. The quantity {15.2.3} is oJ order O(.A2n- 2k ), where k is 
the number oJ connected components oJ the variables tl ... tn with respect to 
I1~=1 Fh(tph - t%). 

Now let us estimate the minimum number oJ connected components and 
analyze the case in which this minimum is achieved. 

Lemma 15.2.1. The number k oJ connected components is less than or equal 
to n/2. 

ProoJ 15.2.1. As said before, for a fixed product fI~=l Fh (tph - t%), "~" is 
an equivalence relation. Therefore the variables tl ... tn can be divided into 
disjoint classes with respect to this relation. Since each component involves 
at least 2 variables, if the variables tl ... tn can be divided into k classes, 
then k should be less than or equal to n/2. 

Lemma 15.2.2. IJ n is odd then one has, with k as in Lemma 15.2.1, 

2n - 2k ~ n + 1. 

ProoJ 15.2.2. If n is odd then k :::; ~ is equivalent to k :::; n 21. So 

2n - 2k ~ 2n - (n - 1) = n + 1 . 

Lemma 15.2.3. IJ, Jor some j E {2, 3,· .. ,n - I}, the block B;(j) is oJ 
N -type, then the connected component which includes the time variable tj 
involves at least three time variables. 

ProoJ 15.2.3. By the CCR (or CAR), any creator in B;(j) must be paired 
with an annihilator with time variable t x to produce a scalar product and 
any annihilator A in B;(j) must be paired with a creator with time variable 
t y to produce a scalar product. Since clearly x < j < y, it follows that the 
time variables t x , tj, t y are included in the same connected component. 

Theorem 15.2.2. IJ among the blocks B~(l)(h)··· B;,,(n) (tn), there are m 
blocks oJ N-type, then with k as in Lemma 15.2.1, one has 

or equivalently 

In particular, iJ n is odd, 

n-m 
k<-- 2 

2n - 2k ~ n+m. 

2n - 2k ~ n + m + l. 

Remark 15.2.2. Note that (H15.2.2) implies that m :::; n - 2. 

(15.2.4) 

(15.2.5) 

(15.2.6) 
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Prao! 15.2.4. By the same argument as in Lemma 15.2.2 we need only to 
prove (15.2.4) [or equivalently (15.2.5)]. If m = 0 (15.2.4) has been proved in 
Lemma 15.2.1. So we can assurne that m ;::: 1. Now we complete the proof 
by induction on n. First of all, note that the condition m ;::: 1 together with 
(H15.2.2) implies that n must be greater than or equal 3. If n = 3 then m 
must be equal to 1, since 1 ~ m ~ n - 2 = 1. In this case Lemma 15.2.2 gives 
(15.2.5). Suppose that (15.2.4) is true for all n = 3,4, ... ,r and consider the 
case n = r + 1. 

Denote t 01 ... tOm the time variables of the N-blocks, and let us consider 
the connected component which includes the time variable to1 ' If this com
ponent includes all the time variables, then h ... t n are totally connected 
with respect to the product TI~=l Fh(tPh - t qh ); therefore k = 1 and, since 
m ~ n-2, 

n - m > n - (n - 2) = 1 = k. 
2 - 2 

If the component does not include all the time variables, we relabel 81' .. 8j 

(certainly j ;::: 3 by Lemma 15.2.3) the time variables which are connected 
with top and Tl' .. Tr +1-j the other time variables. Suppose that there are 
x N-blocks with the time variable belonging to {81 ... 8 j} (thus there shall 
be m - x N-blocks with time variable belonging to {Tl" . Tr +1-j})' By the 
induction assumption the number of connected components in {Tl' .. Tr+1-j} 

must be less than or equal to 

r+1-j-(m-x) r+1+x-j-m 
2 2 

So the full number of connected components k must be less than or equal to 

r+1+x-j-m r+1+2+x-j-m 
1+ 2 = 2 

As shown in Lemma 15.2.1, j must be greater than or equal to x + 2, and 
therefore 

k < r + 1 + 2 + x - j - m = r + 1 - (j - x - 2) - m < r + 1 - m . 
- 2 2 - 2 

Thus we have completed the proof. 

Now let us return to (15.2.1). Using the argument to reach (15.2.2), we reduce 
the study of the limit, as A ---+ 0, of (15.2.1) to the consideration of the limit 
of integrals of the form 

l T1 lTn N (t t) A -n-m dt1 . . . dtn rr Fh Ph ~ qh 

SI Sn h=l A 
(15.2.7) 

for an arbitrary choice of 1 ~ Ph < qh ~ n such that {ph, qh}{;=l = 
{1, 2, ... , n}. On the other hand, as a corollary ofthe first connected compo
nent theorem, we have the following: 
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Lemma 15.2.4. The quantity {15.2.7} is of order o(..\n-m-2k) where k is 
as in Lemma 15.2.1. 

Proof 15.2.5. By applying the first connected component theorem, we have 

and so (15.2.7) has order ..\-n-m . O(..\2n-2k) = o(.xn- m- 2k ). 

Fix any choice of {Ph, qh}f=l such that 1 ::::; Ph < qh ::::; n and {Pb qb' .. 
,PN, qN} = {1, 2"", n}; suppose that the time variables t31 ... ti! form 
a connected component and without loss of generality; suppose also that 
t31 < ... < ti!' Then Bj;31) (Bj?d) is a product of annihilators (creators). 
With these choices, we have the following: 

Lemma 15.2.5. If either of the following two conditions is satisfied then 
k< n;m: 

• there is an r = 2,3, ... ,l - 1 such that Bjr is not N -type; 
• n-misodd 

Moreover, the limit, as ..\ -+ 0, of {15.2. 7} is equal to zero. 

Proof 15.2.6. Since among the B j , there are m blocks of N-type so among 
the B j , there are n - m blocks of A+-type or A-type. As a consequence, 
there are at most (n - m)/2 connected components. Moreover, one can have 
exactly (n-m)/2 connected components only if (n-m)/2 is even and in each 
connected component there are exactly two time variables corresponding to 
A+ -block or A-block. Thus we have proved the first statement. 

Moreover, if k < (n - m)/2 , we have clearly k ~ (n - m)/2 -1 and from 
Lemma 15.2.4 it follows that 

the quantity (15.2.7) = o(..\n-m-2k) , 

which is a fortiori of order 0 (..\2) since 

n-m- 2k ~ n-m- (n-m-2) = 2. 

Now we are ready to state and prove the main result of this section: 

Theorem 15.2.3. In {15.2.1}, for each fixed e, denote 

r... := {j = 1,2, ... ,n: Bj is a product of annihilators } , 

7+ := {j = 1,2, ... ,n: Bj is a product of creators} , 

Ta := {1, 2"", n} \ (7_ U 7+) , 
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and let 

m := the cardinality of 70, n-m 
K'---.- 2 . 

Then, as>. ---7 0, (15.2.1), up to an 0(1) term, is equal to 

lSYl"'YKSn 
Yh E/+ ,Yh>Xh +rh,h=l···K 

(n-m)j2 

II (4i,A(tXh)(a product of rh blocks of N-type)A+(tyh)if!) , 
h=l 

(15.2.8) 

where 

• by N(s) [A(s) and A+(s)], we mean the N-block [annihilation block and 
creation block} with the time variable s, and we do not specify the precise 
form and the corresponding test junctions if it is not necessary; 

• C is equal to 1 in the boson case and to a certain power of -1, depending 
on the order of the blocks, in the fermion case; 

• Xl < X2 < .. , < XK are determined by the following rule: Xl = 1 and, 
having defined Xh, xh+1 is the index of the first annihilator block, counting 
!rom left to right, not yet used to produce the scalar product. 

Proof 15.2.7. Since the factor C is obtained, as in the statement, from the 
CCR (or CAR), in the following without loss of generality we shall forget this 
factor. 

By definition, m is the number of N-blocks and we have shown that the 
first block must be of A-type and the last of A+ -type. Moreover, it follows 
from Lemma 15.2.5 that, up to an 0(1) term, n - m must be even. 

Consider now the connected component which includes the time variable 
h = t xI ' If we denote by tl, taI,I' ... , tarI,I' t Y1 the time variables which are 
connected with tl and 1 < all< ... < a rl 1 < Yl, then obviously ße(Yl) 

" Yl 

must be an A+ -type block. Moreover, Lemma 15.2.5 guarantees that, up to 
an 0(1), any ße(aX,l) (x = 1· .. rd must be an N-block. 

Ct x ,! 

Many choices of Yl E T+ are possible, but in any case Yl must be larger 
than Xl + rl. Therefore, up to an 0(1) term, (15.2.8) is equal to 
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X2l\!(n-m) L 
O::;q::;m 

Yl 

(15.2.9) 

Define X2 as in the statement of Theorem 15.2.3, then the first scalar 
product of (15.2.9) is not equal to zero only if X2 E 1-, that is the operator 
B;~X2) is an A-block. 

Denote by t x2 , to1,2' ... , toT2 ,2' tY2 the time variables connected to tX2 with 
the order X2 < al,2 < ... < a r2 ,2 < Y2, then Lemma 15.2.5 shows that, up 

to an 0(1) term, B~~Y2) is an A+-block and any B!~O;,2) is an N-block. 
Moreover, 0 ::; T2 ::; m - Tl, because Tl blocks of N-type have been used in 
the preceding connected component. So, up to an 0(1) term, (15.2.9) is 

X2l\!(n-m) L 
O::;q::;m 

. \ p,A(tx1)N(to1,1)" .N(toq,l)A+(tYl)P) 

. (p,A(t x2 )N(to1 ,2) ... N(tor2,2)A+(tY2)P) . (15.2.10) 

By iterating this procedure and noticing that if the jth connected component 
involves Tj operators of N-type then Tl + ... + TK must be equal to m, we 
finish the proof. 

RemaTk 15.2.3. Analytically, the construction of Xh can been given as follows: 

Xl = 1 

X2 := min { h: h = 1,2,···, n, hf/- {Xl, al,l,"', arlob YI} } , 

X3 := min { h: h = 1,2, ... , n, 

h f/- ({Xl, al,l,"', ar1,1, YI} U {X2, al,2,"', a r2 ,2, Y2}) } , 
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{ 
K-1 } 

xK:=min h: h=1,2,···,n, h1'- U{Xh,lX1,h,···,lXrh,h,Yh} . 

h=l 

In order to have a better intuition of the above result, we give the follow
ing: 

Corollary 15.2.1. Ifm = 0, as A -+ 0, (15.2.1) is equal, up to an 0(1) term, 
to 

1~Yl"'Yn/2~n 

Yh ET+,Yh>Xh,h=1···n/2 

T n / >.2 n/2 

... [ dtn II (<1>,A(txh )A+(tYh)<1» . 
} Sn/>.2 h=l 

(15.2.11) 

Remark 15.2.4. Note that, in the case of m = 0, if an annihilator with the 
time variable tj is paired with a creator with the time variable th to produce 
a scalar product, it must be true that, up to an 0(1) term: 

(i) The number of annihilators with time variable t j must be equal to the 
number of creators with the time variable th. 

(ii) Any annihilator with the time variable tj must be paired with a creator 
with the time variable th, and any creator with the time variable th must 
be paired with an annihilator with the time variable tj. 

Also the principles of linearization and bosonization are consequences of 
the above results (see Sect. 16.2). 

Remark 15.2.5. At the beginning of this section we supposed that all the 
Sh, Th (h = 1··· n) are constants. However this assumption is not essen
tial, since all the results stated concern orders of magnitudes and since 
in the proofs we have majorized these quantities respectively by T := 
max{Tl ... Tn } and S := min{ SI' .. Sn}. In fact the only assumptions needed 
for the validity of the above results are 

• SI, Tl are constants; 
• For h = 2,3, ... , n, Sh, Th are bounded functions of the variables Sj, Tj , t j , 

A with j E {1, 2,' .. , h - 1}. 

This fact is very useful for the stochastic limit. 
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Finally it is worth mentioning that all the results and conclusions in this 
section are still true if we replace (15.2.1) by 

>. -n-m l T1 dt .. . 1Tn dt \P BE(I) (~) ... BE(I) (tk- I ) In, I >.2 k-I >.2 
81 8 n 

. [BE(k) (~) BE(k+I) (tk+I) ... BE(k+m) (tk+m )] 
k >.2' k+1 >.2 k+m >.2 

.BE(k+m+l) (tk+m+l) ... BE(n) (tn ) p) (15 2 12) k+m+1 >.2 n >.2 .. 

since (15.2.12) is the difference between two terms both having a form like 
(15.2.1). 

15.3 The Case of Many Independent Fields 

In the present section we show that all the results of the preceding section, 
where we have dealt with a single field, remain valid without any change 
in their proofs for interactions which are polynomials in several independent 
fields. In fact, in all the proofs in the previous section, the only property of the 
expectation functional we have used is its Gaussianity, i.e. the fact that the 
scalar product in (15.2.1) is a sum of products of 2-point functions. Therefore 
all the results in this section are still valid if we replace each creation or 
annihilation operator (and the corresponding cyclic vector) by a product of 
independent copies. More precisely we will show that, if we replace 

• the vacuum (cyclic vector) P by a tensor product of a certain number, say 
M, of vacua (cyclic vectors), PI ® P2 ® ... ® PM, 

• any A-type (A+-type) block by a tensor product of M A-type (A+-type) 
blocks (different blocks may have a different number of factors), 

• any N-type block by a M-tuple tensor product in which each factor is 
either aN-type block or the identity, 

then all the results of the previous section continue to hold. The extension 
of the estimates is straightforward. The only point that requires some care is 
the precise calculation of the weight that arises in the calculation of vacuum 
expectation values of blocks of Fermi operators. The remaining of this section 
will be devoted to this topic. 

15.4 The Fermi Block Theorem 

Let there be given N E N, E; E {O,lPN and 2N blocks of Fermi creation
annihilation operators on a Fermi Fock space, say rFermi(1l). We shall con
sider the vacuum expectation 
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(15.4.1) 

where, for any h = 1,2,···, 2N, if e(h) = 0, Ac(h)(h, nh) := A(nh) is a prod
uct of nh Fermi annihilators and if e(h) = 1, Ac(h)(h, nh) := A+(nh) is 
a product of nh Fermi creators. 

The vacuum expectation (15.4.1) can be different from zero only if 
e(l) = 0 and e(2N) = 1. In the following, we assume this without any special 
comment. Moreover, we shall consider only the case in which 

(i) among the product of blocks in (15.4.1), there are exactly NA-blocks 
and N A+-blocks Le. 

2N 

Le(h) = N 
h=l 

(ii) for any j = 1,2,···, 2N, the cardinality of the set {k : 1 :::; k :::; j, 
e(k) = O} is greater than or equal to the cardinality of the set {k : 1 
:::; k:::; j,e(k) = I}. 

Remark 15.4.1. Condition (ii) above means that for any j = 1,2,···, 2N, 
among the operators Ac(l)(l, nl) ... Ac(j) (j, nj), there are more A-blocks 
than A+ -blocks. 

As usual we use Ph to label the annihilator indices, 

{Ph}1';=l := {j: 1:::; j :::; 2N, e(j) = O} , 

and we fix their order to be increasing: Pl < P2 < ... < P N (note that Pl must 
be equal to 1). Thus, by applying the CAR, we are able to rewrite (15.4.1) 
in the form 

l<ql ,q2 , .. ·,QN "S,2N 

Ph <qh, h=1,2, ... ,N,{Qh};;=1 ={1, ... ,2N}\{Ph};;=1 

N . rr (p, A(Ph, nph)A+(qh, nQh)<1I) 
h=l 

+ OTHER TERMS. (15.4.2) 

Dur goal in this section is not to estimate the correction term in {15.4.1} but 
only to evaluate the factor c( {Ph, qh}1';=l)' 

Since (<11, .<11) is the vacuum state, (15.4.2) is equal to 

l<Ql ,Q2,''',QN "S,2N 

Ph <Qh, h=1,2, ... ,N,{Qh};{=1 ={1 ... 2N}\{Ph};{=1 
N . rr (p, A(Ph, nph)A+(Qh, nph )<1I) 

h=l 

+ OTHER TERMS. (15.4.3) 
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We know from the CAR the following: 

(i) The factor c ({Ph, qh}:;'=1) comes from the action of bringing the last 
annihilation block A(p N, np N) to the nearest left of the creation block 
A + (qN, n qN ); the annihilation block A(p N -1, np N -1) to the nearest left 
of the creation block A+(qN-1,nqN _1); ... ; and the annihilation block 
A(P1, np1 ) to the nearest left of the creation block A + (q1, np1 ). 

(ii) The factor C({Ph,qh}:;'=1) has the form (-lt({Ph,Qh}J:'=l) where 
V({Ph, qd:;'=1) E N is a natural number which counts how many com
mutations must be done if we want to carry out the action described 
in (i) with the agreement that we shall not commute operators inside 
a given block. 

The number v ({Ph, %}:;'=1) can be calculated using the following steps: 
In order to bring each annihilator in the block A(p N , np N) to the nearest 

left of the creation block A + (qN, nQN ), we have to commute it with all 
creators in those blocks A + (%, nqj ) satisfying PN < qj < qN. Therefore 
L:j : PN<qj<qN n qj commutations are needed. Thus to bring all annihilators 

in the block A(p N , np N ) to the nearest left of the creation block A + (qN, nqN ) 

one needs n pN L:j : PN<qj<qN n qj commutations. 
In the second step we bring the annihilators in the block A(p N -1 , np N -1 ) 

to the nearest left of the creation block A+(qN-1,nqN_1). But we do not 
know if qN > qN-1. If qN < qN-1, we need to commute each annihilator in 
the block A(p N -1, np N -1) not only with all creators in the blocks A + (qj, nqj ) 
satisfying P N -1 < qj < qN -1 but also with all annihilators in the annihilation 
block A(PN,npN ) and so we have to do 

n pN_1 ( L nqj + 2nPN ) 
j: PN-1<qj<qN-l>jo/-N 

commutations. If qN > qN-1, we have to commute each annihilator in the 
block A(p N -1, np N -1) only with all creators in the blocks A + (qj, nqj ) satis
fying PN-1 < qj < qN-1, and therefore we have to do 

npN_1 L nqj 
j: PN-1 <qj<qN-l>jo/-N 

commutations. Thus, to bring the annihilators in the block A(PN-1, npN_1) 
to the nearest left of the creation block A + (qN -1, nqN -1)' one needs 

npN_1 L nqj + EN - 1 

j: PN-1<qj<qN-l>jo/-N 

commutations, where EN-1 is zero or an even number. 
By the same argument as in the second step, to bring the annihila

tors in the block A(PN-2,npN _2 ) to the nearest left of the creation block 
A+(qN-2, n qN _2 ), one needs 
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npN_ 2 L n qj + E N - 2 

j: PN-2<qj<qN-2,jft{N-I,N} 

commutations, where EN - 2 is zero or an even number. 
Iterating this procedure we find that to bring the annihilators in the block 

A(P2' np2 ) to the nearest left of the creation block A + (q2' n q2 ) one needs 

np2 L nqj +E2 

j: P2<qj<q2,jft{3,. .. ,N} 

commutations, where E 2 is zero or an even number. 
Finally, notice that PI = 1 and PI < P2 < ... < PN. SO if P2 > ql, it 

must be true that ql = 2, Le. the annihilation block A(PI, n p1 ) is already 
at the nearest left of the creation block A + (ql, n q1 ); if P2 < ql, by the same 
argument as before, to bring the annihilators in the block A( ql, np1 ) to the 
nearest left of the creation block A + (ql, n q1 ) one needs EI commutations and 
EI is an even number. 

In summary, we have obtained the following theorem. 

Theorem 15.4.1. (The first Fermi block theorem). The factor c( {ph, qh}{;=I) 

is equal to 

(15.4.4) 

where by definition {N + 1, N} := 0. 

Now we try to further simplify the exponential in (15.4.4). To this goal note 
that if nph is even the product 

nph L nqj 

j: Ph <qj <qh, U{h+I,.··,N} 

will always be even, and its contribution to (15.4.4) is trivial. So (15.4.4) is 
equal to (-1) elevated to the exponent 

L nph L n qj . (15.4.5) 
2~h-::,N, j: Ph<qj<Qh, U{h+I···N} 

n ph is odd 

Similarly we can take away from (15.4.5) all the terms that multiply an 
even nqj' After that the exponent (15.4.5) of (-1) becomes 

2~h~N 

nph is odd 

nph L n qj 

j: Ph <qj <Qh, jft{h+I···N} , 
nqj is odd 

and therefore (15.4.4) is equal to 
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rr (_1)nph E j : Ph<qj<qh. j~{h+l ... N}, nqj i. odd nqj 

2~h~N. 

nph is odd 

rr ((-1tPh )Ej : Ph<qj<%. j~{h+1 ... N}. nqj i.oddnqj 

2~h~N • 

nph is odd 

(15.4.6) 

But since nph is odd, (_1)nph is equal to -1. Therefore the right-hand side 
of (15.4.6) is equal to 

rr rr 

rr rr (-1) 

nph is odd rr (_1)Ej : Ph<qj<%. j~{h+1 ... N}. nqj i.odd 1 

2~h~N • 

nph is odd 

rr (-1)1{j: Ph<qj<%. j~{h+l···N}, nqj is OddJI, 

2~h~N • 

nph is odd 

where I . I denotes cardinality. This gives: 

Theorem 15.4.2. {The second Fermi block theorem}. The factor 
C ({Ph, qh}~=l) in {15.4.2} is equal to 

rr (-1)1{j: Ph<Qj<qh. j~{h+1···N}, nqj is oddJI. 

2~h~N 

nph is odd 

In summary, the Fermi block teIls us that 

(i) even power blocks do not contribute anything to the factor 
C ({Ph, qh}~=l); 

(15.4.7) 

(ii) any odd power block gives to the factor c ({Ph, qh}~=l) the same contri
bution that would be given by a first-order block, Le. a linear term. 
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15.5 Non-Time-Consecutive Terms: 
The First Vanishing Theorem 

(15.5.1) 

where 

• n E N, SI, Tl E IR; 
• 82 , T2 are bounded functions of SI, Tl, h; 8 3 , T3 are bounded functions of 

81 , Tl, tl, 8 2 , T2, t2,"', S2n, T2n are bounded functions of {Sh, Th, th}~~ll; 
moreover 8h ::; Th , h = 1,2, ... ,2n; 

• for any h = 1,2,,", n, the function Fh belongs to Ll(IR); 
• {ph, qh}h=l is a pair partition of {I, 2,"', 2n}. 

In the following, for any m E N, L1m denotes the rn-simplex: 

L1m := {(Xl,X2,'" ,Xm ): Xl ~ Xl ~ ... ~ X m ~ O}. 

Lemma 15.5.1. FOT any F E Ll(lR) positive and 8 ::; T E IR with T ~ 0, 
the limit, as ,\ -+ 0, of 

,\4 f dtldt2dsldS2F(h - t2)F(Sl - S2)xLl3 (tl, SI, t2) (15.5.2) 
J[8/>.2,T/>,2j4 

is equal to zero. 

Proof 15.5.1. By exchanging the second and the third integrals, one knows 
that (15.5.2) is less than or equal to 

,\4 dS2 dh f dt2 dslF(tl - t2)F(Sl - S2) . l T/>.2 lT/>.2 tl l t1 

8/>.2 0 Jo t2 
(15.5.3) 

By the change of variables ,\2tl '-+ tl, ,\2t2 '-+ t2, ,\2Sl '-+ SI, (15.5.3) 
becomes 

,\ -2 fs~;:2 dS21T 
dh 1t1 

dt21:1 dslF (tl; t2 ) F (~~ - S2)' (15.5.4) 

With the further change of variables 

(15.5.4) can be rewritten as 

(15.5.5) 
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By introducing 

(15.5.5) becomes 

Since 

• for any t E [-hf).2, 0], tl E [0, T], the quantity h + >,h always belongs to 
[O,T], 

• F is positive and integrable, 

we know that G).. is uniformly bounded. So (15.5.5) is less than or equal to 

1T 
dt l 1°00 dt!F( -t)l· IG).. (tl, t)1 . (15.5.6) 

Since for each (tl, t), 

IG).. (tl, t)1 :::; >.?t ---+ 0, as). --+ 0, (15.5.7) 

by the Lebesgue-dominated convergence theorem, we complete the proof. 

Now we shall prove the first vanishing theorem (or non-time-consecutive the
orem) 

Theorem 15.5.1. (The first vanishing theorem).In the assumptions listed at 
the beginning of this section, for any n :::: 2, j =F rE {I, 2,···, n}, the limit, 
as ). --+ 0, of 

· [X.<13 (tPj , tpr , tqj ) + X.<13 (tPj , t qr , t qj ) + X.~13 (tqj , tpr , tpj ) + X.<13 (tqj , tqr , tPj ) ] 

(15.5.8) 

is equal to zero. 

Proof 15.5.2. For n = 2, Lemma (15.5.1) gives our thesis and therefore we 
shall assume that n :::: 3. Denote 

S := min {SI, S2,···, S2n} T := max {Tl, T2,···, T2n } vO , 

F(x):= max (IFh(X)1 + !Fh( -x)l) , 
l:S;h:S;n \ 
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then (15.5.8) is less than or equal to 

T/>,2 T/>,2 n 

A2n r dh ... r dt2n II F(tPh - t%) 
}S/>,2 }S/>,2 h=l 

. [ XLl3 (tPj , tpr , tqj ) + XLl3 (tPj , t qr , t qj ) 

+XLl3 (tqj , tpr , tpj ) + XLl3 (tqj , tqr , tPj )] . (15.5.9) 

In order to apply Lemma 15.5.1 we rewrite the first term of (15.5.9) as 

A41 dtpdtprdtqdtqrF(tp - tq)F(tPr - t qr )XLl3(tp , tpr , tq ) 
[S/>,2,T/>,2]4 J J J J J J 

241 ---- II . A n- dtl ... dt ... dt ... dt ... dt ... dt F(t - t ) Pj Pr qj qr n Ph qh' 
[S/>,2,T/>,2]2n-4 l<h<n 

h?{j-;-r} 
(15.5.10) 

By the change ofvariables A2tn <-t tn , a ~ {Pj,Pr,qj,qr}, the second factor 
becomes 

2 +41 - - - - II (tp - tq ) A - n dtl ... dt .... dt ... dt .... dt ... dt F h h 
~ ~ ~ ~ n ~' 

[S,T]2n-4 1 <h<n 
h?{j-;-r} 

where, with respect to the product I11::;h::;n F(tph -tqh ), all variables involved 
h~{j,r} 

are totally connected. So, by the first connected component theorem, this is 
a quantity of order A-2nHO(A2(2n-4)-2) = 0 (A2n- 6 ) , which is bounded 
since n ~ 3. Moreover, by Lemma 15.5.1, the first factor of (15.5.10) goes to 
zero as A --+ O. The other terms in (15.5.9) can be shown to go to zero as 
A --+ 0 in a similar way. This proves the thesis. 

Corollary 15.5.1. Por any n ~ 2, j =I=- rE {I, 2,"', n}, as A --+ 0, the limit 
of 

is equal to zero. 
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Praof 15.5.3. The difference between (15.5.11) and (15.5.8) is the fact that 
we do not assume that t pr , t qj , t qj , tPj are positive. Clearly we need to study 
only the first term, which is less than or equal to 

By the change of variables 

the above quantity becomes 

(15.5.12) 

By the change of variables 

Uk := Sk - S, k = 1,2, ... , 2n, 

(15.5.12) becomes 

which is obviously equal to 

By Theorem 15.5.1 this completes the proof. 

15.6 Non-Time-Consecutive Terms: 
The Second Vanishing Theorem 

Now we prove the second vanishing theorem (whose main use will be in the 
low-density limit [LDL]). 

Theorem 15.6.1. (The second vanishing theorem). Suppose that 

• n, m = 2,3,4, ... , S, T E lR, S < T ; 
• the function F belongs to L1 (lR)nLOO (lR); 
• aE{1,2, ... ,m}, l~pi-q:Sn. 
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Then, as ,X ~ 0, the quantity 

,X4 [ dt1 ... dtnds1 ... dSm X ß (tp, so:, tq)F(h - tn )F(Sl - sm) 
J[S/>,2,T/>,2jn+m 3 

n-1 m-1 . rr F(th - th+1) rr F(Sj - Sj+1) (15.6.1) 
h=l j=l 

goes to zero. 

Proof 15.6.1. First of all, the following facts are dear: 

• we can assurne that T > 0 since the emergence of X ß3 (tp, so:, tq) shows 
that (15.6.1) is equal to zero if T < 0; 

• it is sufficient to show that (15.6.1) goes to zero for F positive; 
• p can be assumed to be less than q. 

Thus, with the change of variables 

,X2Sj '--+ Sj , j = 1,2, ... ,m, 

(15.6.1) can be rewritten as 

- - -.. ·dtp ... dtq ... dtnds1 ... dso: ... dSm 

·F Cn; t1 ) F Cm,X~ Sl ) TI F Ch -,X~h+1 ) TI1 
F ( Sj -;~j+1 ) 

With the new change of variables 

th+1 - th 
X1:=t1, Xh+1:= ,X2 ' h=1,2, ... ,n-1, 

(15.6.2) 

and where ,X2(xp + Xp-1 + ... + X2) + Xl is in fact tp belonging to [0, Tl, the 
(sa-t Il _x2-···- X -1 

integral J;'" dtq becomes L~-X2- ... -Xq_1 q dxq. Obviously, any Xj is run 

over a certain subset of lR, and so (15.6.2) will be controlled by 
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where since the function F is integrable, the integrals with respect to 
dXl ... dXn are bounded. In order to complete the proof, we introduce the 
following change of variables for 8 j : 

To.:=81, Tj:=8j, j={1,2, ... ,m}\{1,a}, 

. Tj+1 - Tj 
Yj .= ).2 ' j = 2, ... , m - 1. 

With these change of variables, we have 
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m-l 

·F(Ym + ... + Ya+1)F(Ya + ... + Y3) rr F( -YHI) 
j=2 

(,2 (Xp+Xp_1 +··+X2)+X1 r r r 
S; Jo dYI Jffi. dY2 Jffi. dY3 ... Jffi. dYmF(Ym + ... + Ya+1) 

m-l 

·F(Ya + ... + Y3) rr F( -YHd . 
j=2 

By applying this to (15.6.3), one knows that (15.6.3) is less than or equal to 

(Yl-t1) 

1sT 1 1 A -X2-···- Xq_1 
dXI dX2 ... ~ ... dXn x dXq 

S ffi.n-2 -~-X2-···-Xq-l 

r>.2(xp+Xp-1+ .. + X2)+X1 r r r 
. Jo X[O,T] (Yd dYI Jffi. dY2 Jffi. dY3 ... Jffi. dYm 

n-l 

·F(xn + ... + X2) . rr F( -Xh+l) 
h=l 

m-l 

·F(Ym + ... + Ya+1) . F(Ya + ... + Y3)· rr F( -YHI) 
j=l 

= kn+m dXI···dXndYI···dYmX[_~_X2_ ... _xq_1,(Y1;2X1)_X2_ ... _xq-1] (Xq) 

·X[O,>.2 (Xp+Xp_1 + .. +X2)+XI] (YI) 
n-l 

·X[O,T] (YI) . X[S,T] (xd F(xn + ... + X2) . rr F( -xh+d 
h=l 

rn-I 

·F(Yrn + ... + Ya+l) . F(Ya + ... + Y3)· rr F( -Yj+1) . 
j=l 

(15.6.4) 

Since the product of all functions in the integral is less than or equal to 

n-l rn-I 

311F1l oo • X[O,T] (YI) . X[S,T] (Xl) . rr F( -Xh+l)· rr F( -Yj+1) , 
h=l j=l 

which belongs to LI (lRn +m ) , and since the function 

X [-~-X2-".-Xq-1> (Yl;t1) -X2-."-Xq-1] (Xq) . X[o,>.2(xp+Xp_1 + .. +X2)+X1] (Yd 

goes to zero as >.. --+ 0 almost always, the dominated convergence theorem 
gives the thesis. 
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Corollary 15.6.1. Let the junction Fand the indices Q, n, m = 2,3,4, ... , 
be as in Theorem 15.6.1 and suppose that Sh < Th, for alt h = 1,2,"', m+n. 

As ). -r 0, the quantity 

l
TlI >..2 lTn/>..2 l Tn+1 />..2 l Tn+m/>..2 

).4 dh'" dtn ds1 ··· dSn+mX(t t)(s",) 
Sl/>..2 Sn/>..2 Sn+1I>..2 Sn+m/>..2 p, q 

n-l m-l 
·F(h - tn)F(Sl - Sm) II F(th - th+1) II F(Sj - Sj+l) (15.6.5) 

h=l j=l 

goes to zero. 

Prooj 15.6.2. The proof can be made by just 

(i) noticing that the absolute value of (15.6.5) is less than or equal to 

).4 r dh'" dtnds1 '" dSn+m X(t t )(S",) 
J[S/>..2,T/>..2] p, q 

n-l m-l 
. F(h - tn)F(Sl - Sm) II F(th - th+1) II F(Sj - Sj+1) 

h=l j=l 

where S := min{Sl,"" Sn+m}, T:= max{T1,···, Tn+m }. 
(ii) making the same change of variables as we did in the proof of Corollary 

(15.5.3); 
(iii) applying Theorem 15.6.1. 

15.7 The Type-I Term Theorem 

where, F>..,< (SI'" SN, h ... t n , ul'" UM) has the form 
).N+k_+M+k++2k+2m+<fJ N-k_,M-k+ 

(15.7.1) 

. g (f~-'}(t", - t,,) "!f fJ.~(t',+j - t".+j_,») fJ/~O}(t"+i - t,,) 
k_ k+ N-k_ 

. II j~-)(tah - SuCh») II f~+)(UT(h) - tbh) II f~±)(UT(k++h) - Su(L+h») ' 
h=l h=l h=l 

n 

and II ( ... ) := 1 if n = O. (15.7.2) 
h=l 
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Remark 15.7.1. This very general form of F>..,€ covers simultaneously several 
types of integral arising in the polynomial WCL and in the LDL. Each of 
the functions j accounts for some type of pairing (Iine) occurring in the 
normally ordered form of matrix elements (between two collective vectors) of 
some terms of the iterated series of the evolution operator. More precisely: 

• j{-l) occurs in the Fock part of the LDLj 
• j{l) occurs in the anti-Fock part of the LDLj 
• j{O) accounts for the internallines in the WCLj 
• j{ -) accounts for the externallines to the left vector in the WCL and LDLj 
• j{ +) accounts for the externallines to the right vector in the WCL and the 

LDLj 
• j{±) accounts for the externallines which pair two vectors in the WCL and 

LDL. 

Remark 15.7.2. The power f, in the exponent of>' in (15.7.2), also has its ori
gins in the LDL and is due to the asymmetry between the Fock and anti-Fock 
case. In fact the test functions of the anti-Fock creators and annihilators are 
multiplied by the factor >., while those of the Fock creators and annihilators 
are of order 1. Für this reason the terms of the form 1 Q9 A + A will produce 
pairings which are always multiplied by the factor >.2 (these factors are taken 
into account by the exponent f) and therefore vanish in the limit. While the 
factors of the form A + A Q9 1 are of finite order and therefore in the limit give 
a nontrivial contribution. 

Müreover, we will suppose the following: 

• f ~ 0, 0 ::; m ::; n/3j 
• 1 ::; h < r1 < l2 < r2 < ... < lm < rm ::; n satisfy rh - lh > 1 for all 

h= 1,···,m j 

• k ::; J[n -1: I:;:-'=l(rh -lh)] an~ 1 ::; P1 < ... < Pk < n satisfy {Ph,Ph 
+ 1 h=l C Uh =l {lh, lh + 1,· .. , rh}, 

• (j E SN, T E SMj 
• k_,k+ E N such that L + k+ = n - 2:;:-'=1 (rh -lh + 1) - 2kj 
• 1 ::; a1 < ... < aL ::; n are such that 

• 1 ::; b1 < . . . < bk+ ::; n are such that 

{bh}~!l C {l, 2, ... , n} \ ( Uh=l {lh, lh + 1,· .. , rh} 

U {Ph,Ph + 1}~=1 U {ah}~:l) j 

• all functions jJ.~, j~O), j~-l), j~-), j~+) and j~±) for all possible choices 
of j, h are in L1(~) n LOO(~). 
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With the above assumptions the variables 

{shH1=1 U {th}h=l U {Uh};;=l 

are divided into m + k + k_ + k+ + N - k_ connected components. So the 
first connected component theorem shows that (15.7.1), as A ~ 0, has order 

AN+L+M+k++2k+2m+< . O(A -2(m+k+k++N)) 

=A2N+2k++2k+2m+< . O(A-2(m+k+k++N)) = O(N), 

which is nontrivial only if E = O. That is, we need to study (15.7.1) only 
for E = O. In the following for simplicity we call each connected component 
involving more than 2 (or exactly 2) time variables a lang chain (short chain). 
The first step is to study (15.7.1) in the case m = 0, Le. there are no long 
chains. In the WCL only such quantities arise. In the following we use the 
notation 

Theorem 15.7.1. (The type-I term theorem). As A ~ 0, the limit of 
(15.7.1) exists and is equal ta zero if E > 0; if c = 0, it is equal to 

... dtpk+1 ... dt~l ... dt-;::+l ... dtn 

k_ k+ 

. II X[S<T(h) ,T<T(h)l (tah ) [ dvf~-)(v) I1 X[s'T(h),Tr(h)l(tbh) [ dvf~+)(v) 
h=l J'R h=l J'R 
N-L 

. II \X[S<T(L+h),T<T(L+h)l,X[Sr(k++h),Tr(k++h)l) l dvf~±)(v). (15.7.3) 
h=l 

Proof 15.7.1. As already stated, (15.7.1) has order O(A<); therefore, as A ~ 0, 
it goes to zero if E > O. So we need only consider the case when E = O. The 
first step is trivial: with the change of variables 

).?thyth, h=1,2,···,n, A2ShYSh, h=1,2,···,N, 

A2Uh Y Uh, h = 1,2,···,M, 
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(15.7.1) becomes 

rTl dS 1 ... r TN dSN rTi dU1 rT'r.i dUM t dt1 t l dt2'" t n
-
l dtn 

JSl JSN Js~ JSM Jo Jo Jo 
. A-2(N+M+n) F.x,o(sd A2 ... SN / A2, tdA2 

... tn / A2, ud A2 ... UM / A2) . (15.7.4) 

In the second step we change the variables 

tl +1 - tl· 
Y .- J J 

Ij+1 .- A2 

and keep tlj invariant. Thus (15.7.4) becomes 

\-2(N+M+n) \N+k_+M+k++2k+2m .. 
/\ /\ UN-k_,M-k+ 

Now we make the successive change of variables 

(15.7.5a) 

(15.7.6) 

(15.7.5b) 

(15.7.5c) 
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and eventually 

tTj - tl j 
>.2 - Ylj+l - Yl j +2 - ... - YTj-l. 

Nüticing that 

we are able tü rewrite (15.7.6) as 

Tj-lj 

L Ylj+x, 
x=l 

The third step is tü change the variables 

Xh:=(tPh+l-tPh)/>.2, h=I···k, 

(15.7.5d) 

(15.7.7) 

(15.7.8) 

and keep t j invariant für any j E {I, 2, ... ,n} \ {Ph + 1 }~=1' Thus, (15.7.7) 
can be written as 
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A-2(N+M+n)AN+L+M+k++2k+2mA2Eh'=1(rh-lh)+2k8N_L,M_k+ 

(15.7.9) 

The fourth step is to change the variables 

, Ur(h) - tbh 
uh := ,\2 ,h = 1, ... , k+ , 

(15.7.10) 

and keep invariant tj, Ur(k++h) , su(L+h') for allj E {1, 2"", n}\{Ph+1}~=1' 
h = 1,2, ... ,N - k_ and h' = 1,2, ... ,M - k+. With this change of variables, 
(15.7.9) becomes 
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A -2(N+M+n) AN+k_+M+k++2k+2m 

. \ 2 L:h=l (rh -lh}+2k+2k_+2k+ J: 
/\ UN-k_,M-k+ 

The fifth step is to change the variables 

(15.7.11) 

Ur(k++h) - 8 u (L+h) 
Zh:= A2 ' h=1,2,···,N-k_=M-k+, (15.7.12) 

and keep invariant 8 u (L+h') for all h' = 1,2,···, M - k+. So, we are able to 
rewrite (15.7.11) as 
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(15.7.13) 

Since n = 2k + L + k+ + 2:;:'=1 (rh -lh + 1) and N - k_ = M - k+, we have 
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N + k_ + M + k+ + 2k + 2m 
m 

h=l 
m 

=N + k_ + M + k+ + 2k + 2m + 2 ~)rh - lh) - 2(2k + k_ + k+ 
h=l 

m 

+ 2)rh -lh + 1) - 2N - 2M + 2k + 2k_ + 2k+ + 2(N - k_) = O. 
h=l 

(15.7.14) 

So the factor 

in (15.7.13) is equal to 1. Thanks to this fact and to the Lebesgue-dominated 
convergence theorem, we complete the proof. 

15.8 The Double Integral Lemma 

The following result is very important for constructing the master space and 
for proving that the limit of the time-rescaled evolution operator verifies 
a quantum stochastic differential equation. 

Lemma 15.8.1. (The double integral lemma). Let F E LI(IR) and let, for 
each .x E IR+, G>. : lR -+ <C be a continuous function such that, for some 
constant C < +00 

SUP(>.,t)ERt xlR IG>.(t)1 ::; C, 

lim>.~o G>.(t + .x2r) = Go(t) , 

(15.8.1a) 

(15.8.1b) 

for any r E lR. Then, for any S, T, S' ,T' E lR such that S < T, S' < T', 

. 1 rT rT' (tl - t 2) 
l~ .x2 Js dtl Js' dt2F ---:\2 G>.(tl) 

= l dtGo(t)X[S,T] (t) X[S',T'] (t) . i: F(s)ds. (15.8.2) 

Moreover, if F E LI(lR) n LOO (lR) , the limit is locally uniform for S, T, S', T', 
i. e. uniform for S, T, S' ,T' running over a bounded set of lR. 

Proof 15.8.1. By the change of variables 

(15.8.3) 
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one has 

So, by the Lebesgue-dominated convergence theorem, one obtains 

For each t2 E (8',T') and Sl E IR, the limit lim>.--+oX[(S-t2)/>.2,(T-t2)/>.2) (sd 
is possibly nonzero only if 8 - t2 ::; 0 and T - t2 ~ 0, that is if t2 E [8, T). 
Moreover, since X{S,T} is equal to zero a.e., we conclude that 

f.To ;2 1sT 
dt1 1s~' dt2F Cl; t2 ) G>.(t1) 

= L dt2L dS1X(S',T') (t2) X[S,T] (t2) (1- X{S,T}) (t2) F (Sl) Go (t2) 

·1~X[(S-t2)/>.2,(T-t2)/>.2) (S1) 

= L dt2L dS1 X(S',T') (t2) X(S,T) (t2) F (Sl) Go (t2) 

. f.To X[(S-t2)/>.2,(T- t2)/>.2) (S1) . 

Obviously, for each t2 E (8, T) and S1 E IR, 

1~X[(s-t2)/>.2,(T-t2)/>.2) (Sl) = 1. 

So, we have 

(15.8.6) 

(15.8.7) 

(15.8.8) 
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and this is exactly (15.8.2). To prove the uniformity of the convergence, it is 
suflicient to consider separately the following two cases: 

(i) [S,T] = [S',T']; 
(ii) [S, T] n [S', T'] = 0. 

In fact, in the general case, the quantity 

can be reduced to a sum of at most four terms, and in each of these terms 
the situation is like either case (i) or case (ii). In case (i) we have 

(15.8.9) 

By dominated convergence, 

lim rT 
dt2 r ds1 1F (sl)I·IG>. (t2 + A2S1) - Go (t2)1 

>'--+01 s lIR 

= rT 
dt2 r ds1 1F (sl)l· lim IG>. (t2 + A2S1) - Go (t2)1 = 0, (15.8.10) 1 s lIR >'--+0 

and it is obvious that the convergence is locally uniform for S, T. Moreover, 
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[T dt21Go (t2)'ll(T-t2)/>.2 ds l F (SI) - [ F (t) dtl 
Js (S-t2)/>.2 JR 

::; [T dt21Go (t2)1 ( [')0 dt IF (t)1 + j(S-t2)/>.2 dt IF (t)l) , 
Js J(T-t2)/>.2 -00 

which, as A -+ 0, tends to zero locally uniformly in S, T. In case (ii), assunling, 
without loss of generality, that 0 ::; S' ::; T' ::; S ::; T and choosing f > 0, 
arbitrarily smalI, one has 

\2 dh dt2F 1 ~ 2 G>.(tl) ::; C dv du IF (u)1 
1

1 lT l T (t t) I l T' 1(T-V)/>.2 
/\ s s /\ S' (S-v)/>.2 

(l
T'-€ iT') 1(T-V)/>.2 

= + dv dulF(u)I::;2f'SUptIF(t)1 
S' T'-€ (S-v)/>.2 

l
T' 1(T-V)/>.2 

+ dv duIF(u)l. 
s' (S-v)/ >.2 

(15.8.11) 

Since, for any v E [S', T' - f], S - v > 0 and T - v > 0, the right-hand 
side of (15.8.11) can be made uniformly small for S,T,S',T' running over 
a bounded set of lR. 

Corollary 15.8.1. For any FE L1 (lR), for any S,T,S',T' E lR such that 
S < T, S' < T', the limit, as A -+ 0, of 

T/>.2 T' />.2 
A2 [ dh [ dt2F(h - t2) 

JS/>.2 Js' />.2 

exists and is equal to 

(X[S,Tj,X[S',T'j)' I: F(t)dt, 

where the scalar product of the characteristic functions is meant in L2 (lR). 
Moreover, if FE L1 (lR) nLoo(lR), the limit is locally uniform in S,T,S',T'. 

In addition, by just copying the proof of Lemma 15.8.1, we have the following: 

Lemma 15.8.2. Let FE L1(lR) and let, for each A E lR+ , G>. : lR -+ C be 
a continuous function verifying the conditions of Lemma 15.8.1. Then, for 
any S, TE lR such that S < T, 

(15.8.12) 

Moreover, if FE L1(lR) n Loo(lR), the limit is locally uniform for S, T. 
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15.9 The Multiple-Simplex Theorem 

In this section we will study integrals of the form 

(15.9.1) 

where m,N,nk E N,k = 1,2,··· ,m, 1::; nl < ... < nm andN+nm = 2M+1 
is odd; {Fh}!o c LI (R); {ph, qh}!1 U {qo} = {I, 2,···, 2M + I}. 

First of an, without loss of generality, we can assume that Ph < qh for an 
h = 1,2,· .. ,M. In fact, if for some h, qh < Ph, one can exchange qh with Ph 
and replace Fh (-) by Fh (_.). Moreover, we introduce the notation no := o. 

Theorem 15.9.1. {The multiple-simplex theorem}. 1/ there are 0 ::; k ::; m 
and jE {2 ... nk+1 - nk} such that qo = nk + j, then as A -+ 0, the quantity 
{15.9.1} goes to zero. Moreover, the quantity obtained by replacing all the 
junctions in {15.9.1} by their moduli goes to zero. 

Remark 15.9.1. This result means that the limit (15.9.1) is not equal to zero 
only if qo E {nk + l};,:o1 U {nm + h}~=I. 

Proo/ 15.9.1. Without loss of generality, one can assume that an the func
tions Fh are positive and k = O. Clearly nl - no = nl must be greater than 
or equal to 2 and qo = j. Thus it is sufficient to consider integrals of the 
form 
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By changing the order of the integrals, one obtains 

(15.9.3) 

By the change of variables 

s := tj).,~ t, tk remain invariant for all k E {I, 2, ... ,2M + I} \ {j} , 

Note that for any r = 1,···,j - 1, 

hence (15.9.4) is dominated by 

j o dsFo (-s) X[_t/).,2 0] (8) .)., -2M 1 dh ... dtj ... dtnm+N 
-<Xl ' [S,T]2M 

M . g Fh CPh ; tQh) , (15.9.5) 

where 

S:= min{O,Sh: h = 1,2,'" ,N},T:= max{t,Th: h = 1,2"" ,N} . 
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In the integral 

(15.9.6) 

each {tPh ' t%} forms a connected component. Therefore, by the first con
nected component theorem, (15.9.6) is a quantity of order 0 (),2(2M)-2M) = 
o (),2M); therefore, (15.9.5) has the form 

[°00 dsFo (-s) X[-t/>.2,0] (s) ·0(1) , 

and by dominated convergence one can perform the lim>.-to inside the integral 
J~oo ds. So, to complete the proof, it is sufficient to show that the ds-integral 
in (15.9.4) tends to zero as ), -+ 0 or, equivalently, that the limit of 

(15.9.7) 

is equal to zero for any s. In order to do this one can assurne, without loss 
of generality, that PI = 1. With S, T introduced after (15.9.5), (15.9.7) is 
dominated by 

By the change of variables 
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(15.9.8) becomes 

M 

2M +21 - ~ rr (tPh - tqh ) .). - dt2 ... dt· ... dt ... dtn +N Fh , 
2M 2 J q1 m ).2 

[S,T] - h=2 

(15.9.9) 

which, applying again the first connected component theorem, is seen to be 
of the form 

l t 1(T-t1)/)..2 
X[-t/)..2,0] (s)· dt1 dTFd-T)·O(l) 

t+)..2 s (S-td/)..2 

=X[-t/)..20] (s) ·0 (1) ·lt 
dh, , t+)..2 s 

which, as ). -+ 0, goes to zero for any s. 

15.10 The Multiple Integral Lemma 

Now we are interested in knowing the limit of (15.9.1) in the case of N = 0 
(no externallines), Le. 

(15.10.1) 

when qo E {nh + 1};:'=0' One can also assume that qo = 1. 

Lemma 15.10.1. (The multiple integral lemma). As ). -+ 0, the limit 0/ 

(15.1O.2a) 

is equal to the limit 0/ 

Jo () 2M rt d rtn1 -1 d rt d rtn2- 1 d 
-00 dsFo -s .). - Jo t2'" JO t n1 Jo t n1 +1 ... JO t n2 

... J~ dtnm_1+1 J;nm- 1+1 dtnm_1+2'" J~nm-1 dtnm n!l Fh CPh~t% ) 

(15.10.2b) 
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in the sense that if one of the limits exists then so does the other and the two 
limits are equal. 

Proof 15.10.1. By the change of variable 

(15.10.2a) becomes 

tt - t 
s:=~, 

l tn2 - 1 lt l tn 1+1 . . . dt· . . dt +1 m- dt +2 n2 n 1n -l nm-l 

° ° ° l tnm -1 M (t - t ) 
. . . dtnm rr Fh Ph).2 % . 

° h=l 

By the first connected component theorem, the quantity 

is bounded. So there is a constant C, such that 

Ithe quantity (15.10.2a) - the quantity (15.1O.2b)1 :::; C 

.[0= ds!Fo(-s)lx(_=,_t/>,2)(S) , 

which tends to zero. 

15.11 The Second Multiple-Simplex Theorem 

Let us consider a quantity of the form 

(15.11.1) 
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It is worth to notice that (15.11.1) is in a certain sense an integral form of 
the quantity (15.9.1). We shall assume as usual that Ph < qh for all h. One 
can suppose that, for all j, nj > 1. In fact, if for some j nj = 1, then we 
define SN+! := 0 and TN +! := t. Denote (15.11.1) by 

LA (t;{Ph,qh}!1 , {nj};':1) 

As argued in Proof 15.10.1, one is sure that 

is bounded. Moreover, one has the following: 

Lemma 15.11.1. LA (t; {Ph, qh}!1 , {nj};':l) tends to zero as A -+ 0 if 

there is an h = 1,2,·· ·,M and a j = 0,1,·· ',m such that nj + 1 :s; Ph,qh < 
nj+1, Iph - qhl > 1. 

Proof 15.11.1. Without loss of generality, we assume that Ph < qh; then there 
is at least one k E {I, 2, ... , M}, such that 

either nj + 1 :s; Ph < Pk < % < nj+1 or nj + 1 :s; Ph < qk < qh < nj+1· 

M (t -t ) So one can replace the function Ilh=l Fh PhA2 % by 

or ( ) rrM (tPh - tQh ) 
X(tph,t%) t qk h=l Fh A2 

The thesis then follows from the first vanishing theorem. 

Theorem 15.11.1. As A -+ 0, the limit of LA (t; {Ph,qh}!l' {nj}7=1) al
ways exists. 

Proof 15.11.2. The proof shall be done by induction. In the case M = 2, 
there are two possible cases to be considered: 

By Corollary 15.8.1 and Lemma 15.8.2, we know that as A -+ 0, the limits 
of the above terms exist. Suppose that as A -+ 0, the limit of (15.11.1) exists 
for nm + N = 2M, and let us show that the quantity 
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(15.11.2) 

has a limit as A ~ 0, where nm + N = 2 (M + 1), {Ph, %}~il = 
{I, 2,···, 2M + 2} and {Fh}~il C LI (lR.). 

Step 1: Clearly, for each fixed A, as a function of the variable t, LA is 
absolutely continuous. So 

(15.11.3) 

On the right-hand side of (15.11.3), the derivative ddJ .. ) gives a sum of 
m terms with a similar form; let us analyze the first one (the other terms are 
similar), i.e. 

(15.11.4) 

where tl means s. Since Ph < qh for all h = 1,2, ... , M + 1, the index 1 should 
be some Ph, we assurne, without loss of generality, that PI = 1. So (15.11.4) 
has the form 



Denoting 

S := min {O, Sh : h = 1,2,· .. ,N}, T:= max {t, Th : h = 1,2,· .. ,N} , 

one finds that 

ILA (s; {ph, qh} ~~1) I 
<).-2M-21 dt .. ·dt IF (~)I Mrr+l1 F (tPh - t%) I. - 2 nm+N 1).2 h).2 

[S,Tjnm+N-l h=2 

By the change of variable 

t q1 - s 
T:=~ 

the right-hand side of (15.11.6) becomes 

(15.11.6) 

(15.11.7) 

(15.11.8) 

Since we are dealing with the case of nm + N = 2 (M + 1), one knows that 
nm+N -2 = 2M and {ph, qh}~~l is nothing other than {2, 3,···, ql-1, ql +1, 
... , nm + N}. It follows from the first connected component theorem that 
(15.11.8) is a quantity of order 

). -2M. 0 ().2(2M)-2M) = 0 (1) . 

In other words, LA (s; {Ph,qh}~~l) is bounded. By dominated convergence, 

if the limit, as ). -+ 0, of LA (s; {ph, qh}~~l) exists, then so does the limit 

of (15.11.5); moreover, 
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Therefore we need to show the existence of lim>.--+o L>. (s; {ph, qh}~~l) for 

any s E [0, tj . 
Step 2: Since the quantity L>. (s; {ph, qh}~~l) involves 2 (M + 1) - 1 = 

2M + 1 integrals, Theorem 15.9.1 guarantees that its limit is zero if ql E 
{3,4,"', nl} U U;;'=2 {nk-l + 2,"', nk}. So 

lim t L>. (s; {ph, qh}~~l) ds = rt ds lim L>. (s; {ph, qh}~~l) = O. 
>'--+0 Jo Jo >'--+0 

Step 3: Now let us prove the existence of lim>.--+o L>. (s; {ph, qh}~~l) in 

the case when ql = 2. By the change ofvariable (15.11.7), L>. (s; {ph, %}~~l) 
becomes, 
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By the first connected component theorem, the Lebesgue-dominated conver
gence theorem and the induction assumption, the limits, as ,\ --+ 0, of the 
quantity in (15.11.9a) and ofthe first factor in (15.11.9b) exist and are equal 
to 

and 

(15.11.10b) 

respectively. Now we show that the second term in (15.11.9b) goes to zero. 
In fact, since for any T E [_s/,\2, 0] , S + ,\2T ::; S, the absolute value of 
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is less than or equal to 

Without loss of generality, let us assume that P2 = 3. By the change of the 
variable 

(15.11.12) 

By the first connected component theorem, there is a constant C such that 
the quantity (15.11.12) is less than or equal to 

CA2 \r\. 

So, the module of the second term of the right-hand side of (15.11.9b) is 
dominated by 

Since 

one gets the result. 

In summary, in the case of ql = 2, lim.>.~o L.>. (s; {ph, %}~~1) exists and 

is equal to the sum of (15.11.lOa) and (15.11.10b). 
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Step 4: By the same arguments as in Step 2, one can be sure that 

limA-toLA (8; {Ph,%}~~l) exists if ql E {nk + 1};:::-/ . 
Step 5: In order to complete the proof, we need to show that 

~L>. (8;{Ph,%}~~I) 

exists in the case of ql ~ nm + 1. Without loss of generality, we shall assume 

that ql = n m + N. By the change of variable (15.11.7), L>. (8; {ph, qh}~~l) 
becomes 

15.12 Some Combinatorial Facts 

if 8 E (SN,TN) , 

if 8 = SN, 
if 8 = TN, 
if S ~ [SN,TN]. 

and the Block Normal Ordering Theorem 

Throughout this book, for each n E N and a set E, we use the notation En 
to denote the set of all functions defined on the set {I, 2, ... , n} and taking 
values in the set E. If n E N is a natural number, a family {ph, %}~=l is 
called a pair partition of {I, 2, ... , 2n} if 

(i) {PI, ql,··· ,Pn, qn} = {I, 2,···, 2n}; 
(ii) 1::; PI < ... < Pn ::; 2n (or 1 ::; ql < ... < qn ::; 2n); 
(iii) Ph < qh for any h = 1,···, n; 

A family {Ph,qh}~=l is called a noncrossing pair partition (or admissible 
pair partition) if it satisfies (i-iii) and 

(iv) for any 1 ::; h < j ::; n, Ph < Pj < % if and only if Ph < qj < qh. 

Now we give a geometrical interpretation of pair partitions and noncross
ing pair partitions. 
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Let us associate the number 1 with the n elements of the set {I, 2, ... ,2n} 
(I-points) and the number ° with the remaining n elements (O-points). Each 
such arrangement corresponds to a choice of a function in c E {O, 1 }2n such 
that L~:l c (k) = n. In the following, in order to indicate the fact that such 
arrangement corresponds to an c E {O,lpn such that L~:l c (k) = n, we 
shall say that the arrangement is balanced. 

For a fixed balanced arrangement we draw a line, starting from a O-point 
and ending at a I-point, so that the O-point is placed on the left ofthe I-point. 
If we require that any point be connected to another point by at most one 
line, then clearly on the 2n points with a certain balanced arrangement, one 
can draw at most n lines. In fact, each balanced arrangement permitting 
n lines corresponds to an c E {O, 1 pn that satisfies 

(i) L~:l c (k) = n; 
(ii) Yj = 1,2,' .. ,n. 

I{h: h = j,j + 1,"', 2n, c (k) = 1}1 ~ I{h : h = j,j + 1,"', 2n, c(k) = Oll· 

In the following we shall use {O, 1}~n to denote the subset of all cE {O,lpn 
satisfying (i) and (ii). 

Obviously, for each c E {O, 1 }~n, the n lines, associated with c as men
tioned before, give a pair partition on the set {I, 2, ... , 2n}, say {ph, qh} ~=1 , 

where {Ph}~=l ({qh}~=l) is the set of the left (right) ends points of these 
n lines. On the other hand, any pair partition {ph, qh} ~= 1 on the set 
{I, 2, ... ,2n} gives a naturally balanced arrangement and n lines as men
tioned before. 

A pair partition {ph, qh}~=l is noncrossing if and only if the n above 
mentioned lines do not cross. 

We can introduce also pair partitions and non-crossing pair partitions on 
any set {al, a2,"', a2n} , where the 2n points are assumed to be distinct. In 
fact, define 

J (ak) = k, k = 1,2,"', 2n. 

{ph, qh}~=l is called a pair partition (noncrossing pair partition) on the set 
{al,a2,···,a2n} if {J(Ph),J(qh)}~=l is a pair partition (noncrossing pair 
partition) on the set {I, 2, ... ,2n}. The following results are weIl known 
[ I . I denotes cardinality]. 

Lemma 15.12.1. 

100 x2n ",2 

I {pair partitions on the set {1,2 ... ,2n}}1 = . /CL.e-Tdx = (2n-l)!! 
-00 v 211" 
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Lemma 15.12.2. 

I {noncrossing pair partitions on the set {I, 2···, 2n}}1 

= /2 X2n~J1- x 2 dx = _1 (2n) 
-2 7r 4 n + 1 n 

is exactly the nth Catalan number. 

Lemma 15.12.3. Each c: E {O, l}~n determines possibly many pair parti
tions but exactly one noncrossing pair partition. 

Lemma 15.12.4. Given a noncrossing pair partition {lh, rh}h=l on the set 
{I, 2,' .. , 2n}, by taking out a pair {lj, rj}, the remaining part {lh, rhh:5h:5n, 
h=h is still a noncrossing pair partition of the set 

{1,2,.··,lj -l,G,lj + 1,···,rj -l,fj,rj + 1,···,2n}. 

Lemma 15.12.5. (General noncrossing principle). Let us assume we are 
given n E N and c: E {O,l}n such that for any j = 1,2,"', n 

I{h: h '2 j, c:(h) = 1}1 2 I{h: h 2 j, c:(h) = Oll . 

Denote m := I{h : c:(h) = O}I and {lj}j=l = {h : c:(h) = O} with the 
order h < ... < Im· Then for any {aj}j=l c {h : c:(h) = I} satisfying the 
conditions: 

(i) l{aj}j=ll =m (i.e. thea1,···,am are distinct), 
(ii) for any j = 1,2,,,,, m, I{h : ah ::; j}1 ::; I{h : lh ::; j}l, 

there exists a unique non-crossing pair partition {lj, aj }.i'!=1 . 

Theorem 15.12.1. (Normal ordering theorem). For any Fock space r (11.) , 
for any nE N and gl ... gn E 11., the normally (or Wiek) ordered form of the 
product 

is equal, denoting k := n - L~=l c: (h), to 

k/\(n-k) 

L 
m=O 

rr 
l<a<n 

c(a)=l;;'\t{ qh}h=l 

rr 
l:5ß:5n 

c(ß)=O,ß\t{Ph}h=l 

(15.12.1) 

m 

C rr (gPh,gQh) 
h=l 

(15.12.2) 

where in the Boson case C = 1 and in the Fermion case C E {I, -I}. 
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Proof 15.12.1. Clearly it is sufficient to deal only with the boson case. Using 
the CCR 

(15.12.3) 

to bring (15.12.1) to its normally ordered form, a certain number m of 
scalar products are produced. Since each scalar product uses a creator and 
an annihilator , the number m must be less than or equal to the minimum 
between n - k [the number of creators in (15.12.1)] and k [the number of 
annihilators in (15.12.1)]. In other words, we have to sum for all possible 
m = 0,1,···, k 1\ (n - k). 

The number m indicates only how many creators-annihilators pairs are 
used to produce the scalar product and does not give any information on 
which creators-annihilators are used to produce the scalar products. There
fore, we must, for any fixed m, also take into account all possible creators
annihilators pairs. By {PI··· Pm} ({ ql ... qm}) we denote the indices of all 
annihilators (creators) used to produce scalar products; then one of the two 
sets can be assumed to be ordered, and we shall assurne that Pl < ... < Pm. 

Moreover, it must be true that c (Ph) = 0, c (qh) = 1, Ph < qh for all 
h = 1,2,···, m. So (15.12.1) is equal to 

kA(n-k) 

L 
m=O 

I~Pl <···<Pm~n l~ql>···,qm~n 
h=l 

E(Ph)=O,h=l,2,.··,m Ph <Qh,E(qh)=I,h=l,2,.··,m 

. (product of all creators not used to produce scalar product) 

·(product of all annihilators not used to produce scalar product). 

But this is exactly the quantity (15.12.2). 
By combining together the arguments of the normal ordering theorem and 

the factorization principle, we easily obtain the following: 

Theorem 15.12.2. (The block normal ordering theorem). For N', Nil E N 
let there be given two vectors P~, P~ of the form 

where A+ (s, x) is a product of x creators. Then for any n E N and c E 
{O, 1}n , with 

n 

k = n - Ldh) , 
h=l 
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the matrix element 

(15.12.4) 

is equal to 

kA(n-k) 

o(l)+C L 
m=O 

ISPl<"-<PmSn ISQl"",qmSn 

e:(Ph)=O,h=I,2,.··,m Ph <Qh,e:(Qh)=I,h=I,2"",m 

(15.12.5) 

where C is a constant belonging to {I, -I} in the Fermi case, C = 1 in the 
Boson case, and the term 0 (1) is meant asymptotically as A -+ 0. 

The next thing to be considered in this section is n-tuple commutator. 

Lemma 15.12.6. Let there be given n + 1 elements X, BI ... B n (n E N) of 
an algebra. The n-tuple commutator 

(15.12.6) 

has the form 

n 

L L ()(d, U)Ba(l) ... Ba(d)XBa(d+I) ... Ba(n) , (15.12.7) 
d=O aESn 

where, for any d E {O, 1,2,"', n}, u E Sn, and the factor ()(d, u) takes values 
in the set {O, 1, -I}. Moreover, 

(i) the set {u E Sn: ()(n,u) =I- O} includes only the identity; 
(ii) the set {u E Sn : ()(O, u) =I- O} includes only the permutation which brings 

{1,2, .. ·,n} to {n, .. ·,2,1}. 

Proof 15.12.2. For n = 1, (15.12.6) is equal to BIX - XBI which has the 
form (15.12.7) with ()(O,u) = -1 and ()(l,u) = 1. Supposing that, for n = m, 
(15.12.6) has the form (15.12.7), we find the following for the case n = m + 1: 
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[BI' ... ' [Bm-I, [Bm,[Bm+l,XJ]] ... ] 

=[BI,.··, [Bm-I, [Bm, Bm+IXJ] ... ] - [BI'···' [Bm- I , [Bm,XBm+IJ] ... ] 
m 

= L L ()(d,a)Bcr(l)··· Bcr(d)Bm+lXBcr(d+l)··· Bcr(m) 
d=OcrESm 
m 

- L L ()( d, a )Bcr(l) ... Bcr(d) X Bm+lBcr(d+I) ... Bcr(m) , 
d=OuESm 

which obviously has the form 

m+I 

L L ()(j, r)Br(l) ... Br(j)XBr(j+l) ... Br(m+l) . 
j=O rESm+l 

For n = 1, (i) is dear. Suppose that (i) is true for n = m. Then for n = m+ 1 
we find 

[BI' ... ' [Bm- I , [Bm, [Bm+l' Xl]] ... ] 

= BI [B2' ... ' [Bm- I , [Bm, [Bm+l,Xl]] ... ] 

-[B2' ... ' [Bm- I, [Bm,[Bm+l,Xl]] ... ]BI' 

and only the first term on the right-hand side can give a term like 

BI· (a product of B2,···, Bm+l) . X. 

By applying the induction assumption to 

we complete the proof for (i). Similarly, one can prove (ii). 



16. Term-by-Term Convergence 

In this chapter the initial state of the reservoir will be the vacuum state and 
we study the limits, as .x -+ 0, of matrix elements of the evolution operator 
in the collective vectors, 

(16.0.1) 

and of the corresponding matrix elements for the Heisenberg evolution 

In (16.0.1) and (16.0.2a,b): 

(i) N,N' E N; 
(ii) Ch,Cj are: 

• a sum of products of creators, i.e. a sum of A+ -type terms; 
or 
• a sum of [products of creators] . [products of annihilators], i.e. a sum 

of N-type terms; 
(iii) X is a linear operator on the system space. 

Replacing formally, in (16.0.1) and (16.0.2a,b), the evolution operator by 
its iterated series, (16.0.1) becomes equal to a sum of terms of the form 

L. Accardi et al., Quantum Theory and Its Stochastic Limit
© Springer-Verlag Berlin Heidelberg 2002
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(16.0.3) 

(16.0.2a) is equal to the sum of terms of the form 

I
T1I >.2 ITN/>.2 1t />.2 1t1 1tn- 1 

>..N dS1 .. . dsN( _i>..)n dh dt2 . . . dtn 
811>.2 8N/>.2 0 0 0 

1t />.2 171 17m - 1 I T{/>.2 IT~d>.2 
(i>..)m dTl dT2'" dTm>..N' ds~ ... ds~, 

o 0 0 8i1>.2 8'rv,/>.2 

(g Ch('h)<>, HI(',) ... HI ('.)(1 " X)HI( T~) ... HI( TI) fi C~ (s~)<> ) 
(16.0.4a) 

In all cases the indices m, n of the summation run over the natural integers 
{0,1,2,·· .}. 

If the initial state is a temperature state, then the basic objects to be 
studied in the weak-coupling limit (WCL) are essentially the same as (16.0.3) 
and (16.0.4a,b), but with the following modifications: 

(i) the vacuum vector P should be replaced by the tensor product of the 
vacuum and the anti-vacuum vector: P Q9 pLi 

(ii) Ch, Cj are 
• a sum of products of creators on the first sPacei 
or 
• a sum of products of creators on the second sPacei 
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or 
• a sum of products of 

[creators on the first space] Q9 [creators on the second space] 
·[annihilators on the first space] Q9 [annihilators on the second space]j 

such a term will also be called aN-type block. 

Remark 16.0.1. Ifwe take N = N' = 0, then (16.0.1) and (16.0.2a,b) become 
just the expectation with respect to the state determined by the vector P. 

The present chapter is devoted to the consideration of the limits (16.0.3) 
and (16.0.4a,b) for fixed n, m. Such limits will be called simply the term
by-term limits. We shall investigate the term-by-term limits not only for the 
vacuum case but also for the finite temperature case. 

16.1 The Universality Class Principle 
and Effective Interaction Hamiltonians 

We will use the following notations: A(tj x) := a product of x annihilators 
with time variable t, 

A+(tjx):= (A(tjx))*, 

N(tjx,y):= A+(tjx)A(tjY) , 

{ 
A(tj y), if j = 0, 

Cj(tjX,y):= A+(tjx), ifj=l, 
N+(tjx,y), ifj=2. 

(16.1.1) 

(16.1.2) 

(16.1.3) 

From Chap. 11 we know that the standard form of the time-evolved interac
tion Hamiltonian, in the Fock case, is a sum of terms of the following type: 

-i'x[A+(t, x) 0 Dxeiwt + N(tj y, z) Q9 Ly,At) - h.c.] , (16.1.4a) 

where D and L(t) are linear operators on the system space. Moreover, just 
by moving the frequencies term eitw into the block A+(t, x) and changing 
the unitary group 82 into 82eitw / x , one can rewrite the standard form of 
the time-evolved interaction Hamiltonian as a sum of terms of the following 
type 

-i'x[A+(t,x) Q9 Dx +N(tjY,z) Q9 Ly,z(t) - h.c.] , (16.1.4b) 

and we will use this notation when it is not necessary to specify the frequency 
term. Similarly, in the standard form of the interaction Hamiltonian, we have 
not made explicit the dependence on the test functions. In fact we will prove 
that this information is irrelevant for the determination of the universality 
dass. 
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In the temperature case the state space of the reservoir has the form 

F(1I.d @ F(L1I.l) , 

where 11.1 is the 1-particle space (ket vectors) and L1I.l is its conjugate space 
(bra vectors) and, if pis the Fock vacuum and p" the anti-Fock vacuum, the 
initial state is 

(p @ P", p @ p") . 

We will use the following notations: 
Al (t; x) := a product of x annihilators on the first space with the time 
variable t, 

At(t; x) := (Al(t; x))* , 

A2(t; x) := a product of x annihilators on the second space with the time 
variable t, 

A(t; x, y) := Al(t; x) + A2 (t; y) 

and 

A+(t;x,y):= (A(t;x,y))* 

N(t; u, u', v, v', z, z', w, w') := a At(t; u)Al(t; u') + b At(t; v)A2 (t; v') 

+ c [At(t; z)Al(t; z')] @ [At(t; w)A2 (t; w')] , 

where a, b, c are constants. As in the Fock case we did not make explicit the 
dependence on the test functions and on the frequency terms. 

With these notations the standard form of the time-evolved interaction 
Hamiltonian is a sum of terms of the following type: 

-i>'[A+(t, x, y) @ Dx,y + N(t; u, u', v, v', z, z', w, w') 

@ Lu u' v v' z z' w w' (t) - h.c.]. , " " , , (16.1.5) 

In the following (both in the Fock case and in the temperature case) if we are 
interested only in the time variable t, we will simply write A+(t) [A(t),N(t)] 
to denote the A+ (A, N)-blocks for this time variable. In these notations 
(16.1.3) becomes 

ifj=O, 
ifj=l, 
ifj=2. 

(16.1.6) 

Then by using the standard form (16.1.4b) and (16.1.5) of H1 (t), the basic 
quantities to be estimated, Le. (16.0.3), (16.0.4a) and (16.0.4b), can always 
be expressed as a finite sum of quantities of the form 

(16.1.7) 
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where G(h ... tn) is a bounded function and 

J> '= {CP, if the initial state is the vacuum, 
• cP ® cp. , if the initial state is finite-temperature. 

For example, the quantity (16.0.3) can be rewritten as 

Theorem 16.1.1. For any n E N, for any SI, Tl'" Sn, Tn ERsuch that 
Sh ::; Th 't:/h = 1,2··· n, for any bounded function G(tl ... tn), the limit, as 
A -t 0, of 

is equal to zero if either of the following conditions holds: 

(i) the first block is not a product of annihilators, i.e. jl =I- 0; 
(ii) the last block is not a product of creators, i. e. jn =I- 1; 
(iii) in the product Il~=l Cjh (th; Xh, Yh), the number of the creators is differ

ent from that of annihilators; 
(iv) n is odd; 
(v) among the blocks Ch (tl; Xl, Yl) ... Cjh (th; Xn, Yn), there is some N-type 

term, i.e. there is some h E {1,2 ... N} such that jh = 2. 

Proof 16.1.1. As argued in Chap. 15, just by applying the canonical commu
tation relations (CCR) (or canonical anti-commutation relations CAR) one 
knows that, if at least one of the conditions (i), (ii) or (iii) is verified, then 
(16.1.8) is equal to zero; otherwise (16.1.8) is equal to a quantity of the form 

where 

(i) N is the number of creators in the product Il~=l Cjh (th; Xh, Yh) (which 
must be the same as the number of annihilators in the same product); 

(ii) {Pb ql ... PN, qN} = {I, 2 ... n} and Ph < qh for any h = 1,2 ... N; 
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(iii) any function Fh has the form 

Fh(t) = (S~!h,gh) , 

where fh (gh) are test functions coming from the annihilators (creators) 
in the product I1~=1 Cjh (th; Xh, Yh); 

(iv) the factor C ({Ph, qh}{;=l) is equal to 1 if the reservoir is bosonic, but 

otherwise is equal to 1 or -1. 

Because of (iii), we know that the conditions of the first connected compo
nent theorem are satisfied. Therefore, by applying that theorem, we conclude 
that (16.1.9) is a quantity of the order 

>.n. 0(>.-2k) = 0(>.n-2k), 

where k is the number of connected components of the variables h ... t n with 
respect to the product I1~=1 Fh (tph - tqh ). Moreover, as argued in Sect. 16.2, 
k ::; ~. So if n is odd, one has k ::; n 2l, and therefore the quantity (16.1.9) 
has order 0 (>'), and therefore it tends to zero as >. -+ o. 

Finally, if there exists h E {1,2 ... n} such that jh = 2, then the hth 
block is an .!V-block. So the connected component which includes the time 
variable th includes at least 3 time variables. As a consequence of this fact, 
the number k of connected components is less than or equal to 

n-3 n-1 
1+-2-=-2-. 

Thus (16.1.9), which apriori is a quantity of the order 0(>.n-2k), is in fact 
of the order 0(>'); hence it tends to zero as >. -+ o. 

Just by repeating the above proof, one can obtain the following: 

Theorem 16.1.2. The conclusion of Theorem 16.1.1 is still true if we as
sume that 

(i) SI, Tl are constants; 
(ii) For h = 2,3··· n, Sh, Th are bounded junctions ofthe variables Sj, Tj , tj, 

withj E {1,2···h-1}. 

Using these results, we are able to prove the universality class principle: 
.!V-type blocks can be neglected in the time-evolved interaction Hamiltonian 
and collective vectors. In particular the effective time-evolved interaction 
Hamiltonian H1(t) has the form (11.5.4) and (11.5.5). 

16.2 Block and Orthogonalization Principles 

In this section we try to understand the role played by the different terms in 
the effective time-evolved Hamiltonian Hf (t). In order to do this, we consider 
quantities such as 
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where here and in the following, cE {O,l}n, 

Ac(t. ') '= {a product of j annihilators with time variable t, if c = 0, 
, J. a product of j creators with time-variable t, if c = 1 , 

and G(tt ... t n ) is a bounded function. 
As shown in Theorem 16.1.1, the quantity (16.2.1) is different from zero 

only if 

(i) c(l) = 0; 
(ii) c(n) = 1; 

(iii) 2:%':1 c(k) = n; 
(iv) in the product rr~=l Ac(h)(th;jh) the number of creators is the same as 

that of annihilators. 

In the following, the four conditions above shall be called the nontriviality 
conditions, and in our discussion we will assume that these conditions are 
satisfied. Denote by {Ph}h=l := {k : c (k) = O} (annihilator indices) with the 
order 1 :::; PI < ... Pn :::; 2n. From Theorem 15.2.3 and its corollary, one easily 
obtains the following: 

Theorem 16.2.1. As >. ---+ 0, (16.2.1) is equal to 

0(1) + 
1~ql···qn~2n 

Ph <qh ,'Vh=1,2···n 

n l TPh /J,.2 
C({Ph,qh}h=l) rr >.2 dtph 

h=l SPh/>,2 

l T%/>,2 - . + .-
. dt% (gJ,A(tPh,JPh)A (t%,J%)gJ) , 

S%/>,2 
(16.2.2) 

where as usual c( {Ph, qh}h=l) is equal to ±1 and, if the reservoir is bosonic, 
it is always equal to 1. 

16.3 The Stochastic Resonance Principle 

In this section we deal with the contribution of the frequency terms to the 
WCL. The basic object to be considered is 

T/>,2 T/>,2 

>.2 f dt f dT (~,A(t,j)e-itw A+(T,j)eiTW/~) . (16.3.1) 
JS/>,2 JSI/>,2 
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The stochastic resonance principle says that 

Theorem 16.3.1. As'\ -7 0, the limit 01 (16.3.1) is equal to zero ilw =I- w'. 

ProoI16.3.1. Obviously, for any type of reservoir (bosonic or fermionic), for 
any initial state (vacuum or finite temperature ), for any JEN, the scalar 
product 

has the form F(t - r) for some function F E L1(R) n LOO(R). Therefore, 
(16.3.1) has the form 

T/>.2 T' />.2 
,\2 [ dt [ dre-itweiTW' F(t - r). 

1S/>.2 1s' />.2 
(16.3.2) 

By the change of variables 

V:=,\2 r , u:=t-r=t-v/,\2, 

(16.3.2) becomes 

l T' ., 2 1(T-v)/>.2 . 
e'(W -w)v/>' dv duF(u)e-tuw . 

S' (S-v)/ >.2 
(16.3.3) 

Since F E L1(R) n LOO(R) [so is e-iuw F(u)], the TImction 

1
(T-V)/>.2 

G>.(v) := duF(u)e- iuw 
(S-v)/ >.2 

is in L1(R) n LOO(R) and IG>.(v)1 ~ 11F111. By the following lemma, we know 
that (16.3.3) goes to zero as ,\ -7 0 if w =I- w'. 

Lemma 16.3.1 (Special case of the Riemann-Lebesgue Lemma). 
For any 8, T E R, such that 8 < T, lor any lamily 01 functions Fa E 

L1 ([8, Tl) such that there is a lunction F E L 1 ([8, Tl) such that lFal ~ IFI, 
lor any function 01 a, say n(a), such that n(a) -700 as a -7 ao, one has 

lim [T dt eit n(a) Fa(t) = o. 
a~ao 1s 

(16.3.4) 

ProoI16.3.2. As a -7 ao, 

1 
[T dt eit n(a) Fa(t) 1 = 1 [T dt Fa(t) J~ ds:iS n(a) - 11 

1s 1s t n(a) 

~ 181 + ITI + 1 [T dt lFa(t)1 ~ 181 + ITI + 1 [T dt IF(t)1 -+ 
In(a)1 1s In(a)1 1s o. 
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