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We study here the precession of the spin of a test gyroscope attached to a stationary observer in the Kerr
spacetime, specifically, to distinguish a naked singularity (NS) from a black hole (BH). It was shown
recently that for gyros attached to static observers, their precession frequency became arbitrarily large in the
limit of approach to the ergosurface. For gyros attached to stationary observers that move with nonzero
angular velocity Ω, this divergence at the ergosurface can be avoided. Specifically, for such gyros, the
precession frequencies diverge on the event horizon of a BH, but are finite and regular for a NS everywhere
except at the singularity itself. Therefore a genuine detection of the event horizon becomes possible in this
case. We also show that for a near-extremal NS (1 < a� < 1.1), characteristic features appear in the radial
profiles of the precession frequency, using which we can further distinguish a near-extremal NS from a BH,
or even from a NS with larger angular momentum. We then investigate the Lense-Thirring (LT) precession
or nodal plane precession frequency of the accretion disk around a BH and NS to show that clear
distinctions exist for these configurations in terms of radial variation features. The LT precession in
equatorial circular orbits increases on approaching a BH, whereas for NS it increases, attains a peak, and
then decreases. Interestingly, for a� ¼ 1.089, it decreases until it vanishes at a certain radius, and it acquires
negative values for a� > 1.089 for a certain range of r. For 1 < a� < 1.089, a peak appears, but the LT
frequency remains positive definite. There are important differences in accretion disk LT frequencies for a
BH and a NS and since LT frequencies are intimately related to observed quasiperiodic oscillations, these
features might allow us to determine whether a given rotating compact astrophysical object is a BH or a NS.
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I. INTRODUCTION

An important issue in relativistic astrophysics and
gravitation theory today has been to rule out the existence
of naked singularities in the gravitational collapse of
massive matter clouds. Alternatively, if naked singularities
(NSs) do exist as end states of massive stars collapsing
under self-gravity towards the end of their life cycles, the
important physical question would then be, how can one
decide whether a particular astrophysical compact object is
a black hole (BH) or a NS? This is a key issue, very much at
the heart of making physical predictions about very strong
gravity regions in the Universe, which major astrophysical
missions are probing currently [1].
In this connection, it is important to examine in some

detail the Kerr geometry configurations and find physical
quantities that can be used to differentiate a BH from a NS.
The Kerr spacetime describes either a rotating BH or NS,
depending on the Kerr spin parameter a, which is the

specific angular momentum (J=M). The Kerr BH possesses
two event horizons and two ergoregions which are the outer
and inner event horizons and outer and inner ergoregions.
The region between the outer event horizon and outer
ergoradius is called the outer ergoregion or simply the
ergoregion. Here, we will be primarily concerned with this
region. Similarly, the region between the inner event
horizon and the inner ergoradius is called the inner
ergoregion. The inner ergoregion is often dismissed as
being unphysical since we do not really know reliably what
happens behind the outer event horizon of a rotating black
hole. The rotational energy of the BH can be extracted by a
particle from the outer ergoregion (henceforth, just ergo-
region) and this is called the Penrose process.
The ergoregion is responsible for several interesting

phenomena, one of which has recently been discussed in
Ref. [2], where the exact Lense-Thirring (LT) precession
frequency of a test gyroscope in Kerr spacetime was
derived and it was shown that the LT precession frequency
diverges on the boundary of the ergoregion (henceforth,
“ergosurface”) of a BH. For BHs, the dimensionless Kerr
parameter satisfies a� ¼ J=M2 ≤ 1. In another work [3],
the spin precession frequency was discussed in detail in
the case of a NS (a� > 1). For a NS, the entire region
between the inner and outer ergo radii is defined to be the
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ergoregion. It was discussed there that the drastic change in
geometry of the ergoregion for a� > 1, as opposed to
a� ≤ 1, could allow for a differentiation of the two space-
times using a physical quantity, namely the precession
frequency of gyroscopes attached to static observers placed
around these compact objects. Specifically, for the NS
configuration, along the pole a finite angle opens up where
the ergoregion is absent and r ¼ 0 can be accessible via this
region without passing through the ergoregion. This region
broadens when values of a� increase beyond 1 and the
ergoregion shrinks toward the equator. It was discussed
that the precession frequency always diverges on the
ergosurface. Since the ergoregion completely bounds a
BH, on approaching it in any direction, one would find a
divergence. However, in the case of a NS, the frequency
remains finite and regular in the opening angle due to the
absence of the ergoregion. We find this to be a possible
experiment to distinguish the two qualitatively distinct Kerr
configurations.
It was discussed in Ref. [4] how a nonrotating black hole

can be distinguished from a naked singularity. In this paper,
we discuss how one can distinguish a rotating BH from a
NS using the behavior of the precession frequency of the
spin of a test gyro which moves, in general, along a
nongeodetic orbit around such a Kerr compact object, thus
generalizing the earlier work on distinguishing black holes
from naked singularities. In this regard, we find it useful to
mention that Bini et al. recently analyzed the precession of
a test gyroscope along bound [5] and unbound [6] equa-
torial plane geodesic orbits around a BH with respect to a
static reference frame whose axes point towards “fixed
stars.” It is well known that the paths followed by spinning
test particles are not, in general, geodesics [7,8].
In the present article, we discuss the precession of a

gyroscope both outside and inside the ergoregion of a BH
and a NS. We find that the divergence of the spin precession
frequency on the ergosurface reported in Ref. [3] can be
avoided if the test gyro moves with a nonzero angular
velocity Ω. In Ref. [3], the motivation was to study the
precession of spins of gyroscopes attached to stationary
observers, that is, to answer physical questions like how the
gyroscope of an astronaut holding his spaceship at a
constant distance from a Kerr compact object will behave.
The four-velocity (u) of “static gyros” on the ergosurface
satisfies u:u ¼ 0; that is, it becomes null. However, if one
introduces an azimuthal component to the four-velocity, the
norm can be made nonzero and timelike. We can therefore
extend the study of the behavior of a gyro into the
ergoregion. We find that the precession frequency of the
gyro behaves differently inside the ergoregion of a BH
versus that of a NS, due to the presence of the event
horizon, therefore rendering it a viable physical quantity
that can be used to distinguish a BH from a NS.
We note that the Killing vectors of the Kerr spacetime

provide invariant characterizations of the ergosurfaces and

horizons. The time translation Killing vector ∂0 is the
unique Killing vector that approaches a unit timelike vector
at spatial infinity and its vanishing norm gives the invariant
location of the ergosurface. Further, one can construct a
Killing vector from a linear combination, with constant
coefficients, of ∂0 and the azimuthal Killing vector ∂ϕ. The
vanishing norm of this Killing vector, for some fixedΩ (say
Ω ¼ ΩH), can be used to invariantly determine the location
of the horizon. With this motivation, we consider here the
precession of the spin of gyroscopes attached to stationary
observers, whose velocity vectors are proportional to the
Killing vectors K ¼ ∂0 þ Ω∂ϕ. These gyroscopes move
along circular orbits around the central compact object with
a constant angular velocity Ω, which at any given ðr; θÞ can
be chosen to be in a particular range, so that K is timelike.
Indeed, when the spacetime describes a BH, this frequency
becomes arbitrarily large for observers located infinitesi-
mally close to the horizon, in all coordinates. We interpret
this as a coordinate invariant method to locate the horizon.
For a NS, a divergence in the precession frequency occurs
at the singularity itself, which is present in the equatorial
plane. In [3], the precession frequency of gyroscopes
attached to static observers was considered, namely,
observers that do not change their spatial position with
time. The velocity vectors of these observers are propor-
tional to ∂0 and we found that the precession frequency for
static observers located infinitesimally close to the ergosur-
face became arbitrarily large, in all coordinates, thus
invariantly indicating the location of the ergosurface.
In a later section, we examine the Lense-Thirring

precession frequency and the fundamental frequencies of
an accretion disk around a Kerr compact object as the
other distinguishing criterion of a NS from a BH. Stable
circular orbits in the equatorial plane for both the BH and
NS cases are investigated, and we show that there are
important characteristic differences which can be used to
distinguish the BH and NS configurations from each other.
Specifically, we find the features of stable circular orbits in
the equatorial plane for both the BH and NS cases. We also
show that the radial and epicyclic frequencies show rather
distinct features in the BH and NS cases. Further, in
observed quasiperiodic oscillations (QPOs) from accretion
disks, if one finds a clear peak at some radius, then the
existence of NSs could possibly be established.
The scheme of the paper is as follows. In Sec. II, we

discuss stationary observers. We outline the derivation for
the spin precession frequency of a test gyro which rotates
with a nonzero angular velocity in a general stationary and
axisymmetric spacetime in Sec. III. We use this expression
for the precession frequency specifically for the Kerr
spacetime and discuss its features in various useful regimes
of the spacetime in Sec. IV. Characteristic features of the
precession frequency of a gyroscope orbiting NSs and BHs
that can be used to distinguish them, in principle, are
described in Sec. V. Further, in Sec. VI, features which can
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be used to distinguish near-extremal NSs from NSs with
higher angular momentum are discussed. In Sec. VII, we
use the Lense-Thirring precession (orbital plane preces-
sion) of an accretion disk around a Kerr spacetime as
another distinguishing criterion. We also discuss observa-
tional aspects related to QPOs. Finally Sec. VIII outlines
our results and conclusions.

II. STATIONARY OBSERVERS
IN KERR SPACETIME

In a rotating spacetime, observers can remain still
without changing their location with respect to infinity
only outside the ergoregion. Such observers are called static
observers [9,10] and their four-velocity is given as

uσstatic ¼ utstaticð1; 0; 0; 0Þ: ð1Þ

Once inside the ergoregion, it is impossible to stay fixed to
a point without changing all three spatial coordinates (say,
r; θ;ϕ) of their world lines with time. The ergoregion is a
characteristic feature of nonstatic stationary spacetimes.
Specifically, in the case of the BH, its event horizon lies
inside the ergoregion. This means that, in general, static
observers cannot exist arbitrarily close to the horizon of a
black hole. In contrast, an observer can hover very close to
the horizon of a Schwarzschild black hole, remaining fixed.
However, it is possible for observers to fix (r, θ) and rotate
(prograde only) around a BH or NS inside their ergoregion,
with respect to infinity. Such observers are called stationary
observers and their four-velocity is given as

uσstatio ¼ utstatioð1; 0; 0;ΩÞ; ð2Þ

where t is the time coordinate and Ω is the angular velocity
of the observer. Since we are interested in studying timelike
observers, the values that Ω takes are restricted. This is true
outside the ergoregion as well and retrograde rotating
observers are then allowed. Let us henceforth call gyro-
scopes attached to static and stationary observers static
gyroscopes and stationary gyroscopes, respectively, for
brevity.

III. SPIN PRECESSION OF A TEST
GYROSCOPE: FORMALISM

Let us consider a test gyroscope attached to a stationary
observer, which moves along a Killing trajectory in a
stationary spacetime. The spin of such a gyroscope under-
goes Fermi-Walker transport along

u ¼ ð−K2Þ−1
2K; ð3Þ

where K is the timelike Killing vector field. In this special
situation, it is known that the gyroscope precession
frequency coincides with the vorticity field associated with

the Killing congruence. That is, this gyroscope rotates
relative to a corotating frame with an angular velocity and
this effect is generally known as the “gravitomagnetic
precession,” since the vorticity vector plays the role of a
magnetic field in the 3þ 1 splitting of spacetime [11].
Thus, the general spin precession frequency of a test gyro,
Ωs, is the rescaled vorticity field of the observer congruence
and can be expressed as [10]

~Ωs ¼
1

2K2
� ð ~K ∧ d ~KÞ

or; ðΩsÞμ ¼
1

2K2
ημ

λβδKλ∂βKδ; ð4Þ

where Ωs is the spin precession frequency in the coordinate
basis; � represents the Hodge star operator or Hodge dual;
ημλβδ represent the components of the volume form in
spacetime; and ~K, ~Ωs are the one-forms of K and Ωs,
respectively. In any stationary spacetime, K can be chosen
to be K ¼ ∂0 for which, from Eq. (4), Ωs becomesΩLT, the
LT precession frequency. This can be expressed as [2,10]

ΩLT ¼ 1

2

εijlffiffiffiffiffiffi−gp
�
g0i;j

�
∂l −

g0l
g00

∂0

�
−
g0i
g00

g00;j∂l

�
: ð5Þ

In a static spacetime, LT precession vanishes since g0i ¼ 0.
On the other hand, it does not vanish in a stationary
spacetime. Moreover, due to the presence of K2 ¼ g00 in
the denominator, Eqs. (4) and (5) diverge if g00 vanishes. In
a stationary and axisymmetric spacetime, this happens only
on the ergosurface, which makes K a null vector there.
Inside the ergoregion, K is no longer timelike but becomes
spacelike. Thus, Eq. (5) is invalid inside the ergoregion as
well as on its boundary.
Since the focal point of this paper is to study spin

precession in the Kerr spacetime, we point out here that it
has two Killing vectors: the time translation Killing vector
∂0 and the azimuthal Killing vector ∂ϕ. Any constant
coefficient linear combination K ¼ ∂0 þΩ∂ϕ is also a
Killing vector and this exhausts the set of Killing vectors in
the Kerr spacetime. As stated earlier, the Killing vector ∂0

is the unique Killing vector that approaches a unit timelike
vector at spatial infinity. We now consider the full timelike
Killing vector of the Kerr spacetime and study spin
precession for observers with u, that is, stationary observ-
ers. This is in contrast to [3], where the velocity was chosen
to be proportional ∂0 and these described static observers.
Therefore, for a general stationary spacetime which also
possesses a spacelike Killing vector, we can write the most
general timelike Killing vector as

K ¼ ∂0 þΩ∂c; ð6Þ

where ∂c is a spacelike Killing vector of that stationary
spacetime and Ω, for an observer moving along integral
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curves of K, represents the angular velocity. The metric of
this particular spacetime is independent of x0 and xc

coordinates. The corresponding covector of K is

~K ¼ g0νdxν þ Ωgγcdxγ; ð7Þ

where γ; ν ¼ 0; c; 2; 3 in four-dimensional spacetime.
Separating space and time components, we can write ~K as

~K ¼ ðg00dx0 þ g0cdxc þ g0idxiÞ
þ Ωðg0cdx0 þ gccdxc þ gicdxiÞ; ð8Þ

where i ¼ 2, 3. Since we are mainly interested in the
ergoregion of a stationary and axisymmetric spacetime, we
can abolish g0i and gic terms. Finally, we obtain

~K ¼ ðg00dx0 þ g0cdxcÞ þ Ωðg0cdx0 þ gccdxcÞ ð9Þ

and

d ~K ¼ ðg00;kdxk ∧ dx0 þ g0c;kdxk ∧ dxcÞ
þΩðg0c;kdxk ∧ dx0 þ gcc;kdxk ∧ dxcÞ: ð10Þ

Now, Eq. (4) can be modified as

~Ωp ¼ 1

2K2
� ð ~K ∧ d ~KÞ: ð11Þ

Substituting the expressions of ~K and d ~K in Eq. (11), we
obtain the one-form of the precession frequency1 as

~Ωp ¼ εcklglμdxμ

2
ffiffiffiffiffiffi−gp ð1þ 2Ω g0c

g00
þ Ω2 gcc

g00
Þ :��

g0c;k −
g0c
g00

g00;k

�
þ Ω

�
gcc;k −

gcc
g00

g00;k

�

þ Ω2

�
g0c
g00

gcc;k −
gcc
g00

g0c;k

��
; ð12Þ

where we have used �ðdx0 ∧ dxk ∧ dxcÞ ¼ η0kclglμdxμ ¼
− 1ffiffiffiffi−gp εkclglμdxμ and K2 ¼ g00 þ 2Ωg0c þ Ω2gcc. The cor-

responding vector (Ωp) of the covector ~Ωp is

Ωp ¼ εckl
2

ffiffiffiffiffiffi−gp ð1þ 2Ω g0c
g00

þ Ω2 gcc
g00
Þ :��

g0c;k −
g0c
g00

g00;k

�
þ Ω

�
gcc;k −

gcc
g00

g00;k

�

þ Ω2

�
g0c
g00

gcc;k −
gcc
g00

g0c;k

��
∂l: ð13Þ

In a stationary and axisymmetric spacetime with coordi-
nates 0, r, θ, ϕ, Eq. (13) reduces to

~Ωp ¼ 1

2
ffiffiffiffiffiffi−gp ð1þ 2Ω g0ϕ

g00
þΩ2 gϕϕ

g00
Þ :�

−
ffiffiffiffiffiffi
grr

p ��
g0ϕ;θ −

g0ϕ
g00

g00;θ

�
þΩ

�
gϕϕ;θ −

gϕϕ
g00

g00;θ

�

þ Ω2

�
g0ϕ
g00

gϕϕ;θ −
gϕϕ
g00

g0ϕ;θ

��
r̂

þ ffiffiffiffiffiffi
gθθ

p ��
g0ϕ;r −

g0ϕ
g00

g00;r

�
þ Ω

�
gϕϕ;r −

gϕϕ
g00

g00;r

�

þ Ω2

�
g0ϕ
g00

gϕϕ;r −
gϕϕ
g00

g0ϕ;r

��
θ̂

�
: ð14Þ

For Ω ¼ 0, Eq. (14) reduces to

~ΩpjΩ¼0 ¼
1

2
ffiffiffiffiffiffi−gp

�
−

ffiffiffiffiffiffi
grr

p �
g0ϕ;θ −

g0ϕ
g00

g00;θ

�
r̂

þ ffiffiffiffiffiffi
gθθ

p �
g0ϕ;r −

g0ϕ
g00

g00;r

�
θ̂

�
; ð15Þ

which is only applicable outside the ergoregion. This is the
LT precession frequency of a test gyro due to the rotation of
any stationary and axisymmetric spacetime [12,13].

A. Application to Kerr spacetime

We now apply the above formalism to the Kerr spacetime
to describe the behavior of a test gyro both inside and
outside the ergoregion. The Kerr metric in Boyer-Lindquist
coordinates can be written as

ds2¼−
�
1−

2Mr
ρ2

�
dt2−

4Marsin2θ
ρ2

dϕdtþρ2

Δ
dr2

þρ2dθ2þ
�
r2þa2þ2Mra2sin2θ

ρ2

�
sin2θdϕ2 ð16Þ

where a is the specific angular momentum, defined as
a ¼ J=M, and

ρ2 ¼ r2 þ a2cos2θ; Δ ¼ r2 − 2Mrþ a2: ð17Þ
For convenience, we also define the dimensionless Kerr
parameter a� ¼ a=M ¼ J=M2, which we shall use almost
exclusively. The various metric components can be read off
from Eq. (16) and we have

1Ωp is not the LT precession frequency of the gyro. Since
thegyro has a nonzero angular velocityΩ, the precession frequency
Ωp is modified. If we setΩ ¼ 0, we haveΩp ¼ ΩLT. In this work,
the expression of Ωp describes the overall precession, which
includes the LT effect as well as some other effects (e.g., geodetic
precession) which we will discuss as we proceed.

CHANDRACHUR CHAKRABORTY et al. PHYSICAL REVIEW D 95, 084024 (2017)

084024-4



ffiffiffiffiffiffi
−g

p ¼ ρ2 sin θ: ð18Þ

Substituting the metric components of Kerr spacetime into Eq. (14), we obtain the spin precession frequency of a gyroscope
to be

~Ωp ¼ A
ffiffiffiffi
Δ

p
cos θr̂þ B sin θθ̂

ρ3½ðρ2 − 2MrÞ þ 4ΩMarsin2θ − Ω2sin2θ½ρ2ðr2 þ a2Þ þ 2Ma2rsin2θ�� ; ð19Þ

where

A ¼ 2aMr −
Ω
8
½8r4 þ 8a2r2 þ 16a2Mrþ 3a4 þ 4a2ð2Δ − a2Þ cos 2θ þ a4 cos 4θ� þ 2Ω2a3Mrsin4θ;

B ¼ aMðr2 − a2cos2θÞ þ Ω½a4rcos4θ þ r2ðr3 − 3Mr2 − a2Mð1þ sin2θÞÞ þ a2cos2θð2r3 −Mr2 þ a2Mð1þ sin2θÞÞ�
þ Ω2aMsin2θ½r2ð3r2 þ a2Þ þ a2cos2θðr2 − a2Þ�: ð20Þ

B. Range of Ω
Equation (19) is valid both inside and outside the

ergoregion. From the requirement that u be timelike,

K2 ¼ gϕϕΩ2 þ 2gtϕΩþ gtt < 0; ð21Þ

we can calculate the restricted range of Ω. Therefore, the
allowed values of Ω at any fixed ðr; θÞ are

Ω−ðr; θÞ < Ωðr; θÞ < Ωþðr; θÞ; ð22Þ

with

Ω� ¼
−gtϕ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2tϕ − gϕϕgtt

q
gϕϕ

: ð23Þ

Specifically, in the Kerr spacetime,

Ω� ¼ 2Mar sin θ � ρ2
ffiffiffiffi
Δ

p

sin θ½ρ2ðr2 þ a2Þ þ 2Ma2rsin2θ� ; ð24Þ

which shows that the range of allowed values for Ω
becomes increasingly limited as the observer is located
close to the horizon, that is, r ∼ rþ, and is eventually
limited to the single value at the horizon of the BH,

ΩH ¼ a
2Mrþ

: ð25Þ

Further, in the equatorial plane (θ ¼ π=2), Eq. (24)
becomes

Ω�jθ¼π=2 ¼
2Ma� r

ffiffiffiffi
Δ

p

rðr2 þ a2Þ þ 2Ma2
: ð26Þ

Since the ergoregion for NSs always extends all the way
up to the ring singularity in the equatorial plane, we can

evaluate Ω�jθ¼π=2 at r ¼ 0 and, from Eq. (26), it is evident
that these two frequencies match at the singularity.
Therefore, we must point out that both at the horizon
(rþ) and at the ring singularity (r ¼ 0; θ ¼ π=2), there exist
no valid values for Ω (because of the strict inequality)
implying that no timelike stationary observer can exist at
these points. Our precession frequency expression is
not valid at these points but it is still meaningful and
illuminating to study and plot its limiting values at these
points.
We can see from Fig. 1(a) that Ωþjθ¼π=2 and Ω−jθ¼π=2

match at r → rþ, for a BH with a� ¼ 0.9, and the value of
Ω becomes ΩH ≈ 0.31. Figure 1(c) shows that a small gap
appears between the same two quantities at r ≈M in the
case of the near-extremal NS with a� ¼ 1.001 and the two
curves match at r → 0 with the value of Ω ¼ 1=a�. In the
case of a NS with higher angular momentum, say, for
a� ¼ 2 [see Fig. 1(b)], the small gap disappears at r ¼ M
and the two curves match at r → 0, as usual for NSs.
To compare the behavior of the gyro inside the ergo-

region of a BH and NS, one can now plotΩp ¼ j ~Ωpj with r
at different θ for observers with varying Ω. For this
purpose, we introduce the parameter q to scan the range
of allowed values for Ω as follows:

Ω ¼ qΩþ þ ð1 − qÞΩ−

¼ ω − ð1 − 2qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −

gtt
gϕϕ

r

¼ 2Mar sin θ − ð1 − 2qÞρ2 ffiffiffiffi
Δ

p

sin θ½ρ2ðr2 þ a2Þ þ 2Ma2rsin2θ� ; ð27Þ

where 0 < q < 1 and ω ¼ −gtϕ=gϕϕ. Clearly, the range of
q covers the entire range of Ω from Ωþ to Ω−. Now, using
the expression for Ω, from Eq. (27), we can simplify the
denominator of Eq. (19) and obtain a nice and compact
expression for the spin precession frequency,
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~Ωp ¼ ðr2 þ a2Þ2 − a2Δsin2θ
4qð1 − qÞρ7Δ ½A

ffiffiffiffi
Δ

p
cos θr̂þ B sin θθ̂�;

ð28Þ

where 0 < q < 1 and A and B have been given in Eq. (20).
If we use the expression for Ω from Eq. (27) in Eq. (6),

we obtain

K ¼ qKþ þ ð1 − qÞK−

∥qKþ þ ð1 − qÞK−∥
¼ qKþ þ ð1 − qÞK−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2qð1 − qÞKþ:K−
p ; ð29Þ

where K�, the two null vectors associated with Ω�, are
given as [see Eq. (6)]

K� ¼ ∂t þ Ω�∂ϕ: ð30Þ

Further, in a general stationary and axisymmetric space-
time, we can write Kþ:K− ¼ 2ðgtt − ω2gϕϕÞ.

C. Acceleration of the test gyroscope

The gyroscopes we consider here have a specific velocity
u and, in general, experience nonzero acceleration. They
follow helical paths tangent to the Killing trajectory and
the acceleration experienced by these gyroscopes is not
arbitrary. This acceleration might be provided by using
large amounts of rocket power or some other source of
thrust, and we can calculate the necessary acceleration
scalar, for our gyros, using the following expression of the
four-acceleration:

αβ ¼
1

2
∇β ln jK2j: ð31Þ

We find the acceleration scalar for u to be

α¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gβγαβαγ

q

¼ −
1

ρ5K2
½ΔfMð2r2 − ρ2Þ½1− aΩsin2θ�2 − rρ4Ω2sin2θg2

þ sin2θcos2θf2Mr½a−Ωðr2 þ a2Þ�2 þΩ2ρ4Δg2�12;
ð32Þ

0.8

0.6
60 80

(a) (b)

(c)

FIG. 1. The frequency of a stationary gyroscope Ω can only take values in the range ðΩ−;ΩþÞ at any ðr; θÞ. Ω− and Ωþ (in M−1) are
shown as dashed blue and orange curves, respectively, and have been plotted specifically inside the ergoregion, in the equatorial plane
(θ ¼ π=2), as a function of r (inM) for different values of Kerr parameter a�. The inset in panel (c) showsΩ� outside the ergoregion, for
reference. This is the boundary of the region in which the most general Killing vector in Kerr spacetime, K ¼ ∂0 þ Ω∂ϕ, is timelike. For
black holes, we can see from panel (a) that Ω� meet at the horizon. For NSs, we can see from panels (b) and (c) that Ω� meet at the
singularity. Further, it can be seen from (c), that for near-extremal NSs (a� ∼ 1),Ω� take close values near r ¼ 1, which was the location
of the horizon of the extremal BH (a� ¼ 1).
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where K2 is

K2 ¼ gϕϕΩ2 þ 2gtϕΩþ gtt

¼ −4qð1 − qÞρ2Δ
ðr2 þ a2Þ2 − a2Δsin2θ

: ð33Þ

Therefore, Eq. (32) reduces to

α ¼ ðr2 þ a2Þ2 − a2Δsin2θ
4qð1 − qÞρ7Δ

× ½ΔfMð2r2 − ρ2Þ½1 − aΩsin2θ�2 − rρ4Ω2sin2θg2
þsin2θcos2θf2Mr½a −Ωðr2 þ a2Þ�2 þΩ2ρ4Δg2�12:

ð34Þ

Equation (34) represents the amount of acceleration that is
needed to move the test gyro in the Kerr spacetime. It is also
evident from the above expression that the acceleration
becomes arbitrarily high, blowing up as the event horizon is
approached from any direction. Since NSs do not possess
horizons, the acceleration of the gyro remains finite all
along, including at r ¼ 0 (θ ≠ π=2), which we can see
from

αjr¼0 ¼
1

4qð1 − qÞa2cos3θ ½M
2ð1 − aΩsin2θÞ4

þ a6Ω4sin2θcos2θ�12: ð35Þ

However, the above expression diverges close to the ring
singularity ðr ¼ 0; θ ¼ π=2Þ. The acceleration of the gyro
[Eq. (32)] vanishes if it rotates in a geodesic with the Kepler
frequency

Ω ¼ Ωϕ ¼ � M
1
2

r
3
2 � aM

1
2

: ð36Þ

D. Zero angular momentum observer

We note that for q ¼ 0.5, Ω becomes the characteristic
zero-angular-momentum-observer (ZAMO) frequency ω,

ω ¼ 2Mar
ðr2 þ a2Þ2 − a2Δsin2θ

¼ −
gtϕ
gϕϕ

: ð37Þ

In this case, test gyros attached to stationary observers
regard both þϕ and −ϕ directions equivalently, in terms of
the local geometry, and see photons symmetrically [9].
These gyros are nonrotating relative to the local spacetime
geometry. The angular momentum of such a “locally
nonrotating” observer is zero and is therefore called a
ZAMO, first introduced by Bardeen [9,14]. Bardeen et al.
[15] showed that the ZAMO frame is a powerful tool in the
analysis of physical processes near astrophysical objects.
Here, we should note that Eq. (31) reduces to Eq. (33.23) of
[9] (see Exercise 33.4) in the case of a ZAMO in a general
stationary and axisymmetric spacetime.

IV. USEFUL LIMITS

In this section, we will explore various useful limits of
the spin precession frequency [Eq. (28)]. We discuss what
happens to the frequency as r → 0 (specifically, the ring
singularity is at r ¼ 0, θ ¼ π=2), what it looks like in the
equatorial plane θ ¼ π=2, and whether this frequency
vanishes in the Schwarzschild spacetime.

A. Behavior of ~Ωp at r= 0

As discussed earlier, our expression for ~Ωp is not valid at
the ring singularity (r ¼ 0; θ ¼ π=2). However, we can still
study its behavior in its vicinity, that is, in the region r ¼ 0,
0 ≤ θ < 90°. We note here that this region is strictly
completely outside the ergoregion since the ergosurface
meets the ring singularity (see Figs. 1 and 2 of Ref. [3]). At
r ¼ 0, Eq. (19) becomes

~Ωpjr¼0 ¼
−a2Ω½3þ 4 cos 2θ þ cos 4θ�r̂ − 4M sin 2θ½1 − aΩð1þ sin2θÞ þ a2Ω2sin2θ�θ̂

8a2cos4θ½1 − a2Ω2sin2θ� ; ð38Þ

where we have used, from Eq. (20),

Ajr¼0¼−
a4Ω
8

½3þ4cos2θþcos4θ�;
Bjr¼0¼−Ma3cos2θ½1−aΩð1þsin2θÞþa2Ω2sin2θ�: ð39Þ

In the above expressions, the allowed range of Ω is

−
1

a sin θ
< Ω <

1

a sin θ
: ð40Þ

Since we are outside the ergoregion, we can consider static
observers, that is, we set Ω ¼ 0, and so Eq. (38) reduces to

j ~Ωpj ¼
M
a2

tan θsec2θ; ð41Þ

matches with our earlier calculations of Ref. [3], and can be
seen from Eqs. (6) and (7) therewith. Therefore, Ωp varies
from 0≤Ωp<∞ for 0≤θ<90° at r ¼ 0. That is, it diverges
only on the ring singularity (which is at x2þy2¼a2, z ¼ 0,
in Cartesian Kerr-Schild coordinates) but is finite inside it
(x2 þ y2 < a2, z ¼ 0).
It is useful to mention here that one can smoothly, in

principle, go over to the region with negative r (i.e., r < 0)
in Kerr spacetime, which is tantamount to passing through
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the ring singularity. but we stop at r ¼ 0 and avoid probing
negative values of r. The reason behind stopping at r ¼ 0 is
that it is fairly widely accepted that quantum gravity will
resolve the singularity resulting in a compact overspinning
object with a boundary at a positive value of r, which is
referred to as a “superspinar” [16]. Thus the region with
negative values of r will be excised and pathological
features such as closed timelike curves which occur in
the r < 0 region will not arise. Thus we restrict our probe of
the Kerr spacetime to r ≥ 0.

B. Behavior of ~Ωp in the equatorial plane, θ= π=2

The precession frequency in the equatorial plane is

~Ωpjθ¼π=2¼
aMþΩðr3−3Mr2−2Ma2ÞþaMΩ2ð3r2þa2Þ
r2½ðr−2MÞþ4ΩMa−Ω2½rðr2þa2Þþ2Ma2�� ;

ð42Þ

with the range Ω determined from Eq. (26). Specifically,
at the ergosurface ðr ¼ 2MÞ the precession frequency
becomes

~Ωpjθ¼π=2;r¼2M ¼ a − 2Ωða2 þ 2M2Þ þ aΩ2ða2 þ 12M2Þ
16ΩM2½a −Ωða2 þ 2M2Þ�

ð43Þ

with Ω being restricted to (see Fig. 1 also)

0 < Ω <
a

a2 þ 2M2
: ð44Þ

That is, if the mass or angular momentum of the central
object increases, the allowed range of Ω at the ergosurface,
in the equatorial plane, decreases.
For extremal BHs ða� ¼ 1Þ, the precession frequencies

at the outer ergoregion and at the outer event horizon,
respectively, can be obtained as

~Ωpjθ¼π=2;r¼2M;a�¼1 ¼
1 − 6ΩM þ 13Ω2M2

16ΩM2½1 − 3ΩMÞ� ;

~Ωpjθ¼π=2;r¼M;a�¼1 ¼ −
1

M
: ð45Þ

C. Nonzero ~Ωp in the Schwarzschild spacetime

Now, if we set a ¼ 0, the Kerr spacetime reduces to the
Schwarzschild spacetime, which is nonrotating. From
Eq. (19), we obtain

~Ωpja¼0 ¼ Ω
ðr − 3MÞ sin θθ̂ − ðr2 − 2MrÞ12 cos θr̂

r − 2M − r3Ω2sin2θ
; ð46Þ

where Ω can take any value such that u is timelike. Since
the Schwarzschild spacetime is spherically symmetric, we
can write Eq. (46) for θ ¼ π=2 as

Ωpja¼0 ¼ Ω
r − 3M

r − 2M − r3Ω2
: ð47Þ

This means that a gyroscope moving in the Schwarzschild
spacetime, which is a static spacetime, will precess. Now, if
the gyro moves along a circular geodesic, then Ω should be
the Kepler frequency, i.e., ΩKep ¼ ðM=r3Þ1=2, and Eq. (47)
reduces to

Ωpja¼0;Ω¼ΩKep
¼ Ω ¼

�
M
r3

�1
2

: ð48Þ

The above expression gives the precession frequency in the
Copernican frame, computed with respect to the proper
time τ. The proper time τ, measured in the Copernican

frame, is related to the coordinate time t via dτ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3M

r

q
dt and we can obtain the precession frequency

in the coordinate basis Ω0 as

Ω0 ¼
�
M
r3

�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

3M
r

r
: ð49Þ

We can now find the frequency associated with the change
in the angle of the spin vector over, say, one complete
revolution around the central object. This is just the
difference of Ω0 and Ω [17], and we get

Ωgeodetic ¼
�
M
r3

�1
2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

3M
r

r �
; ð50Þ

where we have identified above that this precession is just
due to geodetic precession (Ωgeodetic). This agrees with
standard results [18].

V. DISTINGUISHING KERR NAKED
SINGULARITIES FROM KERR BLACK HOLES
USING THE PRECESSION OF A TEST GYRO

In this section, we point out the characteristic differences
in the behavior of the modulus of the spin precession
frequency (Ωp) of stationary gyroscopes for BHs and NSs.
We show that the value of Ωp becomes arbitrarily large for
such gyroscopes, located arbitrarily close to the horizon of
a BH, that is, r ∼ rþ, for all values of q except q ¼ 0.5, the
ZAMO frequency. However, for a NS, Ωp always remains
finite up to r ¼ 0, except for r ¼ 0 and θ ∼ π=2, i.e., near
the singularity.
We obtain distinguishing characteristic features specifi-

cally in the radial profile of Ωp for both the BH and NS
cases, which we will discuss as we proceed. Further, we
also obtain features in the radial profile of Ωp that could
help distinguish near-extremal NSs from those with higher
spin. We explore the details of such features and provide a
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criterion to separate near-extremal NSs (1 < a� < 1.1)
from those with higher spins (a� ≥ 1.1) in Sec. VI.
We plot the modulus of the precession frequency of

stationary gyros Ωp ¼ j ~Ωpj, obtained from Eq. (28),

Ωp ¼
ðr2þa2Þ2−a2Δsin2θ

4qð1−qÞρ7Δ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2Δcos2θþB2sin2θ

p
; ð51Þ

and study its variation with a�, q, r, and θ. Briefly, from
the above expression, one can see that the denominator of
Ωp vanishes for ρ ¼ 0, Δ ¼ 0, or q ¼ 0, 1. Since it can be
seen from Eq. (20) that A and B are finite valued, Ωp

becomes arbitrarily large when its denominator vanishes.
ρ ¼ 0 is the ring singularity, Δ ¼ 0 is the event horizon,
and q ¼ 0, 1 are the (excluded) boundaries of the allowed
values of Ω.
For a BH with a� ¼ 0.9, we can see from the left panels

of Fig. 2 that the precession frequency indeed becomes
arbitrarily large close to the horizon for all values of a�, q,
and θ, except q ¼ 0.5. From Fig. 2(a), we can see that for
q < 0.5 the radial variation of Ωp is monotonic, with no
maxima or minima. However, for q > 0.5, a minimum
starts appearing, which can be seen from Fig. 2(e), and this
minimum is sharp for θ ¼ π=2. For observers at the ZAMO
frequency, q ¼ 0.5, the precession frequency remains
smooth and finite, as can be seen from Fig. 2(c), even
for gyros orbiting close to the horizon. We note that the
ZAMO frequency exhibits consistently peculiar behavior,
which might lead to interesting insights upon further
exploration. On the other hand, for a NS with a� ¼ 1.1,
as can be seen from the plots on the right in Fig. 2, the spin
precession frequency does not diverge. It remains finite and
regular even as one approaches r ¼ 0 for all angles
0 < θ ⋦ 90°. Near r ¼ 0, θ ¼ 90°, the precession fre-
quency becomes arbitrarily large because of the presence
of the ring singularity. This is also in stark contrast to the
BH case in the present paper, for which we obtain a
divergence in the precession frequency close to the event
horizon, far away from r ¼ 0. One also finds that a local
minimum and a local maximum appear for q ≥ 0.5 for
some angles; i.e., there are additional features that might
help to ascertain the angular velocity of a stationary
observer with respect to the ZAMO frequency. We also
note here that it can be seen from the y-axis scales in
Figs. 2(a), 2(b), 2(e), and 2(f) relative to the scales in the
other panels thatΩp rises sharply as the angular momentum
of the stationary observer Ω nears its allowed bounding
values Ω�. These panels represent q ¼ 0.1, 0.9, respec-
tively, for a BH and a NS.
In Fig. 3, we demonstrate that the features obtained for

a� ¼ 0.9 are characteristic of all BHs by plotting Ωp for
other values of a� ¼ 0.2, 0.4, 0.6, 0.8, 1. We show that the
spin precession frequency is finite and smooth both inside
and outside the ergoregion, but it diverges near the horizon
for all a�, q, r, and θ, except for q ¼ 0.5. Finally, in Fig. 4,

we demonstrate that the features obtained for a� ¼ 1.1 are
characteristic of NSs, in general, by considering other
values of a� ¼ 1.01, 1.05, 1.09, 2, 5. We have picked these
values at nonuniform intervals, anticipating additional
features in the plots for near-extremal NSs. We show that
the spin precession frequency is finite and smooth both
inside and outside of the ergoregion, the same as in the BH
case, but it diverges near the ring singularity for all a�, q, r,
and θ. This is different from the BH case, as we have
already mentioned above. Indeed, we also note here that
near-extremal NSs appear to have additional characteristic
features which could be used to distinguish them from other
generic higher spin NSs, as can be seen clearly from the
panels of this figure, and we explore this observation in the
following section.
We now describe our experiment to distinguish a Kerr

black hole from a Kerr naked singularity. Consider gyro-
scopes attached to stationary observers with a nonzero
azimuthal component (Ω) to their four-velocities u. These
are observers moving along circles at constant r and θ, with
a constant angular velocity Ω. For every orbit or trajectory
at fixed ðr; θÞ, we can find the range of allowed Ωðr; θÞ by
finding the lower and upper bounds,Ω−ðr; θÞ andΩþðr; θÞ.
We can represent this angular velocity equivalently by the
parameter q, which gives the absolute relation of that
observer with respect to the ZAMO (q ¼ 0.5). Consider
observers along two directions, say θ ¼ θ1; θ2 (θ1 ≁ θ2).
From the modulus of the precession frequencies Ωp of
gyroscopes attached to timelike stationary observers orbit-
ing a Kerr compact object at different r along these two
directions, we can make the following statements: (i) if Ωp

becomes arbitrarily large in the limit of approach to the
central object for both θ1 and θ2, then the spacetime
contains a black hole, whereas (ii) ifΩp becomes arbitrarily
large in the limit of approach to the central object for at
most one of the two directions θ1, θ2, then the spacetime
contains a naked singularity. The reason for this distinction
is as follows. For a black hole,Ωp becomes arbitrarily large
in the limit of approach to the event horizon, which exists in
all directions (i.e., for all θ) and therefore, observers
approaching the black hole in all directions will display
a divergence. However, for a naked singularity, since the
divergence occurs only close to the ring singularity, which
exists in the equatorial plane (θ ¼ π=2), only those observ-
ers that approach the compact object approximately along
this direction will see a divergence. Therefore, if one of
θ1; θ2 ¼ π=2, then we will see a divergence only along that
direction. Or, if neither θ1; θ2 ≠ π=2, we will not see any
divergence. Therefore, a divergence along at most one
direction will indicate that the spacetime contains a naked
singularity. We also note here that our statements are
qualitatively independent of the mass of the compact
object.
Finally, we expect that these results can possibly be

extended to any black hole or naked singularity with

DISTINGUISHING KERR NAKED SINGULARITIES AND … PHYSICAL REVIEW D 95, 084024 (2017)

084024-9



symmetries. We have used in [3] and in this work the result
that there exist invariant characterizations of ergoregions
(for rotating spacetimes) and horizons, respectively, in
terms of the Killing vectors. We set up observers equipped
with gyroscopes along integral curves of these Killing

vectors. We then study the precession behavior of these
gyros and interpret any arbitrarily large growth in the
modulus of the precession frequency that is obtained as
indicators of the presence of an ergosurface, as in [3], or a
horizon, as we have discussed here.

(a) (b)

(c) (d)

(e) (f)

FIG. 2. We have plotted in each panel the modulus of the precession frequency of stationary gyroscopes Ωp (in M−1) versus r (in M)
around a black hole (left panels) with a� ¼ 0.9 and a naked singularity (right panels) with a� ¼ 1.1 for different q and θ. Each of the
rows has a different value of q, which measures its angular velocity, and in each panel, θ takes values 10°, 50°, 90° represented in dotted
black, dotted-dashed black, and solid black curves, respectively. For the BH, r ranges from the horizon radius (which is at ∼1.44, in this
case) to 3. For the NS, the plots begin from r ¼ 0 (specifically, the singularity is at r ¼ 0 and θ ¼ 90°) and go to 3, and the ergosurface is
at 2 for θ ¼ 90°. It can be seen that there is a much bigger drop inΩp from 10° to 50° than from 50° to 90°. We have therefore given inset
plots (left inset for NS panels) for additional θ values (close to the pole) of 5°,20°, and 30° in dotted gray, dotted-dashed gray, and solid
gray curves, along with 10° in a dotted black curve, the same as in the main panel. Further, for the NS case, since the singularity is at
θ ¼ 90° in these coordinates, as r → 0, θ → 90°, the frequency blows up. We have zoomed in on the range of r between 0 and 1 and set
insets (on the right in the NS panels) of the plots for θ ¼ 80°; 90° in dashed gray and solid black curves to demonstrate how quickly Ωp

increases relative to angles much smaller than 90°.
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VI. DISTINGUISHING NEAR-EXTREMAL KERR
NAKED SINGULARITIES FROM ONES WITH

HIGHER ANGULAR MOMENTUM

In the previous section, we discussed how the spin
precession frequency, in the case of a BH, becomes
arbitrarily large at the horizon for all values of q, barring
q ∼ 0.5. For a NS, it diverges only near the ring singularity
r ¼ 0, θ ¼ π=2 and remains finite even for r ¼ 0 for
0 < θ ⋦ π=2. We pointed out that this can be used to
distinguish a BH from a NS. Further, from Fig. 4, a general
feature that emerges is that with increasing a�, the radial
profile of Ωp becomes increasingly “smoother.” This
motivates us to use the “sharp” features that appear for
naked singularities, with a� ≳ 1 to separate them from

those with a� ≫ 1. Indeed, we find that one can use the
features that appear for 1 < a� < 1.1 to characterize them
and potentially distinguish them from a� > 1. In this
section we highlight these features in ΩpðrÞ with changes
in a�, q, θ.
We place emphasis on this study because of the

importance of near-extremal naked singularities in general
relativity. For example, in a black hole binary collision, like
the one studied by LIGO recently, the angular momentum
of the compact object during the collision could tempo-
rarily exceed the Kerr bound and result in a temporary near-
extremal naked singularity, a scenario that is of interest to
the authors of [19]. Further, if a thick accretion disk could
spin up a near-extremal black hole, it would likely form a

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 3. We have plotted here, for black holes, the modulus of the precession frequencyΩp (inM−1) versus r (inM) for different a�, q,
and θ. We have q ¼ 0.1, 0.5, 0.9 in the top, middle, and bottom rows, respectively, and θ ¼ 10°; 50°; 90° in the left, center, and right
columns, respectively. In each panel, solid gray, dashed gray, dotted-dashed black, dotted black, and solid black curves stand for
a� ¼ 0.2; 0.4; 0.6; 0.8; 1, respectively. We have plotted Ωp for each BH (with different a�) between its horizon radius (rþ) and r ¼ 3.
The ergoregion is at r ¼ 2 for θ ¼ 90° (bottom row), for reference. This figure clearly demonstrates that for all values of a�, q, θ, the
precession frequency Ωp becomes arbitrarily large near the event horizon, in general. As can be seen from the bottom row, for q > 0.5,
minimas appear. Specifically, from panel (i), it can be seen that the sharpness of the minimas increases with a�, with extremal black holes
as exceptions.
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near-extremal naked singularity due to its proximity to the
black hole geometry in the a� parameter space. We mention
in relation to this point that using the Polish doughnut
model (not for Kerr spacetime), Li and Bambi [20] showed
that the overspinning compact objects can be generated by
thick accretion disks.
The radial variation of the modulus of the precession

frequency for all q, at θ ∼ 0°, is smooth, as can be seen from
Figs. 5 and 6. For an observer moving with an angular
velocity that is not close to the ZAMO frequency (q ≁ 0.5),
a clear maximum-minimum pair appears around r ¼ 1,
resulting in a sharp drop/rise in Ωp at that radius, as can be
seen from Figs. 5(a) and 5(e). The event horizon of an

extremal black hole a� ¼ 1 is located at r ¼ 1 and we link
this sharp feature to this observation. We will discuss this in
some more detail in the following subsection. Roughly,
however, the reason for these sharp features is as follows.
From Eq. (51), we see that Δ appears in the denominator.
We know that Δ ¼ 0 marks the location of the horizon for
a� ≤ 1 and specifically, because of this, for a� ¼ 1, Ωp

exhibits a divergence at r ¼ 1. This divergence is avoided
for a� ≳ 1 since Δ ≠ 0, but Δ changes only slightly from 0
and hence we see a sharp change at r ∼ 1. The dependence
on θ is due to the other factors in Eq. (51). That is, a� ≳ 1
naked singularities feel the “phantom effects” of the
extremal event horizon. Further, we can ascertain whether

(a) (b) (c)

(d) (e) (f)

(g) (h)

FIG. 4. We have plotted here, for naked singularities, the modulus of the precession frequency Ωp (in M−1) versus r (in M) for
different a�, q, and θ. We have q ¼ 0.1, 0.5, 0.9 in the top, middle, and bottom rows, respectively, and θ ¼ 10°; 50°; 90° in the left,
center, and right columns, respectively. In each panel, solid gray, dashed gray, dotted-dashed gray, dotted black, and solid black curves
stand for a� ¼ 1.01, 1.05, 1.09, 2, 5, respectively. We have plotted Ωp for each NS (with different a�) between r ¼ 0 and r ¼ 3. The
ergoregion is at r ¼ 2 for θ ¼ 90° (bottom row), for reference. This figure clearly demonstrates that for all values of a�, q, θ, the
precession frequency Ωp becomes arbitrarily large near the ring singularity. Further, the gray curves are all near-extremal NSs and this
figure demonstrates how near-extremal NSs appear to have additional characteristic features that can be used to distinguish them from
NSs with higher angular momentum. Motivated thus, we explore this distinction in greater detail in Sec. VI, since near-extremal naked
singularities are of great interest from an observational standpoint, if they exist.
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an observer is rotating with an angular frequency Ω above
or below the ZAMO frequency ω; that is, we can
distinguish whether Ω > ω or Ω < ω, by looking at the
additional maxima-minima structure in the region r < 1.

We note here that at Ω ¼ ω itself Ωp is smooth, as can be
seen from Figs. 5(c) and 5(d), and it is devoid of the sharp
features that are obtained at r ¼ 1 for q ≁ 0.5. Features for
q ∼ 0.5 are highlighted in Fig. 6.

(a) (b)

(c) (d)

(e) (f)

FIG. 5. The modulus of the precession frequency Ωp (in M−1) versus r (in M) has been plotted for near-extremal naked singularities
with two different a� for different q, θ. We have used a� ¼ 1.0001, 1.01 in the plots in the left and right columns and q ¼ 0.3, 0.5, 0.7 in
the top, middle, and bottom rows, which are representative of Ω < ω, Ω ¼ ω, and Ω > ω, respectively. In each panel, the dotted black,
dotted-dashed black, dashed black, and solid black curves represent θ ¼ 10°; 50°; 70°; 90°, respectively. This plot shows that for all q, at
θ ∼ 0°, the radial variation of Ωp is smooth. From panels (a), (e), for Ω ≁ ω, a clear maximum-minimum pair appears around r ¼ 1,
resulting in a sharp drop/rise inΩp at that radius. The event horizon of an extremal black hole a� ¼ 1 is located at r ¼ 1, and we link this
sharp feature to this observation. At Ω ¼ ω itself, Ωp is smooth, devoid of this particular feature. We discuss Ω ∼ ω in the next figure
since these q values have richer features. As can be seen from panels (b), (f), this sharp rise/drop inΩp gets smoother with increasing a�.
By a� ∼ 1.1, these features completely vanish and we interpret this feature as providing an important criterion based on which one can
distinguish a near-extremal NS (1 < a� < 1.1) from a NS with a higher spin. In the inset, we display approximately at what angle θ this
sharp r ¼ 1 feature starts to appear from, and we have used θ ¼ 5°; 10°; 15°; 30° for the dashed gray, dotted black (same as the main
panel), red, and blue curves, respectively.
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On moving closer to the compact object, that is, on
decreasing r, in any direction θ, Ωp always increases.
Further, for r → 0, on increasing θ, observers get closer to
the ring singularity and therefore see a rapidly rising Ωp.
Specifically, as θ → π=2, Ωp becomes unbounded. With an
increase in a�, as is demonstrated in both Figs. 5 and 6, we
see that this r ¼ 1 feature becomes smoother. By a� ∼ 1.1,
these features completely vanish and we interpret this result
as providing an important criterion based on which one can
distinguish a near-extremal NS (1 < a� < 1.1) from one
with a higher spin. In the insets of both figures, we explore
approximately at what angle θ this sharp r ¼ 1 feature
starts to appear from and this value of θ depends on a�, in
general.

A. Behavior of gyro frequency for near-extremal
naked singularities

In this subsection, we will discuss the reasons for the
features that are exhibited by near-extremal naked singu-
larities that are different from those with higher spins. We
define χ from Eq. (28) for convenience as

χ ¼ ðr2 þ a2Þ2 − a2Δ sin2 θ
4qð1 − qÞρ7Δ ; ð52Þ

so that the precession frequency ~Ωp becomes

~Ωp ¼ χ½A
ffiffiffiffi
Δ

p
cos θr̂þ B sin θθ̂�: ð53Þ

First, we dedimensionalize the above expression by replac-
ing a� ¼ a=M and introducing the dimensionless radial
variable y ¼ r=M. We can then write χ as

χ ¼ ðy2 þ a2�Þ2 − a2�Δ�sin2θ
4qð1 − qÞρ7�Δ�

M−5: ð54Þ

Therefore, χ has mass dimension −5. Similarly, A and B
have mass dimensions 3 and 4, respectively,

ffiffiffiffi
Δ

p
has mass

dimension 1 and the term in the square braces of Eq. (53)

has a total mass dimension of 4. Therefore, ~Ωp has an
overall mass dimension of −1. In this section, henceforth,
we work exclusively with dimensionless quantities and
simply drop all factors of M. We write down now the
dimensionless expressions for a near-extremal NS by
replacing a� ¼ 1þ ϵ (ϵ > 0),

(a) (b)

(c) (d)

FIG. 6. We plot now Ωp (in M−1) versus r (in M) for near-extremal naked singularities with a� ¼ 1.0001 and 1.01 at different θ, for
q ∼ 0.5 (q ≠ 0.5). The curve styles are the same as in Fig. 5 and the insets in this figure demonstrate that for these values of q, that is, q
close to but not equal to 0.5, there are richer features at smaller angles θ. It can be seen from this figure, as from Fig. 5, that with
increasing a�, these features all get smoothed out.
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χne ¼
ðy2 þ 1þ 2ϵÞ2 − ð1þ 2ϵÞΔnesin2θ

4qð1 − qÞρ7neΔne
;

Ane ¼ 2ð1þ ϵÞy −Ωne

8
f8y4 þ 8ð1þ 2ϵÞy2 þ 16ð1þ 2ϵÞyþ 3ð1þ 4ϵÞ þ 4ð1þ 2ϵÞð2Δne − 1 − 2ϵÞ cos 2θ

þ ð1þ 4ϵÞ cos 4θg þ 2Ω2
neð1þ 3ϵÞysin4θ;

Bne ¼ ð1þ ϵÞðy2 − ð1þ 2ϵÞcos2θÞ þΩnefð1þ 4ϵÞycos4θ þ y2ðy3 − 3y2 − ð1þ 2ϵÞð1þ sin2θÞÞ
þ ð1þ 2ϵÞcos2θð2y3 − y2 þ ð1þ 2ϵÞð1þ sin2θÞÞg
þ Ω2

neð1þ ϵÞsin2θ½y2ð3y2 þ 1þ 2ϵÞ þ ð1þ 2ϵÞcos2θðy2 − 1 − 2ϵÞ�;

Ωne ¼
2ð1þ ϵÞy sin θ − ð1 − 2qÞρ2ne

ffiffiffiffiffiffiffi
Δne

p
sin θ½ρ2neðy2 þ 1þ 2ϵÞ þ 2ð1þ 2ϵÞysin2θ� ;

Δne ¼ y2 − 2yþ 1þ 2ϵ;

ρ2ne ¼ y2 þ cos2θ þ 2ϵcos2θ; ð55Þ

where subscript “ne” stands for “near extremal.” For some
constant κ, we can write

ðΔneÞκ≈ðy−1Þ2κ
�
1þϵ

2κ

ðy−1Þ2
�
; if jy−1j≫ϵ

≈ϵκ; otherwise;

ðρ2neÞκ≈ðy2þcos2θÞκ
�
1þϵ

2cos2θ
y2þcos2θ

�
κ

; if jy2þcos2θj≫ϵ

≈ðϵcos2θÞκ; otherwise: ð56Þ

y ¼ 1 was the location of the event horizon for an extremal
black hole (a� ¼ 1), which vanished as a� was changed
slightly from 1. As can be seen from the above expressions,
this is a special point for Δne. For ρne, the two cases
correspond to being far from and near the ring singularity at
r ¼ 0; θ ¼ π=2, respectively.
As can be seen from Eq. (55), Ωne is finite and smooth

always (remember that at the pole, i.e., for θ ¼ 0, the only
allowed value of Ω is Ω ¼ 0 and hence, Ωne;θ¼0 ¼ 0).
Therefore, A and B are also finite and smooth and we can
restrict ourselves to studying χne to find any interesting
sharp features in the radial profile of the modulus of the
precession frequency Ωp, for a near-extremal NS. Indeed,
we can see from χne given in Eq. (55) that the factor of Δne
in the denominator will drive Ωp to rise sharply near y ¼ 1

for near-extremal naked singularities. The specific maxima/
minima structure in the radial profile of Ωp can also be
ascertained from Eq. (55).

B. Near-extremal overspinning Kerr geometry
and ultrahigh-energy collisions

Many interesting physical processes occur in near-
extremal Kerr geometry at r ¼ 1 (in units of M). These
processes include ultrahigh-energy particle collisions and

collisional Penrose process with an extremely large effi-
ciency of energy extraction.
In [21,22], we considered two particles which follow the

geodesic motion on the equatorial plane of overspinning
Kerr geometry starting from rest at infinity and undergo a
collision at r ¼ 1. One of the particles that is initially
ingoing, turns back at radial coordinate 0 < r < 1 and
appears at r ¼ 1 as an outgoing particle, while the second
particle is ingoing. We showed that the center of mass
energy of collision between the radially ingoing and
outgoing particles shows divergence in the near-extremal
limit where the Kerr spin parameter transcends the extremal
value by an infinitesimal amount, i.e., a ¼ Mð1þ ϵÞ with
ϵ → 0þ. This process overcomes many limitations and fine-
tunings involved in an analogous high-energy collision
process between the two ingoing particles which occurs
close to the event horizon of the maximally spinning
BH [23,24].
We further showed that the particles which are produced

in the ultrahigh-energy particle collisions in the overspin-
ning Kerr spacetime can escape to infinity with divergent
energies [25]. This is a consequence of the collisional
Penrose process which allows us to extract rotational
energy from the ergoregion of the Kerr spacetime. The
efficiency of the collisional Penrose shows divergence in
the near-extremal limit for the collisions which occur at
r ¼ 1, making it possible to extract a large amount of
energy from the overspinning Kerr geometry. This is in
stark contrast to the BH case, where efficiency is shown to
be always finite with an upper bound of 14 [26]. Thus near-
extremal NS spacetime can possibly be the source of the
ultrahigh-energy cosmic rays and neutrinos.
Interestingly, as we showed earlier in this section,

gyro precession frequency shows a sharp increase or
decline close to r ¼ 1 in near-extremal overspinning
Kerr spacetime as we decrease its radial coordinate along
the constant value of θ. This is precisely the location where
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ultrahigh-energy collisions and the collisional Penrose
process with divergent efficiency occurs. Thus a thought
experiment to the lower gyro which we described in this
paper kills two birds with one stone. Firstly it allows us to
identify the spacetime geometry which is conducive to the
high-energy processes, as it can tell us whether the
geometry is overspinning and near extremal. Secondly it
also helps us to locate the region in space which can host
high-energy processes, as gyro frequency exhibits a pecu-
liar trend exactly at this location. This coincidence is quite
remarkable.

VII. FRAME-DRAGGING EFFECT
IN ACCRETION DISKS IN A

KERR GEOMETRY

In order to study the accretion disk around a spinning
BH, one needs to study the stable circular orbits in the Kerr
space-time. The last or innermost stable circular orbit
(ISCO) marks the inner boundary of this disk. The
ISCO radius depends on the Kerr parameter a�, as shown
in Fig. 7. This is a key underlying physical feature that can
distinguish BHs from NSs, as we will see in this section.
The three fundamental frequencies for the accretion

disk, namely, the Keplerian frequency Ωϕ, vertical
epicyclic frequency Ωθ, and the radial epicyclic frequency
Ωr, are derived for the Kerr metric [27,28] (in geometrized
units) as

Ωϕ ¼ � M
1
2

ðr32 � aM
1
2Þ ð57Þ

Ωr ¼ Ωϕ

�
1 −

6M
r

� 8aM
1
2

r
3
2

−
3a2

r2

�1
2

ð58Þ

Ωθ ¼ Ωϕ

�
1 ∓ 4aM

1
2

r
3
2

þ 3a2

r2

�1
2

; ð59Þ

where the upper sign is applicable for a direct orbit and the
lower one for a retrograde orbit. These frequencies are
related to the precession of the orbit and orbital plane.
Precession of the orbit is measured by the periastron
precession frequency ðΩperÞ, and orbital plane precession
is measured by the nodal plane precession or Lense-
Thirring precession frequency ðΩnodÞ [29]. These two
frequencies are defined as [30]

Ωper ¼ Ωϕ − Ωr; ð60Þ

Ωnod ¼ Ωϕ − Ωθ: ð61Þ

Orbital plane precession arises only due to the rotation of
the spacetime. In a nonrotating spacetime, Ωϕ is always
equal to Ωθ, and hence the Lense-Thirring precession is
entirely absent. However, periastron precession occurs both
in rotating and nonrotating spacetimes. We note that the
square of the radial epicyclic frequency Ω2

r vanishes at the
ISCO and is negative for smaller radii, which shows a radial
instability for such orbits. Outside the ISCO, Ω2

r is always
positive andΩ2

θ is always nonzero and positive in a rotating
spacetime. The same cannot be said about Ωnod. For
example, the LT precession frequency [Eq. (61)] can be
zero at r ¼ r0, given by

Ωnodðr0Þ ¼ 0 ⇒ r0 ¼
9

16
a2�M ¼ 0.5625a2�M: ð62Þ

Since r0 is always less than rISCO (6M ≥ rISCO ≥ M [15])
and even inside the event horizon for a BH (0 ≤ a� ≤ 1),
the LT precession frequency never becomes zero for a BH
spacetime. We now discuss the location of the ISCO in a
NS spacetime and argue that its relation with r0 has
implications for distinguishing BH and NS spacetimes.
Figure 7 shows that the ISCO radius decreases with

increasing a� for prograde orbits for both BHs and NSs up
to a� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
32=27

p
≈ 1.089, and then increases [31–33].

Therefore, the minimum ISCO radius, having the value
rISCO ¼ 2M=3, occurs for a� ¼ 1.089. As seen from
Fig. 7, the ISCO lies on or inside the ergosurface for
0.943 ≤ a� ≤ 2.838. For each a� value, there exists a radius
(r0) at which there is no frame-dragging effect, and hence
the LT precession vanishes. This radius is less than the
ISCO radius for a� < 1.089 (Fig. 7), but this may not be
observationally important, as the accretion disk extends up

FIG. 7. Three radial quantities (in units of M) for prograde
orbits, namely, the ISCO radius (black), the ergoradius (dashed
gray), and the radius (r0) at which the precession frequency
(Ωnod) vanishes (blue curve), plotted as functions of the dimen-
sionless Kerr parameter a� ¼ a=M. The ISCO radius lies outside
the ergoregion for all a� except 0.943 ≤ a� ≤ 2.838. r0 meets the
ISCO radius at a� ¼ 1.089. This has the implication that for
smaller values of a�, the LT frequency is always positive and does
not vanish for any radius. For larger values, there is a domain of r
for which this frequency becomes negative, signifying that the LT
effect switches sign. Since this feature is exhibited for
a� ¼ 1.089 > 1, the LT frequency in a BH spacetime never
vanishes. We point out that NSs with a� < 1.089 also do not
display vanishing LT frequency.
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to rISCO. Figure 7 also shows that r0 equals rISCO for a� ¼
1.089 [34] and is greater than rISCO for a� > 1.089. These
make 1.089 a special value of a�.
In the case of BHs, the LT frequency increases with

decreasing r up to the inner edge of the accretion disk [see
Figs. 8 and 9(a)]. But for NSs, the LT frequency attains a
maximum at r ¼ rp which occurs always at rðr ¼ rpÞ >
rISCO (see Table I), and then decreases as r decreases
[Figs. 8 and 9(b)]. As shown in Figs. 7, 8, and 9(b), the LT
precession frequency becomes negative for rISCO ≤ r < r0,
in the case of a� > 1.089. This means that the direction
of LT precession is reversed. The maximum value of Ωnod
(¼1=2M) occurs for a� ¼ 1 at r ¼ rISCO. We also note that

dΩnod

dr

����
rISCO

< 0 for BH; ð63Þ

dΩnod

dr

����
rISCO

> 0 for NS; ð64Þ

and hence Ωnod decreases (increases) with r at rISCO for
BHs (NSs).
The profiles of the other frequencies, i.e., Ωϕ, Ωr, Ωθ,

and Ωper, can also show differences between BHs and NSs.
Figure 10 shows that Ωϕ behaves similarly for BHs and

(a) (b)

FIG. 9. We show the radial variation of the precession frequency (Ωnod) (in units ofM−1) for different a� BHs in the left panel and NSs
on the right panel. For BHs, we plotΩnod between their respective ISCO radii and r ¼ 6. We have used a� ¼ 1 (black), 0.9999 (magenta
dashed), 0.9 (purple dotted), 0.5 (blue dotted-dashed), and 0.2 (green dashed curve).Ωp decreases with increasing r always for BHs. For
NSs, we plot Ωnod between their respective ISCO radii and r ¼ 6. We have included also the extremal BH case to demonstrate the clear
change in characteristic features. We have used a� ¼ 1 (black), 1.05 (gray dashed), 1.089 (brown dotted), 2 (orange dotted-dashed), and
4 (red dashed curve). For NSs, as we increase r, Ωnod always increases initially at the ISCO radius, reaches a peak value and decreases.
Negative Ωnod implies that the sense of precession has changed. These are characteristic features of NSs.

(a) (b)

FIG. 8. Variation of Ωnod (in units ofM−1) versus r (in units ofM). It is seen from the plots that the nodal plane precession frequency
Ωnod always increases as one approaches a BH but in the case of a NS, we obtain a peak value of Ωnod for all a� > 1. Ωnod vanishes in a
particular orbit of radius r0 for a� ≥ 1.089 and it becomes negative (which means that the LT precession reverses direction) in all the
orbits which are in the range r0 > r ≥ rISCO for a� > 1.089.
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NSs, but much larger values are possible for the latter,
simply because the disk can extend up to much lower radii.
Figure 11 shows that a small additional peak appears in the
plot of theΩr profile for the near-extremal value of a� in the
case of a NS. Such a peak appears at small radius values,
where an accretion disk cannot exist in the case of a BH. As
a� increases, this peak becomes more prominent for a� ¼
1.01 and it becomes the only peak for a� ∼ 1.05. Such an
additional peak does not appear for the case of a BH.
Similarly, a minimum occurs in the Ωθ profiles for NSs
with 1 < a� < 1.1 near the radius r ¼ M (Fig. 12). Such a
minimum does not occur for a BH. Besides, Ωθ for a�
roughly above 1.01 can attain a much higher value than that
for BHs. Finally, the periastron precession frequencies for
NSs can attain values much higher than those for BHs
(Fig. 13).

A. Observational aspects

BH x-ray binary (BHXB) sources show a plethora of
timing features in x rays [30]. Most notable among them
are high-frequency (HF) QPOs and three types of low-
frequency (LF) QPOs. Sometimes two HF QPOs are seen
together. Their frequencies are observed to be in the range
of several tens to several hundreds of hertz. For example,
while XTE 1650-500 has shown HF QPOs in the range of
50–270 Hz, 4U 1630-47 has shown such QPOs in the
range of 150–450 Hz [35]. The three LF QPOs are
denoted with types A, B, and C, and their frequencies
are typically in the ranges 6.5–8 Hz, 0.8–6.4 Hz, and
0.01–30 Hz respectively. While several models exist to
explain these QPOs, they are often associated with the
relativistic precession (RP) of the accretion disk, and
hence with the frequencies Ωϕ, Ωr, Ωθ, Ωper, and Ωnod.

TABLE I. An object of mass M ¼ 10 M⊙ð¼15 kmÞ has been considered to calculate νϕ (Kepler frequency), νθ
(vertical epicyclic frequency), and νnod (nodal plane precession frequency) using Eqs. (57) and (59). For an example,
the conversion factor between νϕ andΩϕ is as follows: νϕ (in kHz)¼ Ωϕ (in km−1 × 300

2π ), and so on. For other values
ofM, the values of νϕ, νθ, νnod (columns 3, 4, 5, and 6) of the table have to be multiplied by 10 M⊙=M. The values in
the parentheses of column 6 show the position of the peak of νnod.

a�
rISCO
(M)

νϕ
(Hz)

νθ
(Hz)

νnod at
rISCO
(Hz)

νnod (Hz) at rp
(mentioned in
parentheses)

0.1 5.67 234 231 3 Not applicable
0.2 5.32 255 247 8 Not applicable
0.3 4.98 279 265 14 Not applicable
0.4 4.61 309 287 22 Not applicable
0.5 4.23 346 312 34 Not applicable
0.6 3.82 395 342 53 Not applicable
0.7 3.39 458 378 80 Not applicable
0.8 2.91 552 421 131 Not applicable
0.9 2.32 718 472 246 Not applicable
0.98 1.61 1053 462 590 Not applicable
0.99 1.45 1163 420 743 Not applicable
0.999 1.18 1395 252 1142 Not applicable
0.9999 1.07 1510 118 1392 Not applicable
0.99999 1.03 1556 54 1502 Not applicable
0.999999 1.016 1572 30 1542 Not applicable
1.0 1 1591 0 1591 Not applicable
1.000001 0.98 1615 40 1575 1586 (0.998)
1.00001 0.96 1640 84 1556 1584 (0.994)
1.0001 0.93 1677 157 1520 1571 (0.992)
1.001 0.86 1769 370 1399 1528 (0.976)
1.01 0.75 1918 900 1017 1367 (0.952)
1.02 0.71 1967 1199 768 1261 (0.962)
1.04 0.68 1988 1538 450 1104 (0.976)
1.06 0.67 1979 1745 234 1004 (0.984)
1.08 0.667 1959 1894 65 886 (1.04)ffiffiffiffiffiffiffiffiffiffiffiffi

32=27
p

≈ 1.089 2=3 1949 1949 0 847 (1.05)
1.1 0.67 1935 2013 −77 804 (1.07)
2 1.26 932 1588 −655 49 (3.2)
4 3.17 330 566 −236 2 (12.3)
6 5.38 172 288 −116 0.25 (27.7)
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The RP model was originally conceived to explain the
twin kilohertz QPOs and a low-frequency QPO of neutron
star low-mass x-ray binaries [36,37]. Following this idea,
frequencies of the C-type LF QPO, the lower-frequency

HF QPO and the higher-frequency HF QPO of BHXBs are
identified with Ωnod, Ωper, and Ωϕ respectively [38]. This
can be useful to measure both the mass (M) and a� of the
compact object, as demonstrated by [39]. Table I shows
that the observed LF QPOs could be identified with Ωnod
only for a� < 0.5 and a� ∼ 1.089 (see also [40]). In fact,
Ωnod could have a much higher value for a�, closer to 1 for
both BH and NS, and it could be possible to identify a HF
QPO with Ωnod (Table I). If a� is very close to 1, the Ωnod
value is quite high (Table I), and such high-frequency
QPOs could be detected in the future for BHs and NSs
with a� ≈ 1. While there are uncertainties in the specific
identifications of observed frequencies with the theoreti-
cal ones, the recent discovery of the C-type quasiperiodic
variation of the broad relativistic spectral iron line energy
from the BHXB H1743-322 strongly suggests that the
inner accretion disk of this source is indeed tilted and
precessing [41]. Therefore, the theoretical dependencies
of various frequencies on a�, as discussed in this section,
have the potential to distinguish between a BH and a NS.
How could this be done? Here we give some examples.

Note that most of the BHXBs are transient sources, and an
accretion disk is formed only during an outburst. Even for
the persistent BHXBs, the source state often changes,

(a) (b)

(c) (d)

FIG. 11. Variation of Ωr (in units of M−1) versus r (in units of M). The plots show that Ωr vanishes at the respective ISCOs of a BH
and a NS, which is expected, but it can be seen that a small “kink” appears in some of these near-extremal NS cases. This feature is quite
clear for a� ≳ 1.001 and it disappears for a� ¼ 1.05.

FIG. 10. Variation of Ωϕ (in units of M−1) versus r (in units of
M). The BH ISCO and NS ISCO are located at 2.32M and
0.67M, respectively. The plots show that the Kepler frequencyΩϕ

for a NS is much higher than that for a BH at the respective ISCOs
for ϵ ¼ �0.1, i.e., a� ¼ 0.9 and a� ¼ 1.1. The difference between
the values of Kepler frequencies of a NS and a BH decreases with
decreasing the value of ϵ.
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which implies changes in accretion components. So it is
expected that the accretion disk of a given BHXB some-
times advances towards the central object and sometimes
recedes, depending on the source intensity and spectral
states. If QPOs are connected to the natural frequencies

mentioned above, then such a dynamics of the disk would
mean changes in QPO frequencies, as these frequencies
depend on the radial distance. And we do observe evolution
of QPO frequencies. As a BH and a NS have significantly
different theoretical radial profiles of frequencies, it could
be, in principle, possible to distinguish them by tracking the
evolution of QPO frequencies as the disk advances or
recedes. For example, Ωnod for a BH will monotonically
increase, and will attain the maximum value, if the disk
advances up to the ISCO radius. ButΩnod for a NS will first
increase, will attain the maximum value, and then will
decrease, as the disk advances up to rISCO, which can be
quite different from the rISCO of a BH. In fact, in the case of
a NS, the absolute value of Ωnod can become zero and then
increase again. Whether this will happen and what the
radial locations of the maximum and zero values ofΩnod are
depend on a�. Therefore, the Lense-Thirring precession can
provide a way to distinguish between a BH and a NS.
Similarly, the maximum possible value of Ωϕ depends on
a�. Finally, according to the above-mentioned model, Ωr is
interpreted as the separation between two HF QPO
frequencies. Therefore, the qualitatively different Ωr radial

(a) (b)

(c)

FIG. 12. Variation of Ωθ (in units ofM−1) versus r (in units ofM). The plots show that a local minimum always appears outside of the
ISCO for 1 < a� < 1.1 in Ωθ curves, in principle. This feature is completely absent in the case of a BH.

FIG. 13. Comparison between the periastron precession
frequencies (Ωper in units of M−1) of a BH and a NS at their
respective ISCOs for ϵ ¼ �0.1. The BH ISCO and NS ISCO are
located at 2.32M and 0.67M, respectively.
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profiles for NSs with a� ≲ 1.05 can be useful to distinguish
them from BHs.

VIII. CONCLUSION

The precession frequencies of the spin of test gyros
attached to timelike stationary observers in the BH case are
finite both in and outside of the ergoregion but become
arbitrarily large as one considers a gyro located in an
orbit close to the horizon, r ∼ rþ, in any direction
(0 < θ ≤ π=2). In contrast to this, for a NS, the precession
frequencies of such gyros remain finite and regular even if
one considers those close to r ¼ 0, for all θ ≁ π=2. Since
the ring singularity itself is present at r ¼ 0, θ ¼ π=2, the
gyro frequency diverges in the limit of the approach to this
region. For gyros placed increasingly closer to a BH or NS
in the equatorial plane, their precession frequencies diverge
in both cases in different ways; that is, the frequencies
diverge close to the horizon in the case of a BH, whereas
the divergence occurs close to r ¼ 0 for a NS.
Interestingly, we have shown that the spin precession

frequency stays finite in the limit of the approach to the
horizon for a ZAMO (q ¼ 0.5) and diverges in all other
cases. Further, we have shown that a sharp rise/fall in the
modulus of the precession frequency is a tell-tale indication
of the existence of a near-extremal naked singularity, and
the location of this feature is at r ¼ 1. The specific maxima/
minima structure in the radial profile of the modulus of the
precession frequency Ωp for a near-extremal naked singu-
larity (for example, two local maxima or two local minima,
two peaks or three peaks with a plateau, etc.) would
indicate how fast the observer is moving with respect to
the ZAMO frequency.

As we find, the nodal plane precession frequency, related
to the accretion disc, has distinctive features that can be
used to characterize both black holes and naked singular-
ities, and we summarize them here. We can use these
features to potentially make a statement regarding the
existence of a NS: (i) A maximum or a peak is obtained
for Ωnod at some r ¼ rpða�Þ for all a� > 1, indicating the
existence of a NS. (ii) Ωnod vanishes at r ¼ r0 for a NS
with a� ≥ 1.089 and becomes negative (which means that
the LT precession reverses direction) in all orbits with
r0>r≥ rISCO, for a NS with a� > 1.089. (iii) Additionally,
Ωnod shows a peculiar effect: Ωnod ∝ rn (where n≳ 0;
see Fig. 8) in the region r0 ≤ r < rp. This curve does
not follow the inverse cube law of distance like other
astrophysical objects. All these features are completely
absent in the case of a BH and this would be reflected in the
observation of frequencies of QPOs.
Finally, it can be seen from Figs. 11 and 12 that Ωr and

Ωθ also have characteristic differences [42] in the cases of a
BH and a NS by which it may be possible to detect a NS if
Ωr and Ωθ are the observationally measurable quantities
[43]. It follows that if all of the above-mentioned features
are never observed, then we can conclusively state that Kerr
naked singularities do not exist, or at least their abundance
may be extremely small.
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